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Introduction

These lecture notes were written for the course Stochastic Processes in Non-Life Insurance
(abbreviated SkadeStok) at the University of Copenhagen in the fall of 2023 and are based
on the lectures given by Jeffrey F. Collamore. I have strived to keep the notes as faith-
ful as possible to the lectures but I have made minor changes that I felt would improve
the overall readability and presentation. These changes include presenting new notions as
definitions and important remarks as results such as propositions and lemmata whenever
possible. Thus the notes are written more in the style of a book. I have also added certain
proofs that helped me absorb the different notions, but proofs belonging to results from
other areas are usually omitted. Occasionally, an example not presented in the lecture has
been added.

I want to stress that these notes are not meant as a replacement for the lectures but as a
supplement. The notes can be used to prepare for the lectures or to revisit specific concepts
and explanations (which is why I added an index) but they cannot provide the same intu-
ition as the (physical) lectures. This intuition is also an indispensable tool for solving the
exercises and developing problem solving skills (which is a key point of the course).

Lastly, I want to thank Rasmus Benn, Anders Lund Mortensen and Bastian Mgller Peit-
ersen for pointing out some typos. There are likely still typos remaining and maybe a few
mathematical errors. These are all due to me. If the reader spots any of these mistakes,
they are more than welcome to contact me.

Rasmus Frigaard Lemvig
November 2023
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Week 1 - Basic notions

1 The Cramér-Lundberg model

We start by giving a brief overview of the Cramér-Lundberg model. The model was first
introduced informally in the doctoral thesis of Filip Lundberg in 1903. The model was
republished in the 1930s by Harald Cramér, this time with a more rigorous mathematical
foundation. The model is specified by two payment streams:

e Premiums from policyholders: The premiums from the policyholders are assumed
to be constant over time. We denote the income at time ¢ by I; = ct for some constant
c>0.

e Claims losses: Claims losses occur at random times. The idea of the model is that
the probability of a claim happening in a small (infinitesimal) interval [t,¢ + At] is
approximately proportional to a positive constant A times the length of the interval
and only a single claim occurs at a given time. Somewhat informally,

P(claim in [t,t + At]) = At - A+ o(At)
P(more than one claim in [¢,t + At]) = o(At).

Furthermore, these probabilities should not depend on t. Let N; denote the number
of claims in the interval [0,¢]. We shall soon see that the above probabilities imply
that the stochastic process {N;} is a Poisson process. Let {Y;} denote the claim
sizes (a discrete stochastic process of a.s. positive random variables). The stream of
accumulated losses {L,} in [0,] is given by

Ne

Li=> Y,

i=1
We assume that {Y;} is an iid sequence.

From these two payment streams, we can formulate the fundamental object of study in this
lecture, namely the total capital process {Ci} given by

Ny
CtZU‘FCt—Z}/z

i=1

where u > 0 is a constant called the initial capital.



We end this section by addressing some criticisms of the model. First of all, the model
assumes homogeneous behaviour of the policy-holders. In reality, there are many different
types of policy-holders for a company and they pay different premiums for different products,
and the claims will have quite different distributions. It also assumes that the number of
policy-holders is fixed, but in the real world, policy-holders tend to change company from
time to time. There is also the obvious issue of the growth of the capital. If everything
goes well (larger cash flows from premiums than from claims), the model dictates that the
capital will grow indefinitely. Most real shareholders would prefer that a part of the surplus
was paid out as dividends. Last but not least, there is the problem of seasonality. The
number of claims in the model is assumed to not depend on time but only on a timespan. In
reality, many claims happen more often in certain months of the year. Furthermore, some
claims may increase in frequency over time. An example could be flooding or other extreme
wheather phenomena. Nevertheless, the model strikes a good balance between mathematical
tractability and usefulness.

2 The ruin problem

Ruin occurs if the accumulated losses surpass the initial capital plus the accumulated pre-
miums. We are interested in the ruin probability in the long run, and therefore we let 1 (u)
denote the probability that ruin occurs at some point as a function of the initial capital u.
Formally,

Y(u) = P(Cy < 0 for some t > 0) = P <%I>1;I; Cy < 0) .
Letting X; = I} — L;, we can also write this probability as
¥(u) = P(X; < —u for some ¢t > 0).

In an applied context, we want to find an initial capital u so large that ¢ (u) < § for some
fixed threshold g € (0,1).

3 Stochastic processes

In this section we will introduce the basic concepts of stochastic processes that will be needed
in the course.

Definition 3.1. Let (Q,F, P) denote a probability space i.e. € is a set called the sample
space, F is a o-algebra and P is a probability measure. A stochastic process {X;} is a map

X :Ox[0,00) >R

where we will usually write X;(w) := X(w,t). For a given outcome w € €, we call the
function t — X (w,t) the sample path associated with w.

In the rest of the section, we implicitly assume that a probability space (€2, F, P) is given.
Often it is necessary to assume some continuity properties of the stochastic processes we
work with. An especially important assumption is the property of being cadlag.



Definition 3.2. A stochastic process {X;} is called cadlag (French for continue a droite,
limite o gauche) if the sample paths are right continuous and have left limits. In other
words, for all ¢,

lim X, = X,
st
and
lim X,
sTt
exists.

We also need to model a flow of information in time. This is done via the mathematical
concept of a filtration.

Definition 3.3. A filtration {F;} is a sequence of o-algebras such that F; C F for all ¢t and
such that F, C F; for all s <.

In this course we have the convention Fy = {f), Q} i.e. Fy is the trivial o-algebra. Intuitively
this means that we have no information available at time zero. It is necessary to have some
measurability conditions on our stochastic processes. If the value of a stochastic process is
known at time ¢, we call such a process adapted.

Definition 3.4.

(i) A stochastic process {X;} is called {F;}-adapted if X; is Fi-measurable for all ¢. We
will often omit {F;} and simply say that {X;} is adapted.

(ii) For a given stochastic process {X;}, we call the filtration given by FX = o(X, : s < t)
the filtration generated by the process {X;}. This is the smallest filtration such that
{X:} is adapted.

A particularly important subclass of stochastic processes in this course is the following.
Definition 3.5. A stochastic process {X;} is called a Lévy process if
(i) Xo=0.

(ii) {X:} has independent increments. That is, for every finite partition 0 < t; < to <

--- < 1y, the variables {X;,,, — Xy, f:_f are independent.

iii +} is a stationary sequence. For every s < ¢, X; — X, = X;_; where = denotes
i) {X;} is a stati F <t X; — X, = X,_, where < denot
equality in distribution.

Let us finally have a look at two important examples of stochastic processes (that are also
both Lévy processes).

Example 3.6. A stochastic process {W;} is called a standard Brownian motion if
(i) Wy =0,
(ii) {W,} has independent increments and

(iii) Wy — Wy ~N(0,t — s).



In other words, a standard Brownian motion is a Lévy process with an increment over s, t]
being normal distributed with mean zero and variance t — s. We write {W;} ~ BM(0, 1) for
a standard Brownian motion.

A stochastic process {W;} is called a general Brownian motion BM(m, n?) if

{Wt —mt
i

Example 3.7. A stochastic process {N;} is called a Poisson process with intensity A > 0
if N; takes values in Ny = {0,1,2,...} and

} ~ BM(0, 1).

() P(Na > 1) = Ah + ofh),
(ii) P(Np > 2) =o(h) and
(iii) {NV:} has stationary and independent increments.

All limits are understood in the sense that h — 0. The concept of a Poisson process can be
extended to that of a compound Poisson process . This is a process of the form

Ny
Vi=>Y
i=1
with {IV;} a Poisson process and {Y;} iid and independent of {N;}.

Remark 3.8. Lévy processes seem like a very broad class of stochastic processes but it turns
out that every Lévy process {X;} can be decomposed into a sum of the form

Xt:Ct+UWt+Jt

with ¢ a constant, W; a standard Brownian motion and J; a jump process. The interested
reader can look up Lévy-Ité decomposition.

Another interesting type of process is a point process.

Definition 3.9. A stochastic process {N;} taking values in Ny is called a point process if
No=0and N; > N, for t > s.

We end this lecture by establishing a useful property of Poisson processes.

Proposition 3.10. Let {N}} and {N?} be independent Poisson processes with intensities
A1 and g, respectively. Then {N} + N2} is a Poisson process with intensity A1 + Aa.

Proof. {N} + N2} clearly takes non-negative integer values. Using independence, we have
P(Nyp+NZ>1)=1-P(Ni=0,N; =0)=1— P(N, =0)P(N; =0)

=1—(1=Xh+o0(h)(1 = A2h+ o(h))

)

=1—(1=Xoh—Ah+ X Xh?+0(h)
= Mh+ Ash +o(h) = (A + X2)h + o(h).

h
h



Consider now the event that N,{ + NEL > 2. If this is the case, then either N}L > 2, N,% > 2
or N,{,N,f > 1. Hence

P(N! 4+ N} >2) < P(N} >2)+ P(N? >2)+ P(N} >1,N? > 1)
= o(h) + o(h) + P(N} > 1)P(N} > 1)
= o(h) + (Mh + o(h))(A2h + o(h))
=o(h) + (M A2h? 4+ o(h)) = o(h).

This completes the proof.

A Poisson process can be identified with its arrival times
T, =inf{t > 0: N, = k}

i.e. the time that the process jumps from k — 1 to k. Note that Ty = 0. Given the arrival

times, we have
oo
= Z Lir, <ty
i=0

which establishes the one-to-one correspondence between a Poisson process and its arrival
times. In describing a Poisson process, the interarrival times 7, = T; — T;—1 for i = 1,2, ...
are particularly important. There are many equivalent formulations of the definition of a
Poisson process. Some of them are given in the following proposition.

Proposition 3.11. The following are equivalent:

(i) {N.} is a Poisson process with intensity A > 0.

(1) {N:} is a point process with independent interarrival times {;} with 7; ~ Exp(A).
(#ii) {N¢} has independent and stationary increments and Ny ~ Poisson(At) for all t > 0.

Proof. See Proposition 1.10 on page 3 in [6] or Theorem 5.3 on page 18 in [2]. |

4 Martingales and optional sampling

In this section we go through the martingale machinery necessary for our purposes. We
assume that we are given a probability space (2, F, P).

Definition 4.1. A stochastic process {M;} is a martingale (relative to the filtation {F;})
if

(i) {M,} is {F:}-adapted.
(ii) E[|M|] < oo for all ¢ > 0.
(i) E[Mys | Fi] = M, a.s. for all s,t > 0.

Example 4.2. If {N;} is a Poisson process with intensity A > 0, {N; — At} is a martingale.
The verification of this is left as an exercise.



Example 4.3. A standard Brownian motion is a martingale. Again the reader can verify
this.

A useful concept in many situations is the notion of a stopping time.

Definition 4.4. A random variable 7 : Q — [0,00) is called a stopping time with respect
to a filtration {F;} if
{(r<t}eF Vt>0.

One should intuitively think of a stopping time 7 as the time of an event where we know
whether this event has occured given the information available at time ¢.

Example 4.5. Let {W;} ~ BM(0,1) and 7 = inf{¢t > 0 : [W;| > a} for some a > 0. 7 is
the first time that {I;} leaves the region [—a,a]. This is a stopping time since we know

whether |W;| > a at time ¢ (assuming that W; is adapted).

A non-example of a stopping time could be: 7 indicates the last time a standard Brownian
motion surpasses 1. We can only determine 7 if we know the entire future behaviour of the
process and hence 7 is not a stopping time. Before we can state the next essential result,
we need to define the information available at a stopping time.

Definition 4.6. For a stopping time 7, define the o-algebra
Fr={AeF|An{r <t} e F vt >0}

We leave it as an exercise for the reader to verify that F, is indeed a o-algebra. The
intuition behind F, is that it contains all the information available at time 7. Note that if
T is constant and equal to ¢, then F, = F;. We can now state an essential tool from the
theory of martingales, suitably formulated for our purposes.

Theorem 4.7 (Optional sampling theorem). Assume {M;} is a martingale and let 7
and T be stopping times. Then

E[Mt/\‘rz | ]:n] = MinriAry @-5.

with A denoting "minimum” i.e. t A s ;= min{t, s}.
Proof. See for example Theorem 1.2.6 in [7] or [4]. |
For our purposes, a special case of the above theorem will often suffice.
Corollary 4.8. Let {M;} be a martingale and T a stopping time. Then

E[Mr- | Fo] = M.
If T is also a.s. bounded, we have

E[M; | Fo] = M.

We now consider an example of how the technique of optional sampling can be applied.



Example 4.9. Consider a Poisson process { N, } with intensity A\. Let a € Nand 7 = inf{t >
0: N; > a} denote the first time N; reaches a. Our goal is to compute E[r]. We know that
M; = N; — M\t is a martingale. Using optional sampling, we have E[M;. | Fo] = My. We
have E[M;s,] = My = 0 by our convention that Fy = {0, Q}. We thus have

E[Nt/\-,-] = )\E[t A\ T].
Let us rewrite the left hand side as follows
E[Nt/\T] = E[Nt/\‘rl{tZ‘r}}+E[Nt/\‘r]~{t<7'}] = E[NTl{tZT}]+E[Nt1{t<T}] = aE[l{tZT}}—l—E[Ntl{KT}]

and so
aE[l{tzr}] + E[Ntl{t<.r}] = AE[t A T].

Let us consider the limit ¢ — oo for each term. By dominated convergence,
E[l{i>r)] = Ell{7<o}] = P(T < 00) =1

since Ny — oo a.s. (use the strong law of large numbers on N;/t). Ny — oo also implies
that 1;-) — 0 so using dominated convergence,

E[Nil{i<ry] = E[Niar1ii<ry] — 0.
Lastly, monotone convergence yields
Elt A 7] — E[7].
Combining all these limits, we get
a+ 0= \E[7]

and we conclude that E[7] = a/A. This result also makes sense intuitively. A larger intensity
means that the process is more likely to reach a early, and a larger a should take longer
time to reach.

We end this section by stating and proving a theorem which tells us how to construct
martingales using Lévy processes. First we need a short definition.

Definition 4.10. For a random variable X, the function
kx(a) = E[e*]

is called the moment-generating function of X (when it exists in a neighbourhood around
zero). When the moment-generating function exists, the function

A(@) = log kx (a) = log E[e*¥]
is called the cumulant-generating function of X.

The following lemma is purely technical and is used to construct two important examples
of martingales.

Lemma 4.11. If a real function f satisfies the Cauchy functional equation f(xz +y) =
f@)+ f(y), then f restricted to Q is a linear function i.e. f(q) = cq for some constant ¢
for all q. If f is continuous, then f is a linear function (on its entire domain).



Proof. Left as an exercise for the reader. |

Theorem 4.12. Assume {X:} is a Lévy process with respect to the natural filtration and
E[|X:|] < oo for allt > 0. Then:

(i) {X: — pt} with p = E[X1] is a martingale.
(ii) If kx(c) exists, e*Xt =M 4s o martingale where A denotes the cumulant-generating
function of X1, Ala) = log E[e®X1].
Proof. (i) is left as an exercise for the reader. To prove (ii), we first claim that
E[eaXt] — etA(a)'

Define f(t) = E[e®*¢]. The Lévy process property gives
F(t+ ) = BeneH )] = Blew X BleoXer—X0)]
= E[e™]E[e"¥] = f(t) f(s).
Hence log f(t + s) = log f(t) + log f(s) and so log f(t) satisfies the Cauchy functional equa-
tion. Recall that the moment-generating function is continuous and hence log f(¢) = ct for
some constant ¢ by the above lemma. To identify ¢, simply note that f(1) = e® so that
c=log f(1) = log E[e**X1] = A(a). Now let M; = e*X+=tAM) The rest of the proof consists
of the following calculation:
E[Mt+s | ]:t] — E[eaXt+3—(t+s)A(a) |]:t] _ e—(t+s)A(a)E[eaXt+s ‘ ]:t]
_ 67(t+s)A(a)E[ea(Xprstt)eaXt ‘ ];-t]

— e—(t-&-s)A(u)eaXt E[e(x(Xprs—Xt)] —(t-&-s)A(a)eaXt E[eaXs]

=e
(t+s)A() 6O¢XtesA(a) _ eathtA(a) _ Mt-

In the third equality we used the fact that a Lévy process has independent increments. W

The martingale in (ii) is important to remember. It will be used frequently throughout the
course.

5 The net profit condition

We end this lecture by again considering the Cramér-Lundberg process,

Ny Ny
Cy :u—i—ct—ZYi, X :ct—ZYi.

i=1 i=1
{X:} is a Lévy process (see the exercises). By the previous theorem, M; = X; — ut for
u = E[X;] is a martingale. A natural question to ask is when the ruin probability ¥ (u) is
strictly less than one. Using the strong law of large numbers, it follows that ¢ (u) = 1 when
u < 0. A difficult case is when u = 0. One can show that in this case, C; will cross zero
infinitely often almost surely. Hence ruin is also inevitable in this case. We conclude that
the ruin problem is only non-trivial for ¢ > 0. We have

0<p=c—EM]EYi]=c— Ay
where py = E[Y7]. Tt follows that p > 0 if and only if ¢ > Auy. This equality is called

the net profit condition or simply NPC . This has a natural interpretation. Indeed, NPC
simply says that the premium rate exceeds the rate of claims losses.



Week 2 - The Lundberg inequality and
renewal theory

6 The Lundberg/adjustment coefficient
Consider the Cramér-Lundberg model
Ny Ny
Cy :u—l—ct—ZYi, X :ct—ZYi.
i=1 i=1
From the previous lecture, we know that the following are martingales

My =X, —ut, p=E[Xi]=c—Auy >0 (by NPC)
My = e®X 7M@) - A(a) = log E[e*™]
where @ € R and py = E[Y;]. {M,;} is called the exponential martingale or the Wald

martingale. Later in this lecture we will use this martingale to establish the Lundberg
inequality. First we do some computations. Define

k(a) = E[e*¥1] = E [e“(c‘ﬁ—“ Yi)} .

To compute this mean, we use the tower property of conditional expectations. Note that
for deterministic n,

B om0 S = Ble im0 = Blem] Bl = B[],
where we have used that {Y;} is an iid sequence. Letting ky (o) = E[e®Y1], we get

k(a) = e““E {E [ —a ¥ Y

|| = e*E [Ble== 1] = e*Efiy (—a)™].
As Nj is Poisson distributed with rate A > 0, we have

A"
—e“cg Ky (— "PNl—n—e“cg Ky (— "—'e/\
n!
n=0 n=0

_ e(xc—/\ i (KY(_Q)/\)H _ eac—Aeny(—(x)/\ — e(xc-l—)\(ny(—a)—l).

n=0
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It follows that the cumulant-generating function is
Ala) = ac+ AMky (—a) — 1).
It is of interest to study the behaviour of A. We note that A(0) = 0 and that
N(a) =c— ey (—a)

so A'(0) = ¢ — Ay (0) = ¢ — Apy > 0 by NPC. Hence the graph of A goes through and is
increasing at the origin. In general, one can show that A is a convex continuous function
on the interior of its domain (given that it exists in a neighbourhood of zero), see the
supplementary part at the end. Also, since P(X; < 0) > 0, A(o) = o0 as a — —o0.
From these facts we may conclude that if A(«) is finite for all & < 0 or continuous on its
entire domain, A(—R) = 0 for some R > 0. This R is unique and is called the adjustment
coefficient .

7 The Lundberg inequality

From the above considerations, M; = e~ %Xt is a martingale. Let T = inf{t > 0: X; < —u}
denote the time of ruin. This is a stopping time. Recall that we have Fy = {0,Q} by
convention and that Xp < —u. Optional sampling yields

1 = My = E[Minr] = E[Mrlip<py] + E[Milipsy] > E[Mrlir<y)
since My > 0. We have 1yp<;y — 1{7<o0) for £ — oco. Using monotone convergence,
1> tllf& E[M7lir<yy] = E[Mr tli>nolo Lir<ty] = E[Mrlipcooy]

= E[e_RXTl{T<OO}] > E[eRul{T<oo}} = e P(T < o0) = eftip(u).
Rearranging, we have proved the following central result.

Theorem 7.1 (The Lundberg inequality). Consider the Cramér-Lundberg model and
assume that the adjustment coefficient R exists. Then

P(u) < e Fv,

The Lundberg inequality says that if the moment-generating function of the claim sizes
exist, then the ruin probability decays at an exponential rate as a function of the initial
capital. In practice this means that claim sizes with exponentially decaying tails are not
very dangerous for the company. The rest of this lecture concerns how strong the Lundberg
inequality is. To study this problem in depth, we need tools from renewal theory.

8 Renewal theory

Definition 8.1. {N;} is a renewal process if
(i) N € Ny i.e. the process attains non-negative integer values,
(ii) Ny is increasing i.e. Ny < N, for s <t and

(iii) the interarrival times {7;} are iid.
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Example 8.2. A Poisson process is a renewal process. In this case the interarrival times
are exponentially distributed.

Example 8.3. Consider the number of times the lightbulb of a specific lamp is replaced.
It would be unrealistic to assume that the time until the next change is independent of the
time since the last replacement. Therefore a Poisson process is likely not suitable since the
exponential distribution has the memorylessness property.

Let {N;} denote any renewal process and F the distribution function of 4. We will need
the concept of a convolution.

Definition 8.4. Let f be a function and G a nondecreasing function. The convolution f*G
is defined as the function

f#Gla) = / " fe— y)dG(y).

Let F' be a non-decreasing function. The n-fold convolution F*” is defined inductively by
F*2 = F % F and F*" = F*("=1 « . We define F* = 1jg ).

The convolution naturally appears when considering sums of independent variables. If X and

Y are non-negative independent variables with distribution functions F' and G, respectively,
then the distribution function of the sum is

POX+Y <2) = [ P = p)iG) = FG(2)
0
A conditioning argument yields this result easily. The argument is left as an exercise.

We are interested in computing the mean E[N]. Recall that for any variable N taking
values in Ny, we have the following result

E[N] = i P(N >n)
n=1

sometimes called the tail sum formula. The formula follows by Tonelli’'s theorem or more
intuitively by counting the quantities

P(N =1)+
P(N =2)+ P(N =2)+
P(N =3)+ P(N =3)+ P(N = 3)+

vertically instead of horisontally (as in the usual formula for the mean). We let the time of
the n’th claim be denoted by T,, = 7 + ---7,,. Then

EUVt]:iP(Nth):iP(T”St):ip(71+"'+7nSt)ZiF*n(t).

We are now ready to define the renewal function.
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Definition 8.5. Let N; be a Lévy process and define the process N; = 1+ N,. The function
U(t) = E[N,] = Y F™(t)
n=0

is called the renewal function.

U (t) counts the expected number of events in a renewal process. We want to show that U(t)
satisfies a special case of the so-called renewal equation. This equation is defined below.

Definition 8.6. Let F' be a known distribution function and z a known function. The
equation

t
Z(t) = 2(t) +/ Z({t—s)dF(s), t>0
0
where Z is an unknown function is called the renewal equation.

Let us show that E[N;] satisfies the renewal equation using a conditioning argument. Con-
sider E[N; | 71 = s]. If s > t, we know that only one event has occured, so in this case
E[Nt | 1 =s] = 1. If s <t, one event has occured plus all the events that occur from time
s to time ¢, hence E[N; | 7 = s] = 1+ E[N,_,]. All in all,

1, s>t

E[N, |71 =s] = - :
[ t |T1 S] {1+E[Nt_s}7 SSt

Using the tower property, we have
t t
U(t) = B[N,] = B[E[N, | 1] = 1 +/ B[N, _JdF(s) = 1 +/ Ult— 5)dF(s),
0 0

and we see that U(t) satisfies the renewal equation with z(t) = 1 and F' the distribution
function of the interarrival times. We finish this section by determining the solution to the
general renewal equation.

Proposition 8.7. If the fized function z in the renewal equation is bounded on bounded
intervals, there exists a unique solution to the renewal equation which is bounded on bounded
intervals. The solution is given by

Z(t)=zxU(t) :/0 z(t — z)dU(x).

Proof. We first verify that the function Z(t) = z x U(x) is a solution. We have

Z(t) =z % i F(t) = z(t) + 2z * (i F*(”_1)> « F(t)
n=0 n=1

=z(t) + z % (Z F*”) *« F(t) = 2(t) + Z = F(t)

n=0
so Z indeed solves the renewal equation. As for uniqueness, assume Z; is another solution
which is bounded on bounded intervals. Then

\Z(t) — Z4(8)] = /0 2t —2) — Zu(t — 2)dF (2)

< / Z(t - &) — Z4(t — 2)|dF (2).
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We may continue this bound inductively and obtain

1Z() - Z1(1)] < / 2t — @) = Z1(t — 2)|dF*"(2) < sup |Z(x) — 2 (x) | (1)

0<z<t

As Z and Z; are bounded on [0,t] and F*" tends to zero for n — oo, we get Z(t) = Z1(t)
as desired. |

9 The renewal theorems

The goal of this section is to study the solution

Z(t)=zxU(t) = /0 z(t — 8)dU(s).
further.

Definition 9.1. A distribution function F' is called arithmetic if the support of a random
variable with distribution function F is {0,~, 27, ...} for some v € N. The largest such  is
called the span of F. If F is not arithmetic, F' is called nonarithmetic.

Recall that we write
f@t) ~g(t) ast — oo
if
im & =1.
t=o0 g(t)
We can now state the first form of the renewal theorem. For proofs of the results in this
section, consult chapter XI in [3].

Theorem 9.2 (Renewal theorem (first form)). If F is a nonarithmetic distribution
function with F(x) =0 for x <0, then for h >0,

U(tJrh)fU(t)fvﬁ ast — oo
W

where p = fooo tdF(t) is the mean of F. If F is arithmetic then the result holds for h a
multiple of the span 7.

Example 9.3. Let us consider the special case where our renewal process {NNV;} is Poisson
process. In this case, the interarrival times are exponentially distributed with mean pu = 1/\.
Thus

U(t+h) —U(t) = E[Ny] — E[N,] = 14+ E[Ny41] — (14 E[N,])
h
=At+h)—A=Ir=—.
1
Hence the statement of the renewal theorem not only holds in the limit but at any given
time.
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We can now characterize the solution to the renewal equation using heuristic arguments.
By the renewal theorem,

h
Ult+h)=U(t) ~ —,
I
and we can think of this statement heuristically as dU(¢) ~ dt/u. Hence
t t dS 1 t 1 t 1 (o)
Z(t) = / z(t—9)dU(s) = / z(t—s)— = 7/ z(t—s)ds = f/ z(y)dy — 7/ z(y)dy
0 0 B pJo ®Jo ® Jo

as t — oo. This statement can be stated in a formal manner which we will do shortly. We
first need a new concept of integrability.

Definition 9.4. Let z be a function on [0,00) and h > 0. Define
mi(h) =sup{z(t) : (k —1)h <t <kh}, my(h)=inf{z(t): (k—1)h <t < kh}

ie. my(h) and my(h) are the largest and smallest value in the interval [(k — 1)h,kh),
respectively. Define the corresponding Riemann sums

a(h)=hY m(h), a(h)=hY_ myh).
k=1 k=1

z is called directly Riemann integrable if

—oo < limg(h) =1lima(h) < co.
hl0 h10
The difference between ordinary Riemann integrability and direct Riemann integrability can
be illustrated as follows. Whenever we want to compute an integral of the form

/OOo z(t)dt,
/0 L

and afterwards we let K — oo. This is an indirect way of evaluating the integral and
it does not take into account how z(t) fluctuates for large values of ¢. Direct Riemann
integrability is a more strict notion of integrability that makes no distinction between finite
and infinite intervals. Hence direct Riemann integrability makes fewer functions integrable.
The difference between the two notions becomes more clear with an example.

we start by computing

Example 9.5. Consider the function f : [0,00) — R defined by

n, x€n—1/2" n+1/2"] for some n € N
f@;):{ n—1/ /2"] |

0, else

Sketching the graph it is clear that f is well-defined. We claim that f is Riemann integrable
but not directly Riemann integrable. To see that f is Riemann integrable, note that for
K eN,

oo

K Koy, K n
| e =Y g o Y g <o
n=1

n=1
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To see that f is not directly Riemann integrable, let b > 0. As the length of each interval
[n—1/2",n41/2"] goes to zero, eventually each such interval will be contained in an interval
of the form [(k — 1)h, kh) and thus 7(h) = cc.

Remark 9.6. It is not even sufficient for a function to be continuous and Riemann integrable
and with limit zero for ¢ — oo for it to be directly Riemann integrable. See example (a) on
page 363 in [3].

To establish that a function is directly Riemann integrable, the following lemma will be

useful.

Lemma 9.7. The following are sufficient conditions for a function z(t) on [0,00) to be
directly Riemann integrable.

(i) =(t

is monotone and Riemann integrable.

~—  —

(i) z(t) is continuous a.e. and a(t) < z(t) < b(t) for directly Riemann integrable a(t) and
b(t).
(#ii) z(t) > 0 is continuous a.e. and 7(h) < oo for some h > 0.
Proof. See page 69 of [1]. [ ]

We can now state the second form of the renewal theorem.

Theorem 9.8 (Renewal theorem (second form)). If F' is a nonarithmetic distribution
function and z is directly Riemann integrable then

1 o0
Z(t) — ;/0 z(y)dy fort — oo

with v denoting the mean of the distribution F'.

10 Exact asymptotics and the perturbation argument

Let
N

Ct=U+Ct—Z}/1

i=1

be the standard Cramér-Lundberg process where {N;} is a Poisson process independent of
the iid sequence {Y;} of claim sizes with common distribution function G. Recall that the
Lundberg inequality states that v(u) < e~ %* where R is the non-zero solution to A(—a) = 0.
We want to use our new tools from renewal theory to study the strength of this inequality.
This will lead to the so-called Cramér-Lundberg estimate.

The preliminary work on establishing the Cramér-Lundberg estimate uses a so called pertur-
bation argument . Let 0(u) = 1 — ¢ (u) denote the survival probability. Consider a ”small”
h > 0. In the time interval [0, h], there are three cases:

(1) N =0 (no claims).

(2) Nn =1,Y1 =y (one claim of size y).
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(3) Nj, > 2 (more than one claim).

We now consider what happens with the survival probability é(«) when we condition on one
of these events.

(1) N;, = 0: No claims in the interval [0, h] corresponds to restarting the process at time
zero with initial capital u + ch. Also, P(N}, = 0) =1 — Ah + o(h).

(2) N, = 1,7 =y If y < u, we claim that the survival probability changes to é(u —
y)+o(1). To justify this, we note that ruin probabilities are continuous from the right
due to continuity from above for measures. In particular, §(u — y + ch) — d(u — y)
for h — 0. Also, P(N, = 1) = M+ o(h). If y > w, then §(u + ch) — 0 for h — 0
because ruin has already happened. Hence this case is only interesting if y < u.

(3) Ni > 2 (more than one claim). This case is negligible by the definition of a Poisson
process. We have P(Ny, > 2) = o(h).

We can now collect these observations and make a partition/conditioning argument to obtain
0(u) = 6(u+ch)(1 — Ah+o(h)) + / 0(u —y) + o(1)dG(y)(Ah + o(h)) + o(h).
0
Term one corresponds to case (1) and so forth. Elementary algebra yields

0(u+ ch) —6(u) = Ah (6(u +ch) — /Ou o(u—y)+ o(l)dG(y)) + o(h)
and thus

c‘s(““f}i_‘s( ):A< (u+ ch) — /M- o(l)dG(y))+o(1).

Assuming that the derivative ¢’(u) exists, we get

fa' /M— )dG (y)

which is a so-called ”integral differential equation”. In the next lecture, we will use this
expression to derive a renewal equation which will lead to the Cramér-Lundberg estimate.

Supplementary: Convexity of the cumulant generating function

Proposition 10.1. Let X be a random variable where the moment generating function k()
is finite in some neighbourhood of zero. The cumulant generating function A(a) = log k()
18 convez.

Proof. Let o = Az + (1 — A)ae with 0 < A < 1. Letting p = 1/X and ¢ = 1/(1 — X), we
have 1/p+ 1/q = 1. Then by Hélder’s inequality,

H(Oé) - [eaX} — E[e)\alXe(l—)\)aQX] < E[e)\palX]1/pE[e(1—A)qa2X]l/q

_ E[ealX]AE[€a2X}17)\ _ Ii(()q))\/ﬁ(az)li)\



and taking logarithms yields

Ala) < AA(a1) + (1 = A)A(az).

Corollary 10.2. The set {a € R: A(a) < o0} is an interval.
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Week 3 - The Cramér-Lundberg
estimate and subexponential
distributions

11 The Cramér-Lundberg estimate

At the end of the previous lecture, we derived the following integral differential equation for
the survival probability 6 (u):

c u
$8 ) =0~ [ 8u - pic).
0
In this section, we continue on our quest to derive a renewal equation involving the proba-

bility of ruin. We get the idea to integrate the left and right hand side. Explicitly, replace
u with z and integrate from 0 to w:

Cc

< (6(u) ~ 5(0)) :/0 5(m)dm—/0 /0 5z — y)dGly)da.
For simplicity, write
I(u) = /0 CS(2)de,  Au) = /0 ’ /0 " 8 — )dG(y) .

To compute the integral A(u), we interchange the order of integration and apply integration
by parts to get

Au) = /Ou /O:E O(z — y)dG(y)dx = /Ou /U(S(m — y)dzdG(y)
:/O /0 5(w)dde(y):/0 I(ufz,/)dG(y):—/0 I(u—1y)d(1 - G)(y)
:*[I(ufy)(lfG(y))]S*/o 6(u—y)(1 - G(y))dy
= 1t0) = [ dtu=3)(1- Gl

so that

(8(u) — 6(0)) = / "S- y)(1 - Cly)dy.

> o

18
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We rewrite this in terms of the ruin probability:

5w = 00) = [ "= vl ) - G

Letting © — oo and applying monotone convergence yields

S0 = [0 -G

and thus

gives
S = [T a=cwydr+ [ vt - G
v =% [ TG+ [ w20~ Gy

This looks a lot like a renewal equation. The question is whether the function F with the
dynamics
A

C

dF(y) (1-G(y))dy

is a distribution function. This can be checked:

[ arw =2 [Ta-cway =2 <
0 0

Cc Cc

due to the net profit condition. Hence F' is not a distribution function and we are not done
yet. To remedy this issue, we multiply the expression for 1(u) above with e**. This gives
the equation

bl :eaué > o uea(ufy) w— ey
v =2 [T Gdy+ [ e utu— gerap(y)

Let us fix some notation:

A

Zalw) = e pfa), 2l =2 [0 GU)y, R ) = eVaF )

With this new notation, the equation above becomes
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and the goal now is to determine « such that F,, is a distribution function. We compute

/ dF.( / /\(1—G( ))dy_/meayi/oode(m)dy
/ / VG (x / / ¢V dydG(x
_ Z/0 (ae% _ ;) dG(z) = a/0 16 ()

= 2 (rr(0) — 1)

and so we need to determine « such that

%(Hy(&) -1)=1

We recognize this as the equation for the Lundberg coefficient. Hence o« = R is the solution.
We now have the (proper) renewal equation

Zr(u) = zg(u) + /Ou Zr(u—1y)dFr(y).

Assuming that G (and hence Fg) is non-arithmetic and that zg is directly Riemann-
integrable, the second form of the renewal theorem yields

1 oo
Zr(u) = C:= M—/ zr(x)dr < oo for u — oo.
R

where pp denotes the mean of the distribution given by Fj i.e.

MR:/OOOMFR(:C):/OOOM 2(1—0( ))da.

Recalling that 1)(u) = e~ Zx(u), the result can be stated as follows:

Theorem 11.1 (The Cramér-Lundberg estimate). Assume the setup of the Cramér-
Lundberg model with a non-arithmetic distribution function G for the claim sizes and that
the adjustment coefficient R exists. Then

Y(u) ~ Ce B for u— .

where C' is given by
= Ay
A4 (R) — ¢

Two things need to be checked, namely

(i) zg is directly Riemann integrable.

(ii) €= (c=Auy)/(Ary (R) = c).

Both of these assertions are left as exercises. We have now seen a classical approach to
estimate the ruin probability. Many alternative methods exist, but most of them are obsolete
since we can achieve good estimates simply by simulating. One method which still carries
modern relevance is the method of Laplace transforms.



21

12 Laplace transforms

Definition 12.1. Let f : [0,00) — R be a function. The function

flr= [ e p(a)da

is called the (classical) Laplace transform of f.

There is a connection between Laplace transforms and random variables. Let Y be a non-
negative random variable with density f. Then

fla) = / e fla)dr = Ble Y] = y (~a)

where Ky as usual denotes the moment generating function of Y. The Laplace transform
has many nice properties. We collect these in the following proposition.

Proposition 12.2. Let f : [0,00) — R be a function. The following properties hold:

(i) If f(x) > 0 a.e. then ) A
fl@<fB) < a=p

(ii) If f(x) >0 a.e. then |/f\|(a) < oo implies |/f\|(ﬁ) < oo forall B> a.

(iwi) If [’ exists a.e. and \/f\|(a) < 00 then

(iv) f is a convex function when f is positive a.e.

(v) f is differentiable on the interior of its domain provided f' exists.

(vi) f determines f uniquely (if f = § then f = g).
Proof. Assertions (i) and (ii) are clear. To prove (iii), we use integration by parts as follows:

-~

Flay= [ e poe = [ @) + [ fwaerde = afia) - f0)
0
In the last equality, we used that the Laplace transform of |f| is finite in o which implies

that f(z)e=** — 0 for 2 — co. To prove (iv) let g(a) = log f(a) and let A € [0,1]. We then
have

gha+ (1—N)B) = log / T e Ot 1-00)7 () gy

~ log / (e F@) (e () A

< log (( /0 e f(x)da;)l\ ( /O Y f(x)dm) H)

= Alog /000 e f(x)dx + (1 — \) log /OOO e P f(x)da
= Ag(a) + (1= AN)g(B)
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where we apply Hoélder’s inequality in the third line. It follows that g is convex. Taking the
exponential function on both sides gives the result. (v) follows by interchanging differenti-
ation and integration. The details are left to the reader. A proof of (vi) can be found in
section 3.1 of [8].

|

We will now compute the Laplace transform of the survival probability. This will allow us
to determine ¢(u) (and hence 9 (u)) explicitly in the case of exponential claims. Recall that
we have the differential integral equation for the survival probability given by

c u
S00) = 0(w) ~ [ (= 1)dG(y).
0
Taking the Laplace transform of both sides gives the equation
c

: (aS(a) - 5(0)) =§(a) — /0 h /O " 8w — y)dG (e du

where we have used the properties of the Laplace transform. It remains to compute the
integral on the right hand side:

/ / d(u—y)dG(y)e” ““du = / / 0(u —y)e” ““dudG(y)
o Jo o Jy
= / / d(v)e” *dve~dG(y)
o Jo
B / d(c)e™VdG(y) = d(a)ry (—a).
0
Hence our equation becomes

(a5<a) - 5(0)) = §(a)(1 — ry (—a)).

> o

Earlier we computed

60 =2 [Ty = 2 and s 5(0)=1- 22

c c
Plugging this expression for §(0) into the previous equation yields
—c+ My + cad(a) = Mo(a)(1 + ky (—a))
and a bit of high school algebra gives us the final result

S c— Apy

o(a) = o — (1= Ry (—0)) for a > 0.

Note that if o < 0 then & () = 0o and nothing interesting happens. We are interested in the
survival probability itself and not its Laplace transform. Due to the uniqueness property
of the Laplace transform, we should be able to invert S(a) and obtain §(u). There exist
numerical methods to do this but we are interested in an analytical expression if possible.
This turns out to be possible in some rare cases.
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Example 12.3. Assume that we have exponential claim sizes Y; ~ Exp(6). Then puy = 1/6
and

0
Ky (—a) = o
In this case d(c) becomes
. c— A% 1 A 1
da) = 8 == —=—.
ca—)\(l—ﬂ%) a da+(9-73)

Recall that ¥ (u) decays like a constant times an exponential function so there are not many
choices for a candidate of §(u). Consider a function of the form

flwy=1- AePu
and let & > 0. Then

1 1

A _ > —au g, — > —au _ pe—(atBlug, — — _ 4 .
floy = [ st au= [ ae M= 4

By the uniqueness of the Laplace transform, §(u) must be a function of the same form as
f. We can identify A = A/cf and 8 =6 — % Hence we obtain the exact survival and ruin
probabilities

5(u) =1- %67(97%)“7 and w(u) _ %67(07%)11,.

13 Subexponential distributions

Recall the setup for the important results so far. In the Cramér-Lundberg process

Ny
Ct:U-f—Ct—ZY;', Xt:Ct—u, Y;NG
i=1

it only makes sense to talk about the Lundberg inequality and the Cramér-Lundberg es-
timate when the adjustment coeflicient R exists. Recall that R is defined as the strictly
positive number that satisfies A(—R) = 0 where

A() = log E[e®X1].

What are necessary conditions for R to exist? We definitely need that A(—a) < oo for some
a > 0 where
A(—a) = —ac+ Ary (a) = 1)

hence it is necessary that xy (a) < oo for some « > 0. What is a sufficient condition for R
to exist? If Ky (a) < oo for some o > 0 and ky is continuous for all a where the function
exists. The reason continuity matters is that a typical issue is that ky (a) < oo for a > 0.
Some classical distributions in non-life insurance include

e Y; ~ Exp(f) with density f(x) = fe=%" for > 0.

e YV, ~ Gamma(c, 8) with density f(z) = %xa_le_ﬁx for z > 0.
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o YV, ~ |W;| with W; ~ N(0,1) (the folded/truncated normal) .

The exponential and gamma distributions are used a lot because R can be computed ex-
plicitly. Usually R needs to be approximated numerically. But what if R does not exist at
all? This happens for heavy-tailed distributions. We have

kv (a) = / " evac(y)

so the question is whether G decays slower than exponential functions. If this is the case,
Ky (o) = oo for all @ > 0. Some examples of this behaviour follow.

Example 13.1. Consider the lognormal distribution with parameters (u,c?). This distri-
bution is obtained by taking the exponential function of a N'(u, 02) distributed variable. In
particular the distribution is supported on (0, 00). The density of this distribution is

1 _ Qogz—)?

flz) = ———e" 27 for z > 0.

V2molx
It can be shown that xy (a) = oo for all a > 0 for Y with this distribution.

Example 13.2. Consider the Pareto distribution with parameters «, 8 > 0. The survival
function of a variable Y with this distribution is given by

/80(
(8 +z)"
This function decays slower than any exponential function and thus ky () = oo for any

a > 0. This distribution belongs to the class of reqularly varying distributions . This class
has survival functions of the form

G(z)=PY >x2)= for x > 0.

G(z) = L(x)x™®
where L is a slowly varying function . This is a function L : (0,00) — R which satisfies

lim L(t)

=1
T— 00 L(x)

for all ¢ > 0. Examples include logarithms and constants.

The rest of this lecture is dedicated to introducing a useful notion of being ”heavy-tailed”,
namely the concept of subexponential distributions

Definition 13.3. A distribution function G on [0, 00) is subexponential if

1—G*?(x)
lim ————= =2.
oo 1 G(x)
We denote the set of subexponential distribution functions by S.
Remark 13.4. If G € S and Y7, Y5 ~ G are independent, the above definition says that

lim —P(YI +Ye>2)
z—oo  P(Y7 > ) N
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An interpretation of the definition is as follows. For general Y7 and Y3, we have
PY1+Yy;>z)>P(Y1 >z)+P(Yo>z)— P(Y1 >2,Y: > x).

since one possible way for Y7 + Y5 > x to occur is if exactly one of Y7 or Y5 surpasses z,
that is, one large jump occurs. If Y7 and Y5 are independent,

PY1 >x)+PYe >z)—P(Y1 >2,Ys >xz)=P(Y1 > 2)+P (Yo > z)—P(Y1 > z)P(Ysy > )

and it follows that
. P +Ys>a)

lim ———————= >

a—oo  P(Y7 > )
Hence a distribution is subexponential if for independent Y7,Ys ~ G, Y7 + Y5 > x happens
because of one large jump as x gets large. In particular, ruin will occur because of one
large claim. This is very different from classical distributions where one can prove that ruin
happens gradually.

Example 13.5. Let Y1,Y> ~ Exp(f) be independent. Then Y; 4+ Y> ~ Gamma(2,6). By

L’Hospital’s rule,
. P(Yl =+ YQ > Qj) . foo 92ye—9ydy ) _92xe—9m
lim ——————— = lim “*——— = lim ———— =
T—00 P(Yl > (E) T—00 e—0r z00 —fPe— 0T
so the exponential distribution is not subexponential.
We now consider some properties of subexponential distributions.

Proposition 13.6. If G € S, then
1 _
Jim w =1 forallacR.
Proof. Let a > 0. We have
1—G*%(x) 1 G(z) — G*%(z)

1—-G(x) - 1-G(2)

_ [f1=Cl—y) T1-Gl—y)
- /0 1— G($) dG(y) +\/a 1— G(l‘) dG(y)

> Ga) + oY e

Rearranging gives

1-G(x—a) 4 [(1-G*(2)
1< T-G) < (G(x) — G(a)) <1G(x) -1- G(a))

and letting x — oo yields

. 1-G(z—a)
< il Sl

which proves the result for the case a > 0. If a < 0, then

< (1-G(a)"'(1-Gla) =1

y 1—G(x—a)_1_ 1 .
oo 1-G(z) oo 1I-GGa—a)=(=a)
1-G(xz—a)

by the previous case. This completes the proof. |
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This result has a natural interpretation. Let Y ~ G where G € S. A special case of the
proposition says that

PY>z+a
fm P >Ta) PY>z+a|lY>z)=1
for any a > 0. This means that if we know Y has attained some large value x, it is very
likely to attain an even larger value as well. As an exercise the reader can verify that this
is not the case for the exponential distribution for example.

Proposition 13.7. Assume G € S. Then for all n € N, we have
1—G*"(x)

lim ————==n

z—oo 1 —G(x)
Proof. We use induction on n. By assumption, the assertion holds for n = 2. Assume that
the claim holds for some n. Let € > 0 and choose a such that

1—-G*"(x)
‘1%) I
for x > a. Write
1 — G+ (1) _1-G@)+G=) - G*( 1) () 14 G(x) — G+ (z)
1-G(z) 1-G(z) 1-G(2)
—1+ /0 floGTe—y) _1(;_732; Y 46(y)
_ T1-GM(z—y) 1 -Gz —y) C1-G"(z—y)
1 e T W [ g e

We can bound the second integral by

T 1-G"(x—vy) G(x)-Gx—a) 1-G(xr—a)
/H o CWETTem T i

and by the previous proposition this tends to zero for x — oco. Before turning to the other
integral, consider

LG ) (G -G [* -Gl —y)
/0 "I a) 4Gly) = ( 1-G(x) /_ 1-G(x) dG(y))'

The first term in the parantheses on the right converges to one and the other term converges
to zero by the same argument as above. Hence the left hand side converges to n as  — oo.

We now get
I (Fasy ) 5oag o)

(S5 5] -

as  — oo using the same arguments as before. Combining all our arguments yields

<e

1— G*(nJrl)(z)
li _ — 1) <e.

As € > 0 was chosen arbitrarily, the claim follows. |
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The following property is useful for domination arguments.

Proposition 13.8. Let G € S. For any € > 0, there exists a finite constant D (dependent
on €) such that
1—-G*"(x)

<D(1 " :
—G@) = (14¢e)" forallz >0 andneN

Proof. We use induction on n. The claim is trivial for n = 1 so assume the result holds for
some n. Then (1 — G*"(z)/(1 — G(z) is bounded, so we may define

Qy, = su 71 - G()
n TN TG
We note that
1—-G*2%(x) - G(r) — G*%(x)

1-G(x) 1-G(x)
and since G is subexponential, we may find a T' > 0 such that
G(t) — G*%(t) £

Ssu 7<1+*
R 1-G(b) 2

We can now estimate

F1- Gt —y) F1- Gt —y)

apt1 <14 ozltlgT/o WdG(y> + fgg/o WdG(y)
"1-G"(t—y) 1-G(t—y)

| Taiy Toem oW

1 G(t) — G*(t) 1 €
<14 bl C7A A LV I S ).
st Tam TS T TG _1+17G03+a"0+ )

1
<14+ ——_+su
=1 TroGm) TR

Now choose

D— max{2(1 +1/(1 - G(T)))’l}.

£

The reason for the max is to ensure that o =1 < D(1 +¢).
|

In the start of the next lecture we will see some methods to determine whether a distribution
is subexponential.



Week 4 - Ladder heights and
subexponential ruin

14 Checking subexponentiality

A possible way to check that a distribution is subexponential is the following ”closure
property”. If F is subexponential and G behaves in the sammer manner as F' in the tail, G
is also subexponential.

Proposition 14.1 (Closure property of subexponential distributions). Suppose F
and G are distribution functions on [0,00) with F € S and such that

lim 7(@ =c

Q)

for some constant ¢ > 0. Then G € S also.
Proof. See Lemma 1.35 in [6]. [ |

Remark 14.2. This proposition can be extended to more distribution functions in the fol-
lowing way. If G;, ¢ = 1,2, satisfy

Gi(z) ~ciF(z) fori=1,2, x— o0

and F € S, then G1,G5 € S also.

Before providing a more concrete method to establish subexponentiality, we need a defini-
tion.

Definition 14.3. Let G be a distribution function with density g. The failure rate of G is
given by

Proposition 14.4. Let G have density g and failure rate . Assume that A(z) — 0 for
x — 0o and that there exists a fived xg € R such that for x > xg, A(x) is decreasing. If

/ e @) g(z)dx < oo,
0
then G € S.

28
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Proof. This proof is from [2]. Splitting the area of integration into the two parts [0, zo] and
[0, 00), we note that the integral over [0, z¢] is always finite. Hence it suffices to consider
the case xg = 0 so that A(x) is everywhere decreasing. Define

Mm=lﬁwmh

so that G = e=2(*) (exercise). We get

L-GP) 1267 - (1-Gl) _ Gla) = G (w)

1-G(x) N 1-Gl(x) - 1-G(n)
_ [T1-Gz—y) _ ["G(z—y)
= /O =G dG(y) = /0 o) 9(y)dy
_ / " MA@ A= -A0) \ () dy
0

z/2 z/2
_ / A@=AE=1)=A0) ) (y)dy + / A=A =AW) ) ( — y)dy
0 0

where the last equality follows from applying the substitution y — x — y. For y < x/2,
Ma) = Aa=3) = [ M@y < (@~ (2= )@ =) = 1A~ ) < A)
z—y

where we have used that A is decreasing. Hence
x/2 x/2 z/2
/ A= AE—)~AW) \ () dy < / PN =AW) ) (y)dyy — / AW g () dy
0 0 0

which is finite by assumption. The bound A(z) — A(x — y) < yA(z — y) shows that A(xz) —
Az —y) — 0 for z — co. We can now apply dominated convergence as follows:

z/2 00
lim eA(z)*A(mfy)*A(y))\(y)dy :/ lim 1[0@/2](y)eA(m)*A(zfy)*A(y)/\(y)dy
0 Tr—r0o0

xr—00 0
=/‘fwu@@:/g@@=1
0 0

Using the inequality Mz —y) < A(y) for y < x/2, we can again apply dominated convergence
to the integral

z/2
/ A@=AE=D)=AW) ) (3 — )y,
0

except now the limit is zero. Hence

g&CLii?Q—l

proving that G is subexponential as desired.
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Example 14.5. Consider the Pareto distribution with parameters o and 8. Then

N
O = Grae = Wrape

for x > 0.

The density is

— @ 1
)= S G

and the failure rate is
a 1

B(l+z/B)

We see that A is a decreasing function on (0, 00). Note also that

Az) =

1 1

lim x =« and hm;l:

aso0” B1+x/B 0" Bl+a/B

Thus () is a continuous bounded function and so e**(*) < C' for some constant C' > 0.
This implies

o0

/ @ g()dz < C [ gla)dr = C < 0o
0

0

and using the above proposition, we can conclude that G is subexponential.

15 The method of ladder heights

Before we can study the ruin problem for the subexponential case, we need new techniques.
We can no longer establish the Lundberg inequality or the Cramér-Lundberg estimate since
the moment-generating function does not exist in a neighbourhood around zero for a subex-
ponential distribution. In this section we will investigate the idea of ladder heights .

Consider again the Cramér-Lundberg process

Ny
C’t:u—&—ct—ZYi

i=1
where as usual, X; = C; — u. The first time X; goes below zero is called the first ladder
height time and is denoted by 73 . Formally,

T, =inf{t > 0: X, < 0}.

Note that 7] does not need to be finite. If 77 is finite, it is of interest to study the size of
the first negative value i.e. the size of the first "dip” below zero. The size of this absolute
value L is called the first ladder height. Formally,

Ly =Xy |-

We emphasise that L is only defined conditional on the event {T] < oo} (we will return to
this issue). We can compute P(T; < oo). Indeed, if we have a Cramér-Lundberg process
with v = 0, then X; = C; and thus P(T] < o0) = 1(0) = Apy /c. Note that this number is
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in (0,1) due to the NPC. We can now consider the second ladder height. The second ladder
height time T}, is the first time X, falls below —L; i.e.

Ty, =inf{t >T] : Xy < XTf}
and the second ladder height is
Ly = |XT2_| -1

which is defined conditional on the event {7, < oo}. We can of course continue this
construction. We summarise this discussion in the following definition.

Definition 15.1. For the Cramér-Lundberg process {C;} with X; = C; — u, the ladder
height times are defined inductively by

Ty, =0 and Ti_:inf{tZTi__lth<XT:1} fori >0

conditional on the event {T,_; < 0o0,7; < oo}. The 7, are called the inter-ladder height

times or ladder epochs and are defined by 7, =17 and 7, =1, —T,_; for ¢ > 0. The
ladder heights are defined inductively by

Ly=0, and L;= |XT_— — XT.__1| = |XT_—| — (L1 + - 'Lifl) fori >0

conditional on the event {T,”;, < oo, 7, < co}.
Proposition 15.2. {7, } and {L;} are iid sequences.

Proof. This follows from {X;} being a Lévy process. Indeed, the independent and stationary
increments imply that at each ladder height time, we can think of the process as starting
from scratch. |

Remark 15.3. To get around the problem with the L; being defined conditional on the event
{T;_, < 00,7, < oo} only, we implicitly extend L; to the whole space by defining L; to have
the same distribution on {T,_, = co} U {7;” = oo}. Then L; is independent of {r;” < co}.

The following result describes the distribution of the L;.

Lemma 15.4. The survival function Gy of Ly is given by
— 1 o0
Go(x) =P(Ly > x) = u—/ (1-G(y))dy forxz>0.
Y Ja

We will provide a proof of this lemma later. A distribution function of this form is important
enough to get its own name.

Definition 15.5. Let Y be a non-negative random variable with mean py < oo. The
distribution given by the distribution function

1 o0
— (1-G(y))dy forxz>0
By Jg

is called the stationary excess distribution or the integrated tail distribution of Y.
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16 Ladder heights and the ruin probability for subexponential
claims

We can now study the ruin probability using ladder heights. Each ladder height describes a
new minimum of {X,;}. Let K = max{¢: T, < oo} denote the number of observed ladder
heights. Then XTE is the smallest value of {X,} i.e.

inf Xy = —(Ly +---+ Lk).
>0
The probability of ruin may then be stated as
P(u) =P (}I;EXt < —u> =PLi+ -+ Lk >u).

If we live in a heavy-tailed world with subexponential L; we would expect the approximation
¥(u) ~ E[K]|P(L; > u) to hold but we need to make this precise. The first step is to study
the so-called severity of ruin. In the event that the company goes bankrupt a relevant
question to ask is by how much we are ruined. This leads to the following definition.

Definition 16.1. Let T = inf{t > 0 : X; < —u} denote the time of ruin. For x > 0, the
quantity
Vg (u) = P(T < 00, Xp < —(u+ x))

is called the severity of ruin. x is called the severity.

We note that ,.(0) describes the first ladder height. Indeed,
¥z(0) = P(T < 00, Xp < —z) = P(T] < o0,L1 > x).

The strategy now is to compute 1, (u) generally and then specialize to the case u = 0. The
first step is to find an integral-differential equation for ¢, (u) via a perturbation argument.
This will be very similar to the argument that was given earlier in the course.

Consider a small interval [0, h]. We have three cases, namely
(i) Np = 0 which occurs with probability P(N, =0) =1 — Ah + o(h),
(ii) Np, =1 with probability P(Np = 1) = Ah + o(h) and
(iii) Np > 2 which is negligible due to P(N}, > 2) = o(h).
We consider each case.
(i) In this case the initial capital increases to u + ch. Hence ¢, (u) changes to 1, (u + ch).

(ii) This is the most complicated case. Assume that we have one claim Y; of size Y7 = y.
We have

Ye(u—y)+o(l), 0<y<u
P(T <00, Xp < —(u+z)| Ny=1,Y1 =y) =< o(1), u<y<u+z.
1+o0(1), y>u+zo
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The case 0 < y < u is the same as for the ordinary ruin probability. Since ruin does
not occur, a new process starts at the lower initial capital u — y and o(1) takes care of
the negligible premiums that the company receives. The case u < y < u+ x yields the
probability 0 4+ o(1) because ruin has occured but the process has not surpassed the
severity z. Formally, one can think of this case as intersecting {T' < oo, X1 < —(u+z)}
and {X1 > —(u+ )} which is the empty set. The last case is self-explanatory.

(iii) This case is negligible.
Combining our considerations, we arrive at

Ya(u) = (1= A+ o(h)) ¢z (u + ch)

# o) ([ st =) + o6t +

h 1dG(y) + 0(1)) + o(h)
+x
= (1= M o(h)alu+ ch) + (M + o(R) ( | =) + o)) +1- Glu+ x)) T o(h).

We rearrange this equation and obtain

alut cZ)L —Ya(w) _ (%(u 4 ch) - /Ou Ve(u—y) + o(1)dG(y) — (1 — G(u + x))) +o(1).

Letting h — 0T gives

S04 = ta(w) — [~ )G - (1~ Glut o)

which is very reminiscent of the equation we got for the ordinary ruin probability. Just like
we did then, we can integrate from 0 to u and obtain the integral equation

a0 = 0.0 = [ "= Gt = iy - [ (1= GG+ )iy

The detailed calculation is at the end of this week’s material and is purely supplementary.

17 More on ladder heights

Recall that we derived the integral equation

£ = a(0) = [ (0= Gntu— )y — [ (1= Gly )y

for ¢, (u). The goal of this short section is to prove Lemma 15.4 which gave us the distri-
bution of the first ladder height. We first need the following result.

Lemma 17.1. ¢,(u) — 0 for u — oco.

Proof. Note that ¢, (u) < 9(u) for any « > 0. Define Y = —inf;>9 X;. Then

Y(u) =P (gg X < —u) =P(Y > u).

Noting that Y < oo a.s. since X; has positive drift (because of NPC), we have P(Y > u) — 0
for u — oo and thus ¥(u) — 0 for u — co. This finishes the proof.
|
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Proof of Lemma 15.4. Letting u — oo in the integral equation for 1, (u) implies

fgz/;m(O) = /000(1 -Gz +y))dy = /zoo(l — G(y))dy

since the first integral vanishes due to dominated convergence and the previous lemma. Now
recall that

¥,(0) = P(T] < o0,L; > )
S0

P(Iy <oo,Ly >x) = %[w(l —G(y))dy.

Recall that we implicitly extend L; to the whole space such that {L; > z} and {T] < oo}
are independent. The calculation can now be completed as follows

_ P(Ly > 2,1 <o0) 1 AT
Py > 0= BT S - 2 [ e
_ Aiyi/m (1—G(y))dy:u% -Gy

and the proof is complete.

18 Subexponential ruin: tail asymptotics

Recall that if Ly, ..., Lg are the observed ladder heights, we can write the probability of
ruin as

W(u) = P(Ly+ -+ Lk > u)
where L ~ Gy with
(oo}
Golo) = — [ (1= Glu)dy
my Jg
the integrated tail distribution of the claims. In this section we study the case of subexpo-
nential ladder heights i.e. Gy € S. From the previous week we have the following facts:

(i) P(Li+---+ L, >u) ~nP(L; > u) as u — oo and

(ii) for any € > 0 there exists a constant D such that P(L; +---+ L, > u)/P(L; > u) <
D(1+¢)" for any z,n.

We will use these facts to prove the following theorem.

Theorem 18.1 (Ruin asymptotics for subexponential ladder heights). Assume the
Cramér-Lundberg model where the ladder heights are subexponential. Then

A — A 1 >
Y(u) ~ ﬁGO(U) = ﬁﬁ/ (1—G(y))dy.
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Proof. We start by noting that K is independent of {L;}. We get

Y(u) .. P(Li+---4 Lg > u)

U— 00 éo(u) U— 00 éo(u)

I~ P(
= ul;rréo ZOP(K =n)
n=

Li+---L,>u|K=n)

Go(u)
L = P(Li+ -+ Ly > u)
= lim P(K =n) — .

We wish to interchange the sum and the limit. In order to do so, we apply the dominated
convergence theorem. Hence we need to show that the sum is bounded uniformly in u. Let
€ > 0, then by fact (ii) above, there is some constant D such that

iP(Kzn)P(Lﬁé'JFL” > iP(K:n)D(l—&-a)".
n=0 O(u) n=0

To make this sum finite, we have to choose a proper . Recall from the exercises that K
follows a geometric distribution with succes parameter p = Apy /¢ < 1. Hence P(K =n) =
p"(1 — p) and the above sum equals

oo

(1-p)D> (p(L+e)"

n=0

We have
1
pl+e)<l & e<—-—-1.
p

Choosing such an ¢, we see that the conditions of the dominated convergence theorem are
satisfied. We can now continue the first calculation using fact (i)

© P(Li+---+ L
tim 2 S p(g = ) i Pt L > )
U—» 00 GO (u) s U—00 Go(u)
o) A‘uy
=Y P(K =n)n=E[K] = ———.
n=0 €= AMY
The proof is now complete. ]

Remark 18.2. It is important to note that the theorem does not assume the claim sizes are
subexponential. It assumes that the integrated tail distribution of the claims are subexpo-
nential.

We will see an application of this theorem in the exercises. Note the difference compared to
the asymptotics for the ruin probability in the classical case. Here the ruin probability decays
a lot slower. Moreover, the theorem tells us that ruin in this case is highly unpredictable.
Ruin occurs because one large claim bankrupts the company where in the classical case,
ruin is gradual.
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19 Introduction to the renewal risk model

So far we have studied the Cramér-Lundberg model

Ny
Ci=u+ct— Z Y, {Yi}iid, Y; ~G, {N;} a Poisson process with intensity A.

=1

This model can be generalized in many ways. We will extend the model so that {N:} is
no longer necessarily a Poisson process but any renewal process. All other assumptions are
kept including the independence of the claims and arrival times. This extended model is
called the renewal risk model or the Sparre Andersen model.

A very essential consequence of {V;} being a Poisson process is that X; = Cy — u is a Lévy
process. This no longer holds for general renewal processes. Hence we need a new way
of studying {X;}. To study this process we will use the random walk representation. We
observe that ruin can only occur at an arrival time T,,. Indeed, between arrival times, the
process increases since the company collects premiums. Hence we can simplify the study of
{X:} into a problem concerning a discrete time process.

Definition 19.1. If {r;} denotes the iid sequence of interarrival times for the renewal
process {N;} (so that T,, = 71 + - -- + 7,,), define the random variables

Zi :XT. = CT; 7}/1

2

We call the discrete time stochastic process {S,} given by

the random walk representation of {X;}.

Note that Z; is the increase in {X;} between claim i — 1 and claim i. We also remark that
{Z;} is an iid sequence. We can now write the probability of ruin as

Y(u) = P(Xr, < —u for some i) = P(S,, < —u for some n).

Supplementary: Deriving the integral equation for ¢, (u)

We integrate the equation
SUL0) = val) = [ a(u = )dG() - (L= Glut )
0

from 0 to u (after replacing u with v) and obtain

;(dzz(u) —1(0)) = /Ou Py (v)dv — /0“ /OU Yy (v — y)dG(y)dv — /0“ 1—-G(v+ z)dv.

We give the first integral on the right hand side a name:

) = | " palw)do,
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then we note that

u—y

=y = [ wtn= | " w — ).

0

Now we consider the second integral. Interchanging the order of integration and applying
integration by parts yields

/0 / (v — y)dG(y)dv = / / (v — y)dvdG(y) = / I(u— 4)dG(y)
. / I(u — y)d(1 - G)(y)
~ I - 6w - [ "1 = Gy — )y
— I(u) - / " (1= Gy))au — y)dy.

Plugging back into our expression from before gives

$02(0 = 0,0) = 1 =10 + [ (1 =Gty = [ 1-Glo+a)io

-/ * (1= Gy (u — y)dy — | 1-cw+aay
0 0

which is the desired equation.



Week 5 - Cramér-Lundberg theory for
the renewal risk model

20 The Lundberg inequality in the renewal risk model

To prove the Lundberg inequality for the renewal risk model, we will extend the ideas from
the theory of martingales to this setting. Recall that the discrete sequence {Z;} given by
Z; = ct; — Y; is iid and that S, = Z; +--- + Z,,. As we have already seen, the processes
{M,} and {M,} given by

M, =S, —npu, uw=E[Z]] <

and
M, = eaS"*"A(O‘), Ala) = log E[eazl] < 00

are martingales. Now consider the random walk {S,,}. From the Strong Law of Large
Numbers it follows that

1
—Sn — 1 a.s.
n

and so if p < 0, S, =& —oo a.s. Hence if u < 0 then ruin occurs with probability one. If
> 0 it follows from the previous discussion on ladder heights that ¢ (u) < 1. Indeed, recall
that the probability that the first ladder height time is finite is strictly less than one in this
case (we shall see later in the lecture that this result still holds in this more general setting).
Once again p = 0 is a difficult edge case. A theorem on random walks tells us that S, will
cross zero infinitely often in this case and thus ¥ (u) = 1 in this case also. We conclude that
we need p > 0 to avoid ruin with probability one. Letting p, = E[r] and py = E[Y3], we
have
w=E[Zi|=cur —py >0 & c¢> Z—Y

This leads to the following definition.

Definition 20.1 (Net profit condition in the renewal risk model). In the setup of
the renewal risk model, let u, = E[r1] and py = E[Y]]. The assumption
cs By
fir

is called the net profit condition.

Example 20.2. If the renewal process {N;} is a Poisson process with intensity A > 0, we
have p, = 1/ since the interarrival times are Exp(\) distributed. Hence the NPC reads

c> Ay

38



39

which coincides with the previous definition.

We are now ready to consider the Lundberg inequality. To do so, we need the adjustment
coefficient in the renewal risk model. Since we always assume the NPC, E[Z;] > 0 so if A(«)
exists, A’(0) > 0 and A is convex. We now compute A(a). Letting k(o) = E[e®*?1], we have

k(a) = E[e* =] = E[e*|E[e ] = K, (ac)ry (—a).
We have A(—R) = 0 if and only if K(—R) =1 so
1=k (—cR)ky (R)

is the equation for the adjustment coefficient in the renewal risk model. We let this be a
definition.

Definition 20.3. In the setup of the renewal risk model, the adjustment coefficient (if it
exists) is the number R > 0 which satisfies the equation

kr(—cR)ky (R) = 1.

Example 20.4. Let the renewal process {N;} be a Poisson process with intensity A > 0.
Then the interarrival times are Exp(A) distributed and so

A
A—a

k(@) =

Plugging this expression into the equation for the adjustment coefficient yields

1= A K
T A+cR Y

(R) & A+ cR=Xy(R) & cR—(ky(R)—1A=0

which is the same equation for the adjustment coefficient as seen earlier.
We have now presented all the notions and tools needed to derive the Lundberg inequality.

Theorem 20.5 (The Lundberg inequality in the renewal risk model). In the setup
of the renewal risk model, assume that the adjustment coefficient R > 0 exists. Then

Y(u) < e B,

Proof. The proof very much resembles the one given earlier. Letting o = —R in the expo-
nential martingale, we get that the process

M, = ¢ 15

is a martingale. Now let T = inf{n € N : S,, < —u} denote the time of ruin. Let
Ty = min{T, k}. Then T} is a bounded stopping time for each k. Hence we can apply the
optional sampling theorem and obtain

E[Mr,] = M, =1.
We split the above mean into two cases:

E[MTK} = E[MTI{Tgk}] + E[Mkl{T>k}]~
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The monotone convergence theorem gives

lim E[MTI{Tgk}] = E[MT ]}LH;O l{TSk}] = E[MTl{T<oo}]-

k—o0

We know that My > 0 so taking limits on both sides of E[Mrp,] =1 gives

1 = E[Mrl{r<o}] + E[Miliroiy] > E[Mrlircoy] = Ele 57 17 00y
> E[e_R(_“)l{T<OO}] = M P(T < 00) = eRip(u)

where in the second line we used that at the time 7', the process S, is less than —u.
Rearranging yields
W(u) < e”

as desired. ]

21 The Cramér-Lundberg estimate in the renewal risk model

We now wish to establish the Cramér-Lundberg estimate in the renewal risk model. The
perturbation argument we did for the classical Cramér-Lundberg model no longer works
since it relied on the properties of a Poisson process. Instead we approach via ladder heights

of {S.}.
Definition 21.1. Set T; = 0 and let
T, =inf{n>0:5,<0} and T, =inf{n>T,_,:5, < ST:l} for i > 1.

These are called the negative ladder height times . We define the negative ladder heights to
be
Li= |S T Ti:1|

and like before, these variables are defined conditional on the event that 7T, ; < oo and
7, < oo where as before, 7, =T, —T,_.

Like before we need to define the ladder heights conditional on {T,_; < oco,7; < oo}.
Indeed, as discussed earlier, S,, drifts to infinity due to the NPC, so there is a positive
probability that we never observe the first negative ladder height. Note also that since {N;}
is a renewal process and .5, is a sum of iid variables, at the time 7] , the process essentially
restarts at —Lq, i.e. the behaviour of the process after L is independent of the process up
to time 77 . The same argument applies to later negative ladder height times.

The method needed to establish the Cramér-Lundberg estimate is essentially the same as
in the classical case. Recall that we constructed a renewal equation that ¢ (u) satisfies by
making an exponential shift. Set

H(z):=P(L; <z,T] < 0).
H(z) is increasing and right-continuous but

H(oo):= lim H(z) =P(T] <o0)<1

r—r00
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due to the NPC. Hence H(z) is not a proper distribution function (H is an example of a
defective distribution function ).

We can now make a perturbation argument. Observe that {S, — ST;} for n > Ty is

independent of {51, ..., St }. The idea is to condition on (77, L1). We have three cases:

(i) Ty = oo i.e. we never observe any ladder heights. Thus S, > 0 for all n and ruin
never occurs. Also, P(T] =o00) =1— P(T] <o) =1— H(0).

(ii) Ty < oo and Ly = z < u. Ruin does not occur and the ruin probability corresponds
to the ruin probability with initial capital u — 2. Also (informally),

P(L;y € [z,z +dz), T] <o0)=dH(x).
(iii) Ty < oo and Ly =z > u. Ruin occurs and P(Ly > u,T] < 00) = H(o0) — H(u).
We now collect these observations and condition to obtain

blu) = 0- (1 — H(oo)) + / "l — ) dH () + 1+ (H(o0) — H(w))

= /qup(u —x)dH(x) + H(co) — H(u).

Note that this is already an integral equation. In the classical case we needed to do some
integral tricks to go from an integral differential equation to an integral equation. The
equation looks like a renewal equation but since H is not a proper distribution function, we
need a small modification. Multiply both sides by e** to obtain

e““h(u) = /OU eo‘(“_m)w(u —z)e*dH (x) + e (H(c0) — H(u)).

We want e**dH () to be a distribution function i.e. it should integrate to one. Such a
distribution is called exponentially shifted. Based on earlier calculations, we expect &« = R
to be the solution to this problem. This turns out to be true but the calculations are more
subtle since the known function is a lot less explicit than in the classical case. Let Hg
denote the function with dHpr = e**dH (x).

Lemma 21.2. Hp is a distribution function.

Proof. Trivially, Hr(z) — 0 for x — —oco. Hp is right-continuous and non-decreasing since
H is. It only remains to show that Hr(z) — 1 for © — oo i.e.

oo
/ dHR<$) =1.
0
We compute
/ dHp(z) = / e dH () = / R P(T < 00)dP(Ly < 3| T < o)
0 0 0
oo
= P(T; < oo)/ eBdP(Ly < | Ty < o0) = P(T7 < oo)E[efl | T < o0
0

fRST,
:E[e 1 1{T17<oo}}.
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To continue the computation, we apply martingale methods. Recall that the process

M, = eaSn—nA(a)

is a martingale for any «. Choosing oo = —R, we obtain the martingale
M, = e 15,

Define the sequence of bounded stopping times .J, = T} Ak. We apply the optional sampling
theorem and get

1= Mo =E[M;,] = E[M 1] + EIM1 ).

1

We consider each term on the right hand side. The integrand of the first term is increasing
so by the monotone convergence theorem,

. . —RS__
lim E[My 17 o] = BIMy Jim 1 0] =BIMy e ol =Ble 1]

k—o00 1 1 k—oo
For the other term, note that if 7, > k, S > 0 so the second term is bounded by 1. Using
the dominated convergence theorem,
lim B |[Mylgro | =E tho Mk1{T1_>k}} = E[0] = 0.
We conclude that
Ele | =1
€ {Ty <oo}] ™

and this completes the proof.

We have thus established a proper renewal equation
Zn(u) = 2r(u) + / Zn(u— 2)dHn(z)
0
with Zg(u) = e®1)(u) and zg(u) = e (H(c0) — H(u)). To establish the Cramér-Lundberg
estimate, we need the following lemma.
Lemma 21.3. zg is directly Riemann integrable (given the proper technical conditions).
We now have all the tools we need to prove the Cramér-Lundberg estimate.

Theorem 21.4 (The Cramér-Lundberg estimate for the renewal risk model). In
the context of the renewal risk model, assume A(—R) =0 for some R > 0 and A'(—R) < 00
and that H is non-arithmetic. Then

Y(u) ~ Ce B for u— oo

where L e -
C=— zr(x)de, pp= / xdHp(x).
HR Jo 0



43

Proof. One can show that ur < oo if A/(—R) < co. As zg is directly Riemann integrable,
the second form of the renewal theorem (Theorem 9.8) yields

1 oo (oo}
Zg(u) —» C = —/ zr(z)dr for w— o0, pp= / xdHpg(x),
KR Jo 0
and this implies
Ci{“gu —1 for u— o0
which establishes the theorem. |

In the exercises, we gave a very explicit expression for the constant C in the classical
setting. In this more general setting we cannot provide an explicit expression, but C' can be
simplified. The following proposition provides one such simpler expression.

Proposition 21.5. With the assumptions of the Cramér-Lundberg estimate above, we have

1—-P(T] <o)

C =
urR

Proof. The proof is a straightforward computation:

c:i/m 7/ e ( —H<x))dx=i/ooeRr/oodH(y)dx
/ / ePrdrdH (y) = / [Il%eRdeH Pz / H(y)

y 1 B o)
-3 (/ e™dH (y) — /0 dH (y )) MRR(l (H(oo) — H(0)))
_1-H(<) 1=-P(Ty <)

urR urR

22 Simulating the Cramér-Lundberg process

In this section we discuss some aspects of estimating the probability of ruin via simulation.

We wish to simulate
N

Ct=u+ct—2}/i

i=1

where {N;} is a renewal process. It is a difficult task to simulate a continuous time process
in general, but a Cramér-Lundberg process can be simulated simply by generating {(7;,Y;) :
i=1,2,...} and this is easily done in many computer packages such as R. From the random
walk representation we have ¢(u) = P(S, < u for some n). A natural way to estimate 1 (u)
is thus to generate a large number of processes {5, } and compute the fraction of times that
ruin happens. There are however two issues with this approach:

(i) Since 9 (u) < 1 there is a positive probability that a simulation of a process {.S,,} never
terminates.



44

(ii) Since 9 (u) is usually small, the error is often larger than the estimate of ¥ (u) itself.

Let us consider these issues in more detail. Let T,, = inf{n > 1:S,, < —u} denote the time
of ruin. We want to estimate the ruin probability

pu i= P(T, < o0) = E[W]

for W := 1{1,<cc}. We can estimate p, by simulating an iid sequence {W; : i = 1,...,N}
with W; ~ W and compute the empirical mean WN. By the Strong Law of Large Numbers,

_ 1 &
i=1

Note that WN is the proportion of simulations of {S,,} where ruin occurs. We are interested

in providing an error estimate for WN. By the Central Limit Theorem, asymptotically we

have
—~ 0'2
Wy ~N (pu, J\T;> , o2 = Var(W)

SO

Wy — pu ~ %Z where Z ~ N(0,1).

We can now compute (asymptotic) confidence intervals. Let z,/, denote the a/2-quantile
for the (0, 1) distribution i.e. z,/ is the real number such that P(Z > z,/2) = a/2. Then

= Oy = Oy
Wy — =2 /2, WN + —=20
(N VN BENTUN /2)

is an asymptotic confidence interval for p, with a coverage of 1 — . We now consider the
variance o2 of W. We have

O’i = Var(W) = E[liTu<oo}] — E[]-{Tu<oo}]2 = Du —pi = pu(l _pu)~
We can now define the relative error RE to be

Raj2 Oy
RE := —.
VN Du

We can now describe issue (ii) more formally. Indeed,

/o — 12
Ou Pupu_lm

DPu Pu \VPu

and p,, — 0 for u — 00 s0 0y, /p,, — 00 for u — co. This means that the error of the estimate
will get larger and larger as u gets larger. The error will thus dominate the estimate,
effectively rendering the estimate useless. Thus, when estimating the ruin probability, we
want the relative error to be bounded. We end this lecture with an example of a method
which has this property.
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Estimating the ruin probability

It turns out that replacing the distribution of Z; with an exponentially shifted version solves
both of the above discussed issues. We here present the general ideas and leave the proofs
as exercises. Suppose Z; has distribution function F' and consider the exponential shift

dFy(z) = =

dF(x)

k()

with x(a) = E[e*?!]. This is a distribution function (exercise) and choosing @ = —R
turns out to be a good choice. If E_g denotes expectation under the shifted measure with
a = —R, one can show that E_g[Z;] < 0 so that {S,,} goes below —u with probability one
under this measure. Moreover, one can show that

Y(u) = E_gle™ T 1, <oy

where T, = inf{n > 1: S, < —u} denotes the time of ruin. To summarise: The method
works by first determining the shifted distribution F_g. Second, simulate many {5, } with
Sy =2+ -+ Z,, Zi ~ F_r (not F!) and compute the empirical mean of e*7u. This
yields an unbiased estimator of the ruin probability. Furthermore, it can be shown that the
relative error is bounded for this method. In the exercises, we will apply this method to the
case of exponential claims and compare to the theoretical expression for ¥ (u).



Week 6 - Ruin with stochastic
investments and stochastic fixed point
equations

See Jeffrey’s note.
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Week 7 - Claims reserving

23 Claims reserving

The material for this week is based on the notes by Jostein Paulsen, [5].

Up to now, all claims have been paid out immediately. In this final week, we will take a
different (and more realistic) approach. In reality, claims are often reported and then settled
at a later date. In some cases it can take years before a claim is paid to the policy-holder.
Claims reserving can handle these cases. The goal is to model future payments for existing
claims. We assume that over the time interval [0, J], all claims will be settled. We take a
simple approach and assume that time is discrete and counted in whole years. Let us fix
the following notation.

Definition 23.1. We let X;; denote the claims losses from year i paid j years after year i.

We let 4
J
Ci; = ZXij
i=0

denote the accumulated losses in year ¢ and paid in years {0,1,...,5}.

Note also that we, in contrast to earlier, only work with sums of claims. Previously we
worked with one claim at a time, while we now consider the total sum of claims in a given
year. It is useful to present the data in a runoff triangle (taken from [5]):

Accident Development years j
yearsi (012 --- J SR
0
1

2 Observations of C; ; or X; ;

C;,; or X; j unknown
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As the figure indicates, the years where the accident takes place (indexed by i) are called
accident years while the years where the claims are settled are called the development years
or runoff years . We consider I total accident years, i.e. I is the current year. The longer
we go back in time, the more information we have available. In year I, we only know the
settlements for this year corresponding to X;qg. If we go one year back in time, we know
both X;_1, and X;_;; and so on. Hence we have an upper triangle of information which
is known and a lower triangle of information which is unknown. The goal is to predict the
values in this lower triangle. Let us turn these observations into mathematics.

Definition 23.2. Define
P =o({Xiyi+j<SLJ<JTY), & =o(Xy:i<Lj<k}).

We set 2V &, = o(2 U &). We also let

denote the total claims in the runoff triangle.

One should think of & as all the information available at time I i.e. the present time. This
follows because all the information currently available is the information generated by the
observations Xjp,...X; j—; i.e. the upper half of the triangle. One should think of &} as all
information generated by the observations up to runoff year k. Note that & and &}, contain
different information in general. 2 V &} is the combined information in Z and &;.

24 The chain ladder method

In order to make predictions, we need some assumptions on our data. The following two
assumptions are standard.

(CL1): C;; and Cy js are independent for ¢ # ¢’ i.e. observations from different accident years
are independent.

(CL2): There exist factors (constants) fo, ..., f7—1 called development factors such that

E[Ci’jJrl ‘ g]} = ijij for j = 0, ooy J — 1,i = 07 ,I

Under these two assumptions, it is possible to compute the expected value of future accu-
mulated claims given the information available. Intuitively, we should start with C; ;—; and
multiply with all the development factors f;_;, ..., f7—1. The following lemma confirms this
intuition.

Lemma 24.1. Under assumptions (CL1) and (CL2), the expected accumulated claims in
year i is given by

J-1
ElCiy | 2] =Ci1-i H i

j=I—i
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Proof. In the i’'th accident year, C; ;—; is known and so

ElCir-i+1 | 2] =E[E[Ci-i+1 | 2V & | 2] = E[E[Ci1-i+1 | & | 7]
=E[fi—iCi1—i | 2] = f1-iCi,1—.

The first equality follows from the tower property. The second equality is a consequence
of (CL1) since we can remove all information from observations not in year i. The third
equality follows from (CL2). More generally, using the same calculations,

E[Ci; | 7] = [;1E[Cij1 | Z].
Iterating all the way from J to I — ¢, we obtain the desired formula. |
The lemma leads to the following definition.
Definition 24.2. We define the chain ladder estimate to be
J—1
c=Ciri I #-
j=I—i

The chain ladder estimate is exactly the expected losses for accident year i. To say something
about the variance, we need another assumption.

(CL3): There exist constants o7, ...,0%_; such that

Var(Cy 41 | &) = 07Cy;.

In order to do computations with the variance, the following lemma will be useful.

Lemma 24.3 (Conditional variance formula). Let Y be a random variable and # C 4
o-algebras. Then

Var(Y | Z) = E[Var(Y | 9) | 7] + Var(E[Y | 9] | Z).

Proof. We have
Var(Y | 9) = E[Y? | 9] - E[Y | ¥9)?

so by the tower property,
EVar(Y | ¥) | #] = E[Y? | Z] - E[E[Y | 9])* | Z].

Note that
E[E[Y |¥]| 7] =E[Y | 7],
and we may conclude
Var(Y |4) = E[Y? |¢] - E[Y | Z]° + (E[E[Y | ¥] | #])* - E[Y | 4]*
=Var(Y | #) — Var(E[Y | 9] | Z).
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Remark 24.4. Note the similarity to the following well-known result from probability theory
Var(Y) = E[Var(Y | #)] + Var(E[Y | F])

sometimes called the law of iterated variance. This result is an easy consequence of the
result above. Indeed, simply let .% be trivial in the lemma.

Definition 24.5. We let
9ij = Var(Cy; | 2).

The following proposition allows us to compute g;;.

Proposition 24.6. Under the assumptions (CL1), (CL2) and (CL3), we have an iterative
formula for g;;, namely

Jj—2
gij_ ] 101[ 7 H fk+f] 1917] 1_U] ICCL1+f_] lgl,] 1
k=I—1
and we have
J—1 02
CL\2
7 =(Ciy) Z 2 CL
Jj= Iz‘fc

Proof. We apply the conditional variance formula and obtain
9ij = E[Var(Cj; | €5-1V Z) | 2] + Var(E[Cj; | &5-1V Z] | D).
Using the three assumptions, the first term becomes
E[Var(Ci; | &1V 2) | 2] = E[Var(Cyj | 1) | 7] = Elo7_,Cij-1 | 7]

Jj—2

=0; E[Ci; 1|2 =07 Cisi [] I

k=I—i
The second term becomes
Var(E[Cy; | 651V D] | 2) = Var(E[Cy; | &-1] | Z) = Var(f;-1Cij-1) = [7-1i-1-

Combining these results we get the first formula. To show the second formula, note that
gi,i—i = Var(Cy 1—; | 2) = 0 since C; _; is already known. We can now compute
CL CL CL
9iJ = 03—101‘,J—1 + f7 19101 = U?—lci,.]—l + f§—1(03—20i,J—2 + f7-29i.7-2)
2 CL 2 2 CL 2 42
=070 71+ 710720 o+ f72f7-19i,7-2

J—1 J—1 J—1

_ 2 2~CL __

= I 77 |oicit = 3 HfJ C
k=I—i \j=k+1 k=I—i \ j=k
J—1 J—1

_ Cz(?IL C CCL)Q O-I%

- CCL f _( iJ 2(CL"
k=I—i > ik k k=I—i /k ik
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We are now ready to estimate the f;. To do so, first consider the ratio of claims in year ¢
from development year j to j + 1,

CEJ+1

Fij = C
ij

fori<IlI—j—1.

The condition on % follows from the fact that the accumulated claims Cj; are known for
i+ j < I. Note that

1 1

E[F; | 6] = 5~ ElCijw | 61 = - fiCij = fi-
ij ij

This observation leads to considering an estimator of the form

I—j—1

I—j5—-1
.ﬂW: E ain, where E aiiiL
=0 i=0

The restriction on the a;’s makes fj an unbiased estimator i.e. E[]/”;] = f;. We wish to
choose the a; such that Var(f; | ;) is minimized. The following result provides the optimal
weights a;.

Proposition 24.7. In the setup above and under assumptions (CL1), (CL2) and (CL3),
the choice of a; that minimizes Var(f; | &;) is given by

_ Gy
- )
Y

Coj = Cij-

Proof. Let a = (ao,...,ar—;j—1) and define the function
h(a) = Var(f; | &}).

We want to minimize h(a) given the constraint

I—j5-1

j
> =

=0

To solve this problem we use Lagrange multipliers which tells us that a minimizer a* satisfies
Vh(a*) = AVq(a®)

for a real number A\. We compute using assumptions (CL1) and (CL3)

I—j—1 I—j—1 I—j—1
Var( Z a; U) = Z azVar(F; | &) = Z at Var i1 | &5)

I—-j—1 o I—j—1 2
a; 2 95
a .
12 & ; "G
Therefore,
8 2
h(a) = 2a; =2 d =1
Ba. (a) a Ci an aalq(a)
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The Lagrange multiplier equation thus becomes

o2
2af 2L =\, i=0,.,1—j—1
e i j
ie.
«_ ACij
v 202

I—j—1 I—j—1 I—j—1
" AC; A A
1= alzz 202:ﬁZCU:22007J
i=0 =0 J J =0 J
This yields
2
5= 20]-
Cej
and therefore
9 0'j2 20
a; =
Cij  Cs
Rearranging completes the proof. |

Remark 24.8. The notes by Jostein Paulsen [5] has an alternative proof that does not rely
on Lagrange multipliers, see page 9.

Remark 24.9. Using the law of total variance, we have

Var(f;) = E[Var(f; | &)] + Var(B[f; | &1) = B[Var(f; | &)] + Var(f;) = E[Var(f; | &),
so minimizing Var(ﬁ | &) is equivalent to minimizing the unconditional variance Var(fj).
Plugging the optimal weights into the estimator f] gives the chain ladder estimators of f;.

Definition 24.10. The chain ladder estimators of the development factors are given by
I-j-1 I—j—1
-y Cijn _ 2izo_ Cijn
! Ce; Sy

and we define the chain ladder estimate of the accumulated losses in accident year i as

)

=0

J—1
o -
CF =i I] 5

j=I—i

25 Final comments

There are two aspects that we will briefly discuss, namely the question of estimating the
mean squared error for the total losses estimate and parametric methods.
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The mean squared error

We have an estimate for the total claims losses, namely
~ I ~
Cr=> CI".
i=0
The mean squared error given % is given by
MSE(Cr | 2) = E[(Cr - Cr)* | 2] = E[C} | 7] - 2CrE[Cr | 2] + CF
= (E[C} | 2]~ E[Cr | 21°) + C} - 2C1E(Cr | 2] + ElCr | 2)°
= Var(Cr | 2) + (E[Cr | 9] — Cr)?
where we used that éT is a function of the observations in &. This equation is a variation
of the famous bias-variance tradeoff. We already have the tools to compute the first term,

and one can compute the empirical estimates of the 0]2- to compute Var(Cr | &) in practice.
The other term is a lot more complicated. One can show

2

I J—1 J—1
ElCr|21-Cr)?=| >, Cui | T - 11 7| -

i=I—J+1 j=I—i j=I—i

and the problem with this expression is that it depends on both f; and fj Futhermore, the
natural idea of replacing f; with f; just makes the term vanish. One way to remedy this

issue was proposed by Mack. The idea is to condition on &; in a clever way. See page 11 of
[5] for the details.

Parametric methods

So far we have taken a nonparametric approach to chain ladder estimation i.e. to estimate
f;, we have not assumed a distribution on the claims. A parametric approach is to assume

Cijt1| &~ H;j
for some distribution H;. An example could be
Cijr1 ~ N(Ci; fj, Cijo3).

The parameters in the model are then determined using maximum likelihood methods. For
an introduction to this subject, see section 1.2.2 in [5].
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renewal equation, 12
renewal function, 12
renewal risk model, 36
Renewal theorem

first form, 13

second form, 15
runoff triangle, 47
runoff year, 48

sample path, 2
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