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Abstract

In this paper, we explore the laws of cubic and quar-
tic reciprocity. The theory is developed using a classical
approach with Gauss and Jacobi sums. The properties
of these sums, along with some basic facts of the Gaus-
sian and Eisenstein integers, constitutes the beginning
of the paper. After this background is in place, we pro-
vide proofs of the cubic and quartic reciprocity laws, es-
tablishing all necessary technical results along the way.
When the proofs of the reciprocity laws are complete, we
present algorithms for computing the residue symbols in
an efficient manner. In the final part, we embark on a
brief tour of class field theory in order to derive the cu-
bic reciprocity law in a more high level fashion. More
specifically, we do this using the Hilbert symbol and the
Strong Reciprocity law.
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1 The Gaussian and Eisenstein integers

We recall that the Gaussian integers are given by Z[i] = {a + bi | a,b € Z} and that the
Eisenstein integers are Z[w] = {a + bw | a,b € Z} where w = ¢*/3. They are the number
rings belonging to the quadratic fields Q(z) and Q(w), respectively, see for example chapter
2 in [5]. The norms are given by N(a + bi) = a® +b? and N(a + bw) = a® — ab + b?. An
element in a number ring is a unit if and only if it has norm 1, from which it follows that
Z[i)* = {#£1,+i}. For the Eisenstein integers, we have Z[w]* = {1, tw, +w?}. To see
this, simply reformulate the equation a? — ab+b? = 1 as (2a — b)? + 3b*> = 4 and consider
cases.

Unlike most number rings, Z[i] and Z[w] are Euclidean with respect to their norms.
By general theory, they are both PIDs and UFDs. In particular, the notions of prime
and irreducible coincide. A classification of the irreducibles are given in the following
propositions:

Proposition 1.1. Up to associates, the irreducible elements in Z[i] are:
(i) 1+4i.
(#1) Rational primes ¢ = 3 (mod 4).
(iii) a + bi,a — bi with a®> +b*> =p a prime p=1 (mod 4).
Proposition 1.2. Up to associates, the irreducible elements in Zlw] are:
(i) 1 —w
(ii) Rational primes ¢ = 2 (mod 3).
(iii) a + bw,a + bw? with a®> — ab+ b*> = p a prime p =1 (mod 3)

These should be well known, otherwise, consult for example [8] and [4]. Lastly, we
consider the residue class rings of these number rings.

Proposition 1.3. Let m € Z[i] be a non-zero prime. Z[i]/7Z[i] is a finite field with N
elements.

Proof. Z[i]/7Z][i] is a field since 7Z[i] is a non-zero prime ideal hence a maximal ideal since
Z[i] is a PID. We now note that all elements in Z[i]/7Z[i] has a representative with norm
strictly less than N7. This follows from Euclidean division. The case m = 1 4 ¢ is easy,
since the residue classes of +1, 4+ are all equal, so the quotient has two elements.

Now assume that 7 = ¢ with ¢ = 3 (mod 4) a rational prime. We claim that a
complete residue system is given by R = {a+bi | 0 < a,b < q}. Then the quotient will
have ¢> = N7 elements as desired. Let a + bi € Z[i]. Write a = tq+ s and b = t'q + &'
for t,t',s,s" € Z with 0 < 5,8 < q. We have a + bi = s+ s'i (mod ¢), so a + bi has a
representative in R. Assume that a 4+ bi = o/ 4+ Vi (mod ¢) for two representations in R.
Then (a —a')/q+ ((b—1V")/q)i € Z[i] implying that (a — a’)/q and (b — b")/q are integers.
Since 0 < a,a’,b,b’ < q, the only possibility is a = a’ and b =1b'.

Now let Nm = p = 1 (mod 4). We claim that {0,1,...,p — 1} is a complete set of
representatives. Then Z[i]/7Z[i] will have p elements. Write 7 = a + bi and let a =
¢+ di € Z[i] be arbitrary. Clearly, ptb so there is an integer k such that kb = d (mod p).



Thus, @ — km = ¢ — ka (mod p), implying o = ¢ — ka (mod 7). This shows that every
element in Z[i] is congruent to a rational integer modulo 7. If & = m (mod 7), write
m=mnp+r with 0 <r < p, then a =r (mod 7), so « is congruent to one of 0,1,....,p — 1
modulo 7. Let m = m’ (mod 7) with 0 < m,m’ < p. Then m —m’ = 7w for some
B € Z[i] and (m —m')? = pNJ so that p divides m — m’. Hence, m = m’, and the proof
is complete. |

A completely analogous proof goes through in the case for Z|w], so if 7 € Z|w] is a prime,
Z]w]/7Z[w] is a finite field with N7 elements as well. In both cases, a straightforward
application of the Chinese remainder theorem shows that Z[i]/aZ[i] and Z|w]/aZ]w] are
rings with Na elements for any non-zero « in the respective ring. From proposition 1.3,
we deduce:

Corollary 1.4 (Fermat’s little theorem). Let 7 be irreducible in Z[i] (or Z|w]) and
a € Z[i] (or a € Z[w]), then:
o™l =1 (mod )

During the project, we present some algorithms to compute certain functions. These
functions (and many others) are all implemented in C+4. All my code concerning the
Eisenstein integers can be found here!. The analogous functions for the Gaussian integers
are all found here?.

2 Gauss and Jacobi sums

We first define the notion of a multiplicative character. Let p be a prime and let F,, = Z/pZ
denote the finite field with p elements.

Definition 2.1. A multiplicative character on F, is a homomorphism x : F; — C*.
Define the trivial multiplicative character ¢ on F), to be e(a) =1 for all a € F);.

From now on we omit the term ”"multiplicative” and simply refer to x in the definition
as a character. We extend characters to all of F, by letting x(0) = 0 for x # ¢ and
£(0) = 1. A well known example of a character from elementary number theory is the
Legendre symbol. Let us establish some fundamental results for characters.

Proposition 2.2. Let x be a character and a € F)\. We have
(i) x(1) = 1.
(i) x(a) is a (p — 1)st root of unity.

(iii) x(a™") = x(a)~* = x(a).

(iv) I x #¢ y
> x(n)=0
n=0

and the sum isp if x = €.

Thttps://github.com/RasmusFL/EisensteinIntegers
2https://github.com/RasmusFL/GaussianIntegers
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Proof. (i) follows from x(1) = x(1-1) = x(1)x(1). (ii) is just Fermat’s little theorem.
aP~! =1 gives x(1) = x(a?~1) = x(a)P~!. To prove (iii), simply note that 1 = y(1) =
x(aa™") = x(a)x(a™"). x(a)~"! "

= x(a) follows from (ii). If x = ¢, clearly Zn;%) x(n) = p.
Otherwise, pick a € F¥ such that x(a) # 1. Then:

p—1 p—1 p—1
X(a) Y x(n) = x(an) = > x(n)
n=0 n=0 n=0
since n + an is a bijection from F, to F,. As x(a) # 1, the sum must be zero. |

Definition 2.3. For characters x, A, let x\ be the character defined by x\(a) = x(a)A(a).
Define x~! to be the map x~'(a) = x(a™1).

Clearly, this makes the set of characters on F, a group with identity €. It is in fact a
cyclic group of order p — 1 generated by the character A acting on an element a = g* € Fx

by Aa) = e2™*(*/(P=1)) where g is a generator for . See [4, p. 89] for a proof. We are
now ready to define the notion of a Gauss sum.

Definition 2.4. Let x be a character on F, and a € F,,. Define the Gauss sum for x to
-1 an T
be ga(x) = Xoh_o x(n)(*" where ( = *™/P.

The following proposition says that the value of g,(x) for a # 0 only depends on g; ()
which we will denote by g(x) from now on.

Proposition 2.5.

x(@Hg(x), ifx#¢eanda#0
ga(x) =140, ifx=ecanda#0orx#ecanda=0
D, ifx=¢anda=0

Proof. Assume x # ¢ and a # 0. Again, since n — an is a bijection:

X(@)ga(x) = x(a) D x(n)¢*™ = > x(an)¢*™ = g(x)
n=0

n=0

This proves the first case. If a # 0, we may use the formula for a geometric sum as (% # 1:

p—1 p—1 Cap 1
9a(e) = D em)¢™ = ) ("= =0
n=0 n=0

Lastly, go(x) = Zp;é x(n)¢o = Zp;}) x(n) and this sum is zero if x # ¢ and p otherwise

n n

by proposition 2.2. [ ]

It remains to determine g(x). The following result determines the absolute value. We
start by noting the simple fact that Zz;(l) ¢Fr=m) = pif p | (n —m) and the sum is 0
otherwise.

Proposition 2.6. For x # ¢, we have |g(x)| = \/p-



p
a

Proof. To prove the proposition, we compute the sum ;(1) Ja(X)ga(x) in two different

ways. Using proposition 2.2, we get for a # 0:

9a(X)9a(x) = x(a™")g(x)x(a=")g(x) = x(a™")g(x)x(a)g(x) = l9(x)

There are p — 1 non-zero terms in the sum, so Ei;é 9a(X)9a(x) = (p — D)]g(x)|>. On the

other hand, by spelling out definitions:

p—1 p—1

ga(X)ga(X) = Z Z X(n)mcan—am

n=0m=0

Define 4,,,, by letting 6,,, = 1 when p | (n — m) and d,,, = 0 otherwise. Using the
observation before the theorem:

p—1 p—1

> 92009400 =D Y x(n)x(m)Snmp = (p — 1)p
a=0

n=0m=0

Cancelling p — 1 from both sides of the equation (p — 1)|g(x)|*> = (p — 1)p completes the
proof. |

Corollary 2.7. For x # ¢, we have g(x)g(X) = x(—1)p.

Proof. The proof follows by computing

p—1 p—1
900 =D x(M¢ ™ =x(=1) > x(=n)¢" = x(-1)g(%)
n=0 n=0

x(—=1) = x(—1) follows from x(—1) = £1. Multiplying both sides by x(—1)g(x) and using
the proposition completes the proof. |

This establishes the necessary results for Gauss sums. In fact, the above corollary is
used to give a classical proof of the quadratic reciprocity law. We now introduce Jacobi
sums.

Definition 2.8. For two characters x and A of I, the Jacobi sum of x and A is defined
as J(X, ) = 2 pm=1 X(R)A().

Proposition 2.9. Let x, A # ¢ be characters. We have:
(i) J(e,e) =p.
(ii) J(x,e)=0.

(iii) J(x,x ') = —x(=1).

: _ 9(x)g(N)
(“)) IfX)‘ 7é g, ‘](Xa)‘) — glxN)

(v) If XA # &, [J06 A = V-



Proof. (i) and (ii) follow by observing that the Jacobi sum becomes a Gauss sum in these
cases and applying proposition 2.2. We now show (iii):

Joox ™= >, x(n => x(n(1-n)"

n+m=1 n#l

If we denote k = n/(1 — n), we can solve for n by n = k/(1 + k). So as n runs through
F,\ {1}, k runs through F,,\ {—1}. Thus, the sum is equal to —x(—1). It remains to show
(iv). We first compute:

90090 = (i x(n)C”> (i A<m><m> S A
n=0

n=0

- ( > X(n)A(m)) ¢ (1)

k=0 \n+m=k

For k = 0, we get 3, .o x(n)A(m) = S0_g x(n)A(— n) = A(=1) P24 xA(n) = 0 by
our assumption that yA # e. When k # 0, we may find n’ and m’ such that n = kn/ and
m = km'. Thus, n +m =k gives n’ +m’ = 1. We obtain:

Yo xmAm) = > x(kn)A(Em') = xA(k)J(x, )

n+m=~k n’4+m’'=1

We substitute in (1) and get the desired expression:

\) = i XAR)T (06 A)CF = T (x, Mg (xA)
k=0

This proves (iv). (v) follows immediately from (iv) and proposition 2.6. |

The final relation between the Gauss and Jacobi symbol that we need is given in the
following proposition:

Proposition 2.10. Assume that x is a character of order n > 2 and p = 1 (mod n),
then:

900" = x(=DpJ (x; )06, x%) - T (. X 72)

Proof. By (iv) of proposition 2.9, g(x)* = J(x, x)9(x*), 9(x)* = J (x, x)J (x, x*)9(x?) and
so on. Continuing up to n — 1 gives:

g0 =TT 0GX) - TG X g

The result follows by noting x"~! = x~! = ¥, multiplying both sides by g(x) and using

corollary 2.7. (]

In the next two sections, we will work with many congruences, and the following lemma
will be indispensable in that regard:



Lemma 2.11. Letn,m € Z withm > 1,n=s1---s;, n =1 (mod m) and s; =1 (mod m)
fori=1,....t. We then have:

nilzzsiil (mod m)

m £ m
=1

Proof. We prove the result by induction on ¢. For ¢ = 1, there is nothing to show, so
assume t > 1. We assume that the result holds for k¥ = s;---s;,_1. Note that ks; = 1
(mod m). We have

by the induction hypothesis. Thus, it suffices to show (k—1)/m+(s;—1)/m = (ks;—1)/m
(mod m) which follows by observing that ks; —1 = (k—1)(s; — 1)+ (k— 1)+ (s; — 1) and
dividing by m. |

3 Cubic reciprocity

3.1 The cubic residue symbol and basic properties

In this section, let m € Z[w] be a prime. Our first goal is to define the cubic residue charac-
ter. To do so, we first note that if N7 # 3, the residue classes of 1,w and w? are distinct.
Assume 1 = w (mod 7). Then 7 | (1 —w), so N7 = 3. Similarly for 1 = w? (mod 7) and
w = w? (mod 7). Also note that if N7 # 3, then Nm = 1 (mod 3). In general, Na is
divisible by 3 precisely if 1 — w is a factor of a.

Let o € Z[w] and 7t a. By corollary 1.4, 7 divides o™™~! — 1, and:

ANl 1= (a5 D@5 —w)a T —w?)

Since 7 is prime, it must divide one of the three factors, and since N7 # 3, it will divide
exactly one of them. This proves that a(N™=1/3 = ™ (mod ) for m equal to exactly
one of 0,1,2. These observations allow us to make the definition:

Definition 3.1. For N7 # 3, the cubic residue character of o modulo 7 is:

(g) _ {O, ?f7r|047
w3 W™, if aNT=D/3 = ™ (mod 7)
Let us derive some simple consequences of this definition:
Proposition 3.2. For a, 8 € Z[w]:
(i) (/)3 =1 if and only if 2> = o (mod =) is solvable.
(ii) (aB/m)s = (a/m)s(8/T)s.
(iii) (a/m)s = (B/7)s if a = B (mod 7).



Proof. To prove (i), recall that (Z[w]/7Z[w])* is cyclic since Z]w]/7Z[w] is a finite field.
Let v be a generator. Write z = v* and a = 7°, then 2*> = a (mod 7) is equivalent to
3% = 4% (mod ). This equation being solvable is equivalent to 3a = b (mod N7 — 1)
being solvable. From elementary number theory, this equation is solvable if and only if
ged(3,Nm —1) =3 b, ie. o =1 (mod ). (ii) follows from a simple computation:

<aﬂ> (ozﬁ)Ng_1 = ozNT%_lﬁNg_l = (g) (5> (mod )
T ) T/3\7/,

(iil) is proved in the same fashion:

Note that this proposition shows that (—/m)s is a cubic character. This allows us to
use all the results for Gauss and Jacobi sums on (—/7)s3 whenever Nm = p, a prime.
From now on, we write x(a) = (a/m)s3 for convenience. The following proposition will
be useful:

Proposition 3.3. For a € Z[w], we have x(a) = xx(a)? = xx(a?) and x-(a) = x=(@).

Proof. xx(a) € {1,w,w?} and all of these are squares of their conjugate. This proves the
first claim. For the second, note that

a5 =yr(a) (mod 7), hence @ T = xr(@) (mod 7)
N7 = NT, so xr(a) = x7(@) (mod 7) which completes the proof. [ |

In order to state the cubic reciprocity law unambiguously i.e. independently of asso-
ciates (note the the residue symbol is unchanged if we multiply the ”denominator” by a
unit), we need the notion of a primary element.

Definition 3.4. X\ € Z[w] is called primary if A =2 (mod 3).

A =a+bw € Zlw] with NXA # 3 is primary if and only if ¢ = 2 (mod 3) and
b = 0 (mod 3). The notion of being primary is only useful if exactly one of the six
associates of A is primary. This turns out to be the case:

Proposition 3.5. Let « = a + bw € Z[w| and assume Na # 3. Exactly one of the
associates of o is primary.

Proof. Let us write down all the associates explicitly:
a+bw, —-b+(a—dbw, (b—a)—aw, —a—-bw, b+(b—a)w, (a—0b) +aw

We first show uniqueness. If a+bw is primary, a = 2 (mod 3) and b = 0 (mod 3), from which
it easily follows by considering congruence classes that none of the associates are primary.
The proof of existence is a straightforward check. If a = 0 (mod 3) and b = 1 (mod 3),
the primary associate is (a — b) + aw. For a =0 (mod 3) and b = 2 (mod 3), the primary
associate is (b — a) — aw. We let the reader check the remaining four possible cases. Note
that we cannot have the three cases with a +b = 0 (mod 3), since the norm is divisible by
3 in those cases. [ ]



The following technical lemma shall be useful:

Lemma 3.6. Any primary element X\ in Z|w] can be written as a product A = Xy --- X\
with each \; a primary prime.

Proof. By unique factorization, factor A = umy -+ Tpmq1 - - - ¢ With u € Z[w]* and Nm; =1
(mod 3), ¢; = 2 (mod 3). For each i, let w, = wu;m; be the unique primary associate of
mand v = u - [[, u;. Then X = vy ---7),q1 - ¢, is a factorization into primary primes.
Reducing modulo 3, we obtain 2 = v2™T" (mod 3) implying v = +1 since a power of 2 is
either 1 or -1 modulo 3. |

We are now ready to generalize the cubic character.

Definition 3.7. Let o € Z[w] be a nonunit such that 1 —w { « and let 8 € Z[w]. Write
a = [[, m with all 7; irreducible. We define:

mm=ﬂmw)

Before stating the main theorem, we have the following properties of the generalized
cubic residue symbol:

Proposition 3.8. Let a, 8, \, p € Zw] with 1 — w{ A, p.
(i) xx(a) # 0 if and only if (a, \) = 1.
(it) xx(aB) = xa(a)xa(B).
(iti) xa(a) =xa(B) if a = B (mod A).
(iv) Xap(@) = xal@)x,(@).
(v) xa(=1) = 1.
(vi) xa(@) = xa(a)? = xa(a?).
(vii) xa(@) = x5(@).

(viii) Let a € Z with a = 2 (mod 3). Then x4(@) = xa(a?) and xo(n) = 1 if (a,n) =1
and n € Z.

Proof. (i) - (iv) follow straight from the definition. —1 = (—1)? which proves (v). To show
(vi) and (vii), factor A and use the definition along with proposition 3.3. (viii) is proved
as follows. xq (@) = xa(@) = xa(a) = xa(a?). Also, xa(n) = xa(n) = xa(n)?, which gives
Xa(n) = 1. [ |

This is a proper time for an example. 1 + 6w is a prime since N(1 + 6w) = 31 is a
prime. Consider 8 — 11w. We wish to determine whether 2° = 8 — 11w (mod 1 + 6w) has
a solution. We compute:

—11 _
(81+65>3 = (8- 11w)"5 = (8 - 11w)™ (mod 1 + 6w)



The remaining computation is easily done using modular exponentiation, and this gives
(8 —11w/1+6w)3 = 1. We conclude that 2° = 8 — 11w (mod 1+ 6w) is solvable. When 7 is
a prime, computing (-/7)s using modular exponentiation is fairly efficient. The algorithm
works exactly as in the ordinary integers by using repeated squarings (see e.g. chapter
3in [9]). If n € N, we denote the binary representation of n by (b;_1,...,b1,bp) so that
n = b_12"71 + ...+ 012 + by, and we define len(n) := | e.g. the bitlength of n. The
algorithm can thus be stated as follows:

Algorithm 1: Modular exponentiation in Z[w]

Input: o, € Z[w],n € N
Output: o™ (mod j)
r<1
let (b;—1,...,b1,b0) be the binary representation of n
for it =1—1 down to 0 do

r < r% (mod f3)

if b, =1 then

L r <71« (mod B)

o N o oA W N -

return r

©

The algorithm clearly outputs o™ (mod ). The for-loop runs ! times, so the algorithm
makes O(len(n)) multiplications in Z[w].

3.2 The theorem of cubic reciprocity

We are now ready to state the main theorem in full generality:

Theorem 3.9 (Law of cubic reciprocity). Let A and p be relatively prime primary elements
in Z|w] with N\, Np # 3 and NX\ # Np. Then

xXa(p) = xp(A) (1)

For X of the form A =3m —1 or A = 3m — 1 4 3nw for integers m and n, we have the
supplementary law:

a1l —w) = w™ (2)
And for the units, we have:
1, NA=1 (mod)9)
NX—1
X(w)=w"3 =<dw, NIX=4 (mod?9) (3)
w2, NA=7 (mod9)

The strategy for proving this theorem is to first prove part (1) for two distinct primary
primes. The rest is a simple application of lemma 3.6. We then turn our attention to (2)
and (3).

Lemma 3.10. Let 7 € Z|w] be a prime with Nm =1 (mod 3). We have:

(i) 9(xx)> = pJ (X, Xr)-
(i) J(Xr,Xr) = a+ bw € Z|w] with a = —1 (mod 3) and b =0 (mod 3).



Proof. (i) follows immediately from proposition 2.10 and by noting that x.(—1) = x,((=1)3) =
1. For (ii), note that J(xx, xx) is actually an element of Z[w] since x, is equal to a third
root of unity. Consider the congruence in the ring of algebraic integers:

- (S reiox ) =5 et oy
n=0

Xx(n)2 =1 for n # 0 and x,(0) = 0, so the above sum is equal to 2 n0 (3" = —1. Thus
9(xx)?® = pJ (Xn, Xnr) = @+ bw = —1 (mod 3). Recall from the proof of corollary 2.7 that
9(xx) = g(Xx) because X is a cubic character. Thus, a similar computation as before
gives g(X=)® = pJ (Xm, Xor) = a+bw = —1 (mod 3). Subtracting gives b(w—w) = 0 (mod 3)
0 by/—3 =0 (mod 3). It follows that 3 | b and a = —1 (mod 3). [ ]

Lemma 3.11. Let 7 € Z|w] be a primary prime with N© =1 (mod 3). Then:
(Z) J(Xﬂ'vXﬂ') =7
(ii) 9(xx)* = pr.

Proof. Note that (ii) is a direct consequence of (i) and lemma 3.10. J(Xx, Xx)J (X7, Xx) =P
by proposition 2.9 (v), so J(Xm Xr) = 7', where 7’ is a primary prime by (ii) of the previous
lemma. As 77 = p = 7’7/, we must have 7| 7 or 7| /. We show that the first possibility
is indeed the case. We have

p—1
J (X, Xr) wa m)x=(1—n) =Y nP= D31 —n)P=D7 (mod )

We claim that 1¥ +2% 4+ ...+ (p—1)* = 0 (mod p) when p—11 k. Let g be a primitive root
of Z/pZ. Then the sum is equal to >+ Olgkz = (g** —1)/(¢g* — 1) = 0 in Z/pZ. Now note
that x(P=1/3(1 — 2)(P=1/3 has degree strictly less than p — 1. Using the previous claim
along with the binomial theorem shows that p divides J(xr, Xx), in particular, = divides
J(Xrs Xx). We conclude that 7 | 7’ whence 7 = #’. [ ]

We are ready to prove the law of cubic reciprocity:

Proof of theorem 3.9. We first prove the theorem for two primary primes and generalize
afterwards. There are three cases to consider.

Case 1: X and p are rational primes congruent to 2 modulo 3. In this case, proposition
3.8 gives xa(p) =1 = x,(N).

Case 2: X\ = q is a rational prime congruent to 2 modulo 3 and p = m, a prime with
N7 =p=1 (mod 3). We have

a?-1 a?-1

=g(xx)*> 7 =(pm) 7 = xq(p7) (mod q)

2_
g(x=)" "

by lemma 3.11, x4(p) =1 so

2

9(Xx)" = Xq(m)g(Xx) (mod q)

10



Since g2 = 1 (mod 3), we may expand the left hand side as

2 p! q2 p! 2 2 iy
= (Z m(n)(”) =Y )T =D xa ()T = g2 (xr) (mod q)
n=0 n=0 n=0

Using proposition 2.5, we have g,2(xx) = X»(¢72)9(Xr) = Xx(q)g(Xx). Combining the
above equations, we get Xx(¢)g(Xx) = Xq(m)g(xx) (mod ¢). Multiplying both sides by
g(xx) and cancelling out with p, we get x(q) = x4(7) (mod ¢), so the symbols are equal.
Case 8: X and p are primes with NA\ = p;, Np = ps and p1,p2 = 1 (mod 3). Starting
with the relations g(xx)® = p1A and g(x,)® = pap as above, we get in a similar way:

Xx(3) = xp,(mA),  x,(07) = xa(p2p)

Note also that x5(p3) = xa(p2) by proposition 3.8. The rest is a calculation:

XA (0)Xo(P1A) = xa(p)xx(P3) = xa(p)xA(P2) = XA (p2p)
=, (13) = Xp(P1AN) = Xp(A\)Xp(P1 )

We may cancel out the term y,(p1A) and obtain xx(p) = x,(A).

The generalization to primary elements is easy. Assume A and p are primary with primary
factorizations A\ = +A;---\,, and p = +p;---p,. Since the cubic residue symbol is
unchanged when changing signs in both inputs, we can assume that both signs are positive.
By cubic reciprocity:

=TT, ) = TTTTxx(e0) = xa(e)

This proves the more general cubic reciprocity law (1). (3) is a simple consequence of
lemma 2.11 and the multiplicativity of the norm. It remains to show (2). We have two
cases. First, let A = 3m — 1 be a rational integer. For this case, we follow the elegant
proof of K. S. Williams, see [10]:

Xa(1—w) = xa((1 = w)*)? = xa(=3w)* = xa(=3)*xa(w)? = xa(w)

by proposition 3.8. We get

2

2(NA—1) 2 2_
2 == _ w2()\ 1)/3 _ me dm _ w2m

as desired. Now let A = a + bw be a complex primary element with (a,b) = 1. Write
a=3m —1 and b = 3n. An easy computation gives (NA —1)/3 = —2m + n (mod 3) and
(a® —1)/3 =m (mod 3). We will show these claims:

(i) xa(a) =

(il) xala +0) = w* xa(1 — w).
(111) Xa+b(A) = Xato(l —w).

) 2(m+n)

(iv) Xatp(A) =w

11



Together, these will imply the supplementary law. By cubic reciprocity (note that a is
primary) and proposition 3.8:

Na—1 a?—1

XA (@) = Xa(A) = Xa(bw) = Xa(B)Xa(W) = Xo(W) =w 7 =w 7 =w

The second claim follows using a + b = (a + b)ww?:

xXala+0) = xa(w?(aw — a)) = xa(—aw?(1 - w)) = xa(@)xa(@)*xa(1 — w)
e (1l —w) = wm™4mT2ny (1 — w) = Wy (1 — w)

We now compute xq45(A) in two different ways as stated in the claims (note that a + b is
primary):

Xa+b(A) = Xarb(a(l = w)) = Xarb(a)Xat+b(l — w) = Xats(l —w)

The last equality follows from the computation xq4s(a) = Xa(a +b) = xa(b) = 1 since
(a,b) = 1. The final claim is proved as follows:

Xa+b()‘) = Xa+b(1 —w) = Xat+b((1 = W)Q)Q = Xa+b(_3w2) = Xaer(wQ)

2
_ M _ w2(7n+n)

The supplementary law now follows from cancelling w?™ from both sides of the equation

W = Xarp(N) = xa(a +b) =y (1~ w)
We now remove the restriction (a,b) = 1 and let A = a 4+ bw be any primary element.
Write A = k(¢ + dw) with (¢,d) =1 and & = 1 (mod 3). We see that ¢ + dw is primary.
We write a =3m — 1, k =3n+1 and ¢ = 3m’ — 1. By what we have showed:

(1= w) = x k(1 = w)Xetaw(l —w) = w?"' =
So we are done if we have m’ —n = m (mod 3). Substituting k =3n+1 and ¢ =3m' — 1

in the equation kc+ 1 = 3m and simplifying gives 3nm’ —n +m’ = m. Reducing modulo
3 finishes the proof. [ ]

3.3 Computing the cubic residue symbol

The fully generalized theorem of cubic reciprocity allows us to write an efficient algorithm
for computing the cubic residue character. In the following, for @ = a +bw € Zw], let a.a
denote the value for a in a given iteration and likewise with «.b. primary(a) denotes the
unique primary associate of a.
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Algorithm 2: Cubic residue symbol
1 Input: o, € Z|w] with 1 —w 1

2 Output: (%)
3

37«1
4 while (true) do

5 B < primary(53)
6 a < a mod
7
8 if @ =0 then
9 if N3 # 1 then
10 L return 0 // « and (B have a common factor
11 else
12 L return r
13
14 while 1 —w | @ do
15 a<+— a/(l—w)
16 | T w(2(B-a+1))/3 // supplementary law for 1 —w
17
18 u + a/primary(«)
19 a « primary(a) // supplementary law for the units
20 if u = +w then
21 if NS =4 mod 9 then
22 L R
23 if NG =7 mod 9 then
24 L T w?
25 if u = +w? then
26 if NG =4 mod 9 then
27 L T w?
28 if N3 =7 mod 9 then
29 L T W
30 | (o,B)« (B,a) // cubic reciprocity

Proof of correctness of algorithm 2. We apply the Euclidean algorithm on o with £ in
each iteration. This, along with cubic reciprocity at the end, guarantees that the norm of
« becomes strictly smaller in each iteration of the outer while-loop. If a = 0 after reducing
modulo 3, we have two cases. If § is not a unit, o and S share a non-trivial factor, and
the symbol is 0. Otherwise, we output the result r. In any case, we conclude that the
algorithm terminates.

Multiplication by a unit in the denominator does not change the symbol, so we may
replace § with its primary associate in the start of each iteration. The first while-loop
removes all factors of 1 —w and applies the supplementary law for 1 —w accordingly. This

13



inner while-loop gives us the obvious loop-invariant that g is never divisible by 1 — w at
the start of each iteration. Finally, we replace « by its primary associate and compute the
unit u such that & = u - primary(«). The final if-statements apply the supplementary law
for the units to adjust the result r for u. This process of replacing a by primary(«) allows
us to apply cubic reciprocity in the final line. Repeating all these steps until o becomes
divisible by 3, the algorithm will correctly output the cubic residue symbol. |

The runtime of the above algorithm is clearly identical to the runtime of the Euclidean
algorithm in Z[w]. This is noticeably faster than modular exponentiation. Furthermore,
the algorithm works for any 8 not divisible by 1 — w.

Lastly, we provide an example. Let a = —1165 4 2880w and $ = 134 — 429w. One can

check that 1 —w does not divide 3, so the cubic residue symbol is well-defined. Let us use
cubic reciprocity to compute the symbol:

—1165 + 2880w [ —227— 123w\  [227+123w) (134 — 429w

( 134 — 429w >3 B ( 134 — 429w >3 B (134—429w)3 B (227+123w>3
[ 846w \ [ 8—6w 227+ 123w
_(227+123w)3_<227+123w>3_( 8 — 6w >3

_ (Z:ZZ)S _ (8:2w>3 (21@3)3 (N(8 — 6w) = 148 = 4 (mod 9))

—o(522) =o (52 (422,

1—
= ww? d W = =1
8— 6w /4

The example illustrates an important point. The above symbol was equal to 1, but «
is not a cubic residue modulo 8. This can only happen when f is not a prime, and in the
above case, the factorization of 3 is given by f = w(1 — 2w)(5 + 2w)(—51 — 26w). If @ was
a cubic residue modulo 8, a would also be a cubic residue modulo each prime factor of 3.
In this case however, as the reader may verify,

(0% _ (e _ « _
1-2w/), \5+2w/), \—51-206w/), =

4 Quartic reciprocity

4.1 The quartic residue symbol and basic properties

We can define the quartic residue symbol in the same manner as for the cubic residue
symbol. Let m € Z[i] be a prime. If 7 is not associated to 1+ 4, i.e. N7m # 2, the
residue classes of 1,417 are easily seen to be distinct. Thus, they constitute all roots of
z* — 1 (mod 7). For any o € Z[i] not divisible by 7, a(N™=1/4 is also a root of z* — 1,
hence aN™=1/4 is equal to exactly one of £1, 4. This makes the following well defined.
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Definition 4.1. For a prime 7 with N7 # 2, the quartic (or biquadratic) residue symbol
of @ modulo 7 is defined by:

(g) )0, ifm|a
/s )im, if aNTD/A = (mod )

As before, we write ., instead of (-/7)4. Now assume  is a nonunit not divisible by 1+ i
and let the factorization be given by § = my - - - m,,,. The general quartic residue symbol is
given by:

m

XB (Oé) = H Xms (a)

i=1

We also need the notion of a primary element in order to state the fundamental theo-
rems.

Definition 4.2. A nonunit « € Z[i] is primary if « =1 (mod 2 + 2i).

Lemma 4.3. A nonunit « = a + bi € Z[i] is primary if and only if a = 1 (mod 4) and
b=0 (mod 4) or a =3 (mod 4) and b =2 (mod 4).

Proof. The proof follows from the computation:

a—1+bi  (2-2)((a—1)+b) (a+b—1)+(b—a+1)i

242 8 - 4

We see that « is primary if and only if a+b =1 (mod 4) and a —b =1 (mod 4). The rest
is checking possible cases. n

Lemma 4.4. Let « € Z[i] be a nonunit not divisible by 1 + i. Ezactly one of the asso-
ciates of a is primary. Furthermore, any primary element can be factored as a product
1 Tm(—q1) - - (—qn) of primary primes with Nm; a rational prime congruent to 1 mod-
ulo 4 and g; = 3 (mod 4).

Proof. A straightforward calculation similar to the proofs of proposition 3.5 and lemma
3.6. |

We list the following useful properties of the quartic residue symbol:

Proposition 4.5. Assume A\, p,m € Zli] is not divisible by 1 + i and let o € Z[i] be
arbitrary.

(i) If w Jﬁl and 7 is prime then x.(a) = 1 if and only if 2* = a (mod 7) has a solution
m Z[3).
(1) xx(aB) = xa(@)xx(B)-
(iii) xxa(@) = xx(@).
() If « = f (mod A) then xx(a) = xa(8).
(v) Xp(a) =xala) if (A) = (p).

Proof. The proof is exactly the same as for proposition 3.8. |
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Proposition 4.6. Let a € Z.
(1) If ¢ =3 (mod 4) is a prime, xq(a) =1 if a is not divisible by q.
(i1) Let b € Z with b # 0. Assume a is odd and not a unit. If (a,b) =1, x.(b) = 1.

Proof. (i) follows from Fermat’s little theorem:

-1

Xq(a)=a 7=

q+1

T =1 (mod q)

= (aqfl)

To show (ii), factor a into positive primes as a = py -+ pmq1 - - ¢n Wwith p; = 1 (mod 4)
and ¢; = 3 (mod 4) (we can assume a is positive by proposition 4.5). By (i), we have
Xq: () = 1. Write p; = 77 with 7 a prime, then x,, (b) = x=(0)x#(b) = x»(0)x=(b) = 1,
which proves the claim. |

Let us now state the law of quartic reciprocity:

Theorem 4.7 (Law of quartic reciprocity). Let A = a+bi and p = c+ di be primary and
relatively prime. Then

a—1c—1

xalp) = x,(M)(=1)7= = (4)

We have the supplementary laws:

@) =i, (i) =i (5)

It will be useful to prove the supplementary law for ¢ before embarking on the proof of
the general reciprocity law.

Proof of the supplementary law for i. Assume first that A = a + bi is a primary prime. If
a =1 (mod 4) and b =0 (mod 4), we get:

2

xa(i) = e L (T = ()T =
In the other case, we have a = 3 (mod 4) and b = 2 (mod 4):
. La?4b2-1 La244-1 . a—1yafl . Lat1 gy atl oy a=1 l-a
X)\(Z):Z 4 =1 4 :’L'(Z )4 =177 2 =1 2 = 2 =17 2

The last equality follows, since 2+ (a—1)/2 = (1—a)/2 (mod 4) when a = 3 (mod 4). Now
let A\ be any primary element with factorization A = A - -+ A, where each \; is primary.
Then NA; =1 (mod 4) for all j and NA =1 (mod 4). Using the multiplicativity of the
norm and lemma 2.11, we get:

ML M Na -1 . ONA—1 _
i) =[G =TTt =i =it

The exact same computations as for the case with A being prime gives the desired result.
|
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4.2 The theorem of quartic reciprocity

Proving the main theorem and the supplementary law for 1+ requires quite a bit of work.
We now let 7 be a primary prime with N7 =p =1 (mod 4). As before, we can consider
Gauss and Jacobi sums over Z/pZ = Z[i]/nZ]i]. To prove the reciprocity law, we need to
prove a few lemmas on the Jacobi sum J(xx, Xx)-

Lemma 4.8. We have:
(i) J (X X) = X (= 1) (X: X7)-
(i1) 9(xx)* = pJ (X Xx)*-
(i) =Xx(=1)J (Xrs Xx) = 7
(iv) 9(x=)* = 77
Proof. By proposition 2.6 and 2.10, we have

J (X Xn)? = = = Xa (= 1) (x> X ) (Xrs X2

This proves (i). (ii) follows by multiplying with g(x2)? on both sides of the equation. (iii)
is proved in two steps. We first show that —x.(—1)J (X, Xr) is primary. To finish the
proof, it will then suffice to show that the left hand side and right hand side are associates.
We write the Jacobi sum as

(r=1)/2 p+1 2
T =2 3 xelmualt =) e (25

n=2

Recall that all units are congruent to 1 modulo 1 + ¢. Furthermore, p = 1 (mod 2 + 2i).
We may also compute:

X (p;l) = Xﬂ'(271)2 = Xﬂ'(2)72 = X‘rr(fl’(]- + i)2)2 = X‘n’(fi)z = Xﬂ'(i]‘)

All in all, we get:

x0T eex) = (1) (2 (252) #xe1) ) = 2e(-1) — 121 (mod 2+ 20)

So —xx(=1)J(Xx, Xx) is & primary element. We have

T Xr) = D Xa(m)x(1 =) = > 0T (1= n)"T (mod m)
n=0 n=0

As in the proof of lemma 3.11, it follows that 7 divides J(xx,Xr).- By proposition 2.9,
N(J(Xr,Xx)) =D, 80 J (X, Xr) Is prime, which proves the claim. (iv) follows immediately
from (ii) and (iii).

]

We now prove a series of special cases of quartic reciprocity.
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Proposition 4.9. Lad g > 0 be a prime ¢ = 3 (mod 4), then x.(—q) = xq(7).

Proof. We compute (using that ¢ = 3 (mod 4)):

9(xx)" = Z Xr ()27 = 3 X ()¢ = g4 (%) = X (a7 )9(%r) = X (0)9(Xr) (mod q)

Which implies

+1

(90T = g(xa) ™" = xa(@)9(xx)9(Xr) (mod q)

Now write 7 = a + bi. By Fermat’s little theorem, 77 = (a + bi)? = a% + (bi)! =a — bi =
7 (mod ¢). Using corollary 2.7 and lemma 4.8, we get

(a+3)(g+1)
4

= Xz (=1 xx ()7 (mod q)

In other words, (@ ~D/4 =y (—¢) (mod g), i.e. Xq(m) = xx(—¢) (mod ¢). Both sides are
units, so the proof is complete. |

Proposition 4.10. Let ¢ =1 (mod 4) be a prime, then x-(q) = xq(7).
Proof. Since ¢ =1 (mod 4)

p—1

g =Y Xe(n)IC" = Z X (R)C"" = g4(xXr) = X (0)9(xx) (mod g)

n=0

So g(xx)T"3 = xx(q)g(xx)%, so by lemma 4.8:

43 _ —— 4

(7T3ﬁ)T = Xx(¢)7°T (mod q)

Since (¢, 7) = (¢, 7) = 1, we may divide by 737 on both sides and get:

()T 7T = xx(g) (mod q)

Write ¢ = A\ with ) irreducible, then:

XA(T)XA(T) = X (q) (mod N)

Both sides are units and A # 1 + i, so we actually have x(7m*)x(T) = X=(q). We may
rewrite this equation as xx(T)xA(T) = xx(q) ie. xq(T) = Xxx(q). We conclude that
X (q) = Xq(m). |

Proposition 4.11. Let a € Z and a =1 (mod 4) and X be primary. Assume (A, a) =1,
then xqo(N\) = xa(a).

Proof. Factor a as a = +p; -+ ps-q1---q with p;;¢; > 0, ¢; =3 (mod 4) and p; = 1 (mod
4). As )\ is primary, we may factor A as A = 71w (—q}) - - (—¢,) with m;, ¢/ primary
and irreducible with Nm; = 1 (mod 4) and ¢, = 3 (mod 4). Assume first that the sign of
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a is positive. This implies that ¢ is even, hence [[i_; X (@) = [Ti—; Xa: (—a:) for each i.
Using proposition 4.9, 4.10 and 4.6:

xa(a) = H X (@) H X—g;(@) = TTTT IT IT xtm: (o) (@)X —g; (1) X g5 (@)

i=1j=1k=11=1

= H H H HX‘M (pk)Xm (_ql)X—q} (pk)X—q; (QZ)

i=1j=1k=11=1

=TT T I 1T o %) o (R X (=) X () = Xa(M)

i=1j=1k=11=1

In the rare case where the reader is interested in doing the same calculation for a < 0,
note that we get the factor Xm(—l)X—qj’. (—1) in the product in the first line above. Then
use that X—q, (=1) =1 by the supplementary law for the units, and that x, (—1)xx, (q1) =

Xﬂ'i(_QI)' ]

Proposition 4.12. Let A = a + bi and p = ¢+ di be primary and relatively prime. If
(a,b) = (¢,d) =1 then
a—1c—1
xalp) = x,(M)(=1)7= =
Proof. We start with the observations that (a, A\) = (b, \) = (¢, p) = (d, p) = 1, cA = ac+bd
(mod p) and ap = ac+bd (mod A). The latter relations imply (ac+bd, p) = (ac+bd, A) = 1.
We thus have the equations:

Xp(€)Xp(A) = Xp(ac+bd),  xx(a)xa(p) = xa(ac+ bd)

Taking the conjugate of xx(a)xx(p) and multiplying by x,(c)x,()) gives:

Xo()xx(a)xp(A)xa(p) = X x(ac + bd)

Where we used proposition 4.5. We get:

Xp(Mxa(p) = xal(c)xa(a)x,x(ac + bd) (6)

We now assume that neither a, ¢ nor ac + bd is a unit. Let n be an odd integer and
define e(n) = (—1)»~1/2. Clearly, e(n)n = 1 (mod 4) and ¢(ac + bd) = (a)e(c) because
bd is divisible by 4. We write Xo (%) = Xa(e(2))Xale(x)z) for a € {p, A, pA} and x €
{a,c,ac+bd}. We also note that xo(e(x)) = xz(e(x)). These observations allow us to use
proposition 4.11 and obtain:

Xp(A)XA(P) = Xe(P)Xa(N) Xac+ba(pA)

The three terms on the right hand side can be computed using proposition 4.6:

Xc(ﬁ) = Xc(c - dl) = Xc(_di) = Xc(i)
Xa(A) = Xa(a + bi) = xa(bi) = Xa(i)
Xac-i-bd(Xp) = Xac+bd((ad - bC)Z) = Xac-l—bd(i)
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So by the supplementary law for i:

(actbd)ac—1

Xp(M)XA(P) = X(actbdyac(i) =i 2 = (-

(act+bd)ac—1 a—1c—1
P

The last equality can be seen as follows. a and ¢ are odd in any case, so (ac)?> =1 (mod
8), so it suffices to show acbd = (a — 1)(¢ — 1) (mod 8). If b =0 or d = 0 (mod 4),
acbd=0= (a—1)(c—1) (mod 8) since a =1 or ¢ =1 (mod 4) in these cases. One easily
checks that acbd =4 = (a —1)(¢c — 1) (mod 8) when b=d =2 (mod 4) anda =c =3
(mod 4). This finishes the proof when neither a, ¢ nor ac + bd is a unit.

We now consider the case where a, ¢ or ac 4+ bd is a unit. If a = +1, ¢ = +1 or
ac + bd = +1, we can skip the process of switching numerator and denominator in the
residue symbol in (6) and instead, if necessary, apply the supplementary law for 7 to obtain
the same congruence as before. |

We finally have all the necessary tools to give a proof of the quartic reciprocity law.

Proof of quartic reciprocity. Write the primary elements A and p as A = m(a + bi) and
p = n(c+ di) so that m = n =1 (mod 4) and (a,b) = (¢,d) = 1. To see why this is
possible, simply factor out the greatest common divisor from A and p. If this is congruent
to 3 modulo 4, multiply by —1 twice to get the desired form. Using all the previous
propositions, we get:

xXa(p) = xa(m)xa(e + di) = Xn(N)xm (¢ + di)Xaybi(c + di)

—1

= Xn(A)Xetdi (m)Xetai(a +bi)(=1) 7 =

a—1c—1

=Xp(N)(=1) = =

It remains to prove the supplementary law for 1 + i. An elementary proof is harder
than one would expect. First we shall prove a handful of useful lemmas.

Lemma 4.13. Let p be a prime p =1 (mod 4) and q a positive prime with ¢ = 3 (mod 4).
Then:

(i) xp(1+17) =i"T .

(ii) xq(1+ 1) = i

Proof. To prove (i), write p = 77 with 7 irreducible. We calculate:

Xp(1+8) = X (14 D)xr(1+7) = X (14 0)xr (1 = 1) = X (14 )X (1 = 4)°
= X (i1 = )xn (1= )* = X ()xn (1 = )* = X (i) = 8T
)

To prove (ii), we note that (14+4)?~! = —i (mod ¢). This is because (1+i)49 = 1+i9=1—i
(mod ¢), hence (1 +1)?7" ! =(1—14)/(1+i) = —i (mod ¢). The rest is an easy calculation:

XL+ = (14T = (1400 H)" = (- =™ (mod g)
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Corollary 4.14. The above results hold when p is replaced by any integer a = 1 (mod 4)
and q is replaced by any positive integer a = 3 (mod 4).

Proof. Let a =1 (mod 4) and factor a = p1 - pm@1 - - - g with p; =1 (mod 4) and ¢; = 3
(mod 4). We may assume a > 0 (a potential negative sign is killed since x_p,(1 + ) =
Xp; (1 +1)), so by lemma 2.11:

a(l+9) HHXpll—FzXq]l_Fz :HH Pt Zu

i=175=1

1

N m Pi—1 n —95 = La—1
T BT T

N

The last equality follows because n is even. When a = 3 (mod 4), n will be odd (by
assumption, a is positive in this case), so we get xq(1 4 4) = i(-2=1/4, [ ]

Lemma 4.15. Let m = a + bi € Z[i] be a primary prime. Then:
(i) Xr(a) = i“T" when =1 (mod 4).

(ii) Xx(a) = —i~%" when =3+ 2i (mod 4).
(i) xr(a)xn(1 +0) =875

Proof. We start by noting that irreducibility of = guarantees (a,b) = 1. Assume 7 = 1
(mod 4) i.e. a = 1 (mod 4) and b = 0 (mod 4). By proposition 4.11, 4.6 and the
supplementary law:

l—a La—1

X (@) = Xa(7) = Xa (b)) = Xa(b)Xa (i) = Xa(i) =072 =17 2

The last equality follows from a = 1 (mod 4) and 2 = —2 (mod 4). This shows (i). To
show (ii), assume a = 3 (mod 4) and b = 2 (mod 4). We compute:
a—1 .
Xr(a) = Xz (=1)xz(—a) = (=1)7 X—a(T) = =X —a(bi)

—a—1

= *X—a(b)X—a(i) = *X—a(i) =—i 2

Now let m be an arbitrary primary prime. Using the corollary above and the simple
observations a + b = 1 (mod 4) and a + ai = a + b + im, (iii) follows from a somewhat
lengthy computation:

X (a)xx (1 + 1) = xr(a(l +14)) = xz(a+b+im) = xr(a +b)
= Xa+b(T) = Xaer(a - ai) = Xa+b(a)Xa+b(1 - Z)
. _— 3(a+b 1)
= Xat+b(1 =) = Xat+b(1 +17) = Xats(1 +1)° =
The final equality is just the above corollary. ]

If the reader has not yet been discouraged by these endless series of congruences, the
final proof on quartic reciprocity is in sight at long last.
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Proof of the supplementary law for 1 4+ 4. We first assume that 7 is a prime and use the
previous lemma. If 7 =1 (mod 4), we get:

. 3(atb—1) La—1 .3a43b—3-2a-2 Lat+3b—1 La—b—b2—1
1 1 1

Xﬂ—(1+i)22 '(ZT)ilzz 1 =1 =1

And if 7 = 3+ 2¢ (mod 4), we compute:

. 3(atb—1) L —a—1
3

Xa(14+17) =1

a—b—1 a—b—1
e e

1 . 3(atb—1) a+1 L 5at+3b—1
(—l 2 ) = —3 1 2 —= —¢ 4

La—b—b2—1
7 4

Hence the formula holds in both cases. We now prove the law for general primary elements.
By a simple induction argument, it suffices to show that for primary 7 = a1 + b1¢ and
Ty = ag + boi, we have:

a; —by — b3 —1 +a2—b2—b§—1 a—-b-b -1

1 ) = ) (mod 4)

where a = ayas — b1bs and b = a1by + asb;. We multiply through by four and consider the
relation modulo 16. We have four cases, two of them being symmetric. If b = 0 (mod 4)
and by = 2 (mod 4), we have the following relations modulo 16:

asby = 3b1, aiby =2(a; — 1) +ba, biba =2b1, ajaz =3(a; —1) +az (mod 16)

We now do the calculation (we let the reader fill in the details of calculating (2(a; — 1) +

be + 3b1)? with the proper reductions):

a—b—b*—1=3(a; — 1) +ay —2b; —2(a; — 1) — by — 3b; — (2(a1 — 1) + by +3b1)? — 1
=ay —14ay—5by —by — (4+8(ay — 1) +4by + b2 —8ay —8+4) — 1
=a; — b —b?—1+ay—by—b2—1 (mod 16)

Which is what we wanted to show. The case by = 2 (mod 4) and by = 0 (mod 4) follows

by symmetry, and the other cases follow a similar strategy. Determine relations for a;as,
b1ba, a1by and asb; modulo 16 and simplify. |
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4.3 Computing the quartic residue symbol

We can now write an algorithm completely analogous to algorithm 2. Let () and S(«)
denote the real and imaginary part of « in a given iteration, respectively:

Algorithm 3: Quartic residue symbol
1 Input: o, 8 € Z[i] with 1 +i1 8

2 Output: (%)
4

371
4 while (true) do

5 B + primary(f3)
6 a <+ amod 8
7
8 if a =0 then
9 if NG # 1 then
10 L return 0 // « and 3 have a common factor
11 else
12 L return r
13
14 while 1 +4 | a do
15 a+—af(l+1)
16 P 1 iRB)-SB)-S(8)*~1)/4 // supplementary law for 1+
17
18 u + «/primary(«)
19 a < primary(«) // supplementary law for the units
20 if u = —1 then
21 | rer it R
22 if u =i then
23 L r—7r- Z(l—ﬁR(ﬁ))/Q
24 if u = —i then
25 L rT—17- Z‘S(l*%(ﬁ))/Q
26 if R(a) =3 mod 4 and R(5) = 3 mod 4 then
27 L 74— —T // quartic reciprocity
28 | (a,f)« (B,0)
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Let us compute the symbol (—7/11 + 6i)4:
7\ (1461  [(-3-4i\ [(1+i —24i
1n+6i), \ -7 ), \ -7 ), \ -7/, -7/,
_izl.<—i> (—1—2i>
74 -7 4
-1 1 -7
@), (. (2)
-7), \-7), \-1-2i/,
—(—1)- .1_(_7).@ —(—1). —1
() = - ()

. [ i Ly e
=D (-1—21)4 (—1—22')4_( b =

Since N (11 + 6i) = 157 is a prime, so is 11 4 6i, so we may conclude that —7 is a quartic
non-residue modulo 6 + 11¢. This example is found in a table in Gauss’ second thesis on
biquadratic residues, see [2, p. 572]. In the table, it is listed as though (—7/11+ 6i), = 1.
However, it is likely that —7 was simply printed slightly off, since the correct placement is
just below its place in the document. So whether Gauss made a calculation error or the
error was made in print will likely remain a mystery. The astute reader may verify that
all 148 other entries in the table are correct.

5 Class field theory and the Hilbert symbol

In this section, we introduce some notions of class field theory, including the Hilbert sym-
bol, which we will utilize to give an alternate proof of cubic reciprocity. We follow the
exposition in [6] unless stated otherwise.

In the following, whenever we have an infinite Galois extension L/K, the Galois group
G(L/K) is endowed with the Krull topology, i.e. the topology with basis around 1 equal
to all cosets G(L/M), where M runs through all finite subextensions of L/K. If L/K
is finite, G(L/K) simply has the discrete topology. In any case, this makes G(L/K) a
topological group, as is readily checked:

Lemma 5.1. G(L/K) is a topological group in the Krull topology and the basis of sub-
groups around 1 {G(L/M) | M/K a finite subextension} consists of normal subgroups.

Proof. The multiplication G x G — G, (0,7) — o7 is continuous since the preimage of
the basis neighbourhood o7G(M/K) contains the open subset cG(M/K) x TG(M/K).
The inverse map o — o~ ! is also continuous as the preimage of the basis neighbourhood
o 'G(M/K) contains cG(M/K). For any finite Galois subextension M /K, M is a split-
ting field of some polynomial f. Any o € G(L/K) will permute the roots of f and hence
o(M)= M. Let 7 € G(L/M). Then for any x € M, we have 0 1o (z) = 0~ lo(z) = =.
This proves that G(L/M) I G(L/K) as claimed. ]

If L/K is a Galois extension, we can consider maps f : G(L/K) — L* satisfying
f(or) = f(o)of(7). These are called crossed homomorphisms. A special case of crossed
homomorphisms are the maps f, : G(L/K) — L* given by f,(c) = oa/a for some a € L*.
We state the following important theorem for later use (for a proof, we refer to [6, p. 14]):

24



Theorem 5.2 (Hilbert’s Satz 90). Let L/K be a finite Galois extension. Any crossed
homomorphism f: G(L/K) — L* is of the form f = f, for some a € L*.

5.1 Kummer theory

Definition 5.3. Let K be a field containing the n’th roots of unity and assume (charK,n) =
1. A Kummer extension of K is an extension of the form L = K ({/A) where A is a sub-
group of K* containing the group K*™ of n-th powers.

The definition means that L is generated by all n-th roots {/a for a € A.

Lemma 5.4. A Kummer extension L/K is abelian of exponent n, i.e. G(L/K) is abelian
and o™ = 1 for all G(L/K). Conversely, if L/K is abelian of exponent n, then L =
K(YA) for A=L*"NK*.

Proof. Let L/K be a Kummer extension, L = K({/A). L/K is the composite of all its
finite subextensions and, by construction, each of these finite subextensions are themselves
composites of cyclic subextensions of the form K (/a)/K for a € A. These are all Galois
with Galois group a subgroup of p,, (if bis a root of 2™ —a, the homomorphism G(L/K) —
tn, 0 — ob/b is an injection), hence L/K is abelian. Let 0 € G(L/K). Then we have
o™ = 1 when ¢ is restricted to any finite cyclic subextension of the form K({/a)/K, hence
we have ¢ =1 on L.

Conversely, let L/K be abelian of exponent n and A = L*™ N K*. Obviously, K({/A) C
L. Again, L/K is the composite of its cyclic subextensions. It thus suffices to prove
M C K(/A) for any cyclic subextension M/K. G(M/K) has order dividing n (this
follows from ¢™ = 1). Thus, M is of the form M = K({/a) with a € L*" N K*, so
M C K({/A), and the proof is complete. |

The following result is essential in Kummer theory, simplified for our purposes:

Theorem 5.5. If L = K(/A) is a Kummer extension, then A = L**NK* and we have
an isomorphism
Hom(G(L/K), f1n) & AJK*™

given by
o/a
WVa

Proof. Let L/K be a Kummer extension. Then L = K({/A) with A = L** N K* by the
previous lemma. Define the homomorphism

A/Kxn — HOm(G(L/K)aun)a a (mOd Kxn) = Xa with XG(J) -

A — Hom(G(L/K), ), @+ Xa

with x4 (0) = 0{/a/ {/a. We have x, = 1 if and only if o /a = {/a for all ¢ € G(L/K) if
and only if /a € K* i.e. a € K*™. Thus, the kernel of the map is K*™ and we have an
injective homomorphism

A/K*" — Hom(G(L/K), i)
For surjectivity, there are two cases. Assume first that G(L/K) is finite. Let x €
Hom(G(L/K), up), then x : G(L/K) — L* is a crossed homomorphism, since x(o7) =
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x(o)x(7) = x(o)ox(r) as x(7) € u, C K. By Hilbert’s Satz 90, there exists a b € L*
such that

x(o) = %b for all 0 € G(L/K)

Since o(db™) = o(b)” = x(o)"b™ = b" for all 0 € G(L/K), we must have b" = a €
K*NL*™ = A, 80 X = Xq, proving surjectivity in the finite case. Now assume L/K is an
infinite extension. In this case, we regard Hom(G(L/K), u,) as the set of all continuous
homomorphisms x : G(L/K) — pu,. We let {A;/K*"} denote the set of all finite sub-
groups of A/K*™, and we set L; = K(3/A;). We then have A/K*™ = J, A;/K*™ and
L =J; L;. Thus, the groups G(L/L;) form a basis of open neighbourhoods of 1 in G(L/K).
Let x : G(L/K) — uy be a continuous homomorphism, then the kernel is open and hence
must contain a subgroup G(L/L;). x induces a homomorphism x : G(L;/K) — p, such
that x(o) = x(o|;,). By the proof we just gave of the finite case, we have ¥ = X, for
some a € A;. Then x(0) = Xa(0|;,) = 0{/a//a = xa(0), hence x = x,, and the proof
is complete. ' ]

5.2 The reciprocity map and the norm residue symbol

We quickly recall the definition of a local field and the local reciprocity law. In particular,
the norm-residue symbol will be needed to define the Hilbert symbol. A field K is called
a local field if it is complete with respect to a discrete valuation and it has a finite residue
class field. It can be shown that any local field is either a finite extension of the p-adic
numbers Q, (local fields of this form are called p-adic number fields) or the field F,(¢) of
formal Laurent series over F,, (see chapter II, §5 in [7]).

Let K be a local field and let K /K be the maximal unramified extension of K. This
is equal to the composite of each finite unramified extension of K. Let L/K be a finite
extension so that L is itself a local field. If px and p; denote the maximal ideals of the
valuation rings Ok and Op, respectively, we have an extension (Galois) of the residue
fields L/pr, over K/pg. The Galois group is cyclic of order f, called the inertia degree
(see chapter 4 in [5]). It has a generator, denoted by ¢, satisfying

¢(a) = al®/Px| (mod pyr) for all a € O

This generator is called the Frobenius automorphism. For an infinite extension, the
Frobenius automorphism becomes a so called topological generator. For a local field K,
¢k € G(K/K) denotes the Frobenius automorphism of the maximal unramified extension

K of K. Consider a finite extension L /K and fix some Galois extension M of K containing
L. If n=[L: K] and H is the subgroup of G(M/K) with fixed field L, let o1,...,0, be a
system of left coset representatives of H in G(M/K). We define the norm-map

NL/KIL—>K by NL/K(G):HJi(a).
i=1

We then have Np/x L = {Ny,k(a) | a € L}. We can now state

Theorem 5.6 (The local reciprocity law). For every Galois extension L/K of local fields,
we have a canonical isomorphism

rryi i G(L/K)™ — K* /Np g L™
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given as follows: Let 0 € G(L/K) and let ¢ € G(L/K) be a lift of o (i.e. 5|, = o)
satisfying &|; = ¢ for some n € N (called a Frobenius lift of o). If M is the fized field
of & and mpr is a prime element of M (i.e. wpr generates the mazimal ideal in Opy ), then

rr/k(0) = Ny (mar) (mod Np L)

That this map is even well-defined is a rather lengthy and technical argument. A full
exposition can be found in chapter II of [6]. The map has an inverse, from which we obtain
a map called the local norm residue symbol:

(wL/K): K* = G(L/K)®
with kernel Ny i L*. Another theorem we shall use is the following:

Theorem 5.7. If K is a local field which contains the m-th roots of unity and L =
K(VKX), then

G(L/K) = K*/K*" with K* 3 a~ (a,L/K) € G(L/K)

5.3 The Hilbert symbol

Now let K be a local field containing u,, with (charK,n) = 1. Let L = K(VKX) be the
maximal Kummer extension of K of exponent n, then

Hom(G(L/K), in) = K* /K",
but by class field theory, we also have
G(L/K) 2 K*/K*",
so the bilinear map
G(L/K) x Hom(G(L/K), pin) = pin,  (0,x) = x(0)

defines a nondegenerate bilinear (in the multiplicative sense) pairing
(p) CKX K ) KX /K7™ = g,

called the Hilbert symbol. We go through the basic properties of the Hilbert symbol.
Lemma 5.8. For a,b € K*, the Hilbert symbol (a,b/p), is given by

(a, K (/b)) K) /b = (“;Ob)n b

Proof. Under the isomorphism K*/K*" =~ G(L/K), the image of a is the norm residue
symbol o = (a,L/K). The isomorphism K*/K*" = Hom(G(L/K), u,) maps b to the
map xp : G(L/K) — p, given by xu(7) = 73/b/¥/b. Spelling out the definition of the

Hilbert symbol, we have
(a,b) (0) o /b
= )= ——,
b ). Xb 7
and so (a, K({/b)/K)¥b= (a,b/p), ¥/b. |
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Proposition 5.9. We have the following properties of the Hilbert symbol:

a,b a’,b
P /n P Jn

Proof. (1) and (ii) is just bilinearity of the Hilbert symbol. If b € K* and x € K such
that ™ — b # 0 and ( is a primitive n-th root of unity, we have

n—1

" —b=[[@@-¢8), B =0

1=0

Write n = d - m, where d is the greatest divisor of n such that y% = b has a solution in K.
K(B)/K is a cyclic extension of degree m, and the conjugates of z — (?3 are the elements
x — (/B with j =i (mod d). Therefore

d—1
:L‘n — b = H NK(ﬁ)/K(QT — <i5>,

=0

implying that " — b is a norm of K(%{/b)/K. This is the case if and only if (z" —
b, K(¥/b)/K) =1, and by lemma 5.8, this is the case if and only if

<x"b,b> -1
b n

Letting 2 = 0 and b = —a, we get (iv). Choosing x =1 and b =1 — a, we get (v). It only

remains to show (iii):
(5).(5).=(5).(5), (), (%)
(m—ab) (b,—ab) B <ab, —ab> _
p n p n p n

5.4 Cubic reciprocity revisited

We are now almost ready to tackle cubic reciprocity from a new approach. We will need
one more theorem, but before presenting it, we fix some notation. For a number field
K containing p,, an element a € K and a prime ideal p of Ok such that na ¢ p, we
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may define the n-th power Legendre symbol (a/p), to be the unique n-th root of unity

satisfying
N(p)—1 a
a = |- (mod p)
P/

See [1, p. 165] for details.

Theorem 5.10 (Strong Reciprocity). Let K be a number field containing p,, and assume
a, B € Ok are relatively prime to each other and n. Then

GO R e
ﬁ n o n p n
p|lnoo
where 0o is the product of the real infinite primes of K, which only occur for n = 2.
Proof. We refer to chapter III in [3] for a proof. [ |

We can now give our alternate proof of cubic reciprocity. Let K = Q(w) for w = >7/3,

and let Ok denote the ring of integers i.e. Og = Z[w]. In this case, n = 3 and the only
prime in Z[w] dividing 3 is A = 1 — w. So Strong Reciprocity in this case is just

(5,02, (),

So proving cubic reciprocity amounts to showing:

a, B primary in O = <a;\B) =1
3

a, B primary means that a,8 = —1 (mod 30k). The residue symbol is unchanged
when the denominator is replaced by one of its associates, so we may assume «, [ =
—1 (mod A?Of) (A\? is associated to 3). Let K, be the completion at A and O, the
corresponding valuation ring. Proving cubic reciprocity thus amounts to proving;:

o, B =—1 (mod \20,) = (W) =1
A /s

We follow the proof outlined in exercise 8.9 of [1]:

Second proof of cubic reciprocity. Claim 1: If a = —1 (mod M\0)), there exists u € Oy
such that o = u? for some u € Oy. We prove this by inductively constructing a coherent
sequence (u,,) in Oy with a =« (mod A\"O,) for all n > 4. The case n = 4 holds by
assumption since —1 = (—1)3. If u,, is defined for n > 4, let u,, 11 = u, +aX\" "2 for a € Oy
to be determined. Then

ud = ud + 3ula\""? + 3u,a® A\t 4 a3\ 6

Note that 2n—4,3n—6 > n+1asn > 4. Thus, we have u) | = ul+3u2a)\"~? (mod A" T10}).
Write o = u3 + bA", then we have (recall that 3 = —w?\?):

ud 1 =a—b\" + u(—w’a)A\" (mod A" 0,)
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If we furthermore write u,, = c+d\", we get u2 = c>+d> 2" +2cd\" = *+2cd\"™ (mod A" 1 0,).
Substituting this into the previous equation gives:

uf’LH =a—b\"+ (02 + 20d)\")(—w2a)/\” = 0 — b\ — 22a)" — 2edaw 2"
=a —b\" — w?al” = a — A" (b + 2w?a) (mod A"T10y)

So our task amounts to solving b + c?w?a = 0 (mod \O,) i.e. c?w?a = —b (mod XO,)
for a. The condition u, = u,_; (mod A"~10,) shows that A { ¢ (otherwise we could not
have u4 = —1 (mod A\*0,)). In other words, c is a unit and therefore c?w? is also a unit.
This proves that the equation has a solution for a, and we have constructed the desired
sequence (note that u,+1 = u, (mod A\"O,)). By completeness of Oy, (u,) converges to

some element u € Oy with a = u?.

Claim 2: If o,/ € OF and o = o/ (mod M\0O,), then (o, 3/A); = (a/, /)3 for all

B € K. Note that —1 = —aa™! = —a’a™! (mod X\*0,), so applying the first claim, we
have —a’a~! = 2 for some a € Oy:

(5), = (), e ()
=(—=— ] =1 ie. =1
A 3 A s A 3

Using the simple fact that (—1,3/\)3 =1 as —1 = (—1)3. We conclude:

o BY (aTNBY _y . (@4BY (ealBY _ (a8
(), (57, = (50), (59, (%),
- ()

Finally, assume that o = 8 = —1 (mod A\20,). Write « = —1+a)? and 8 = —1 + bA?
for a,b € O,. Note that:

as claimed.

—1+aBr? = —1+a(=1+bX*)A? = -1 — aX? + abA? = —1 — a)? (mod A\ O))

In other words, 1+aA? = 1—aBA? (mod A\*0,). Using properties (i), (v) and the previous

claim:
a, B\ -, B —o, aN? [ —a aBN?
(57), - (557), (557, - (557),

By noting that —a(1+a)?) = 1 (mod A0, ), we can continue the computation as follows:

—a, afSN2 [~ aB\? 1 —aBA2, aB\?
(=575), - (57), (5,

B —a, afSN? . 1+ aX?,aB)\? _1
=— i — 3_

And the proof is complete.
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