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Preface

These lecture notes are written for the course Quantitative Risk Management (QRM) at the
University of Copenhagen and began to take form in the academic year 2023/2024. The
first two editions were based almost entirely on the lectures given by Jeffrey F. Collamore
with few of my own additions, primarily exercises and supplementary examples. Since then,
much supplementary material and many additional exercises have been added.

The primary purpose of the notes is to provide background and understanding of the topics
covered in the course. The most essential results and techniques of the course are presented
at the lectures, and the lectures should also provide an overview of what to dive into in the
notes. In terms of topics, the chapters follow the course almost one to one with additional
material and concepts to help your understanding. All sections marked with * are purely
supplementary and not part of the curriculum. These notes also contain five appendices.
It will be clear in the text when it can be a good idea to consult certain parts of the ap-
pendix. Certain techniques, such as integration with respect to functions of finite variation,
are taken for granted throughout the course, and taking a look at the appendix before the
beginning of the course may thus be fruitful.

Feedback in general is very appreciated. The exercises constitute a large part of this book,
and any suggestions in regards to difficulty and relevance are very welcome. Last but not
least, there is likely still some typos and mistakes remaining. Please don’t hesitate to let
me know if you find any.

Rasmus Frigaard Lemvig
January 2026
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Chapter 1

Risk measures

1.1 Introduction

What is quantitative risk management about?

Quantitative risk management aims at describing and understanding risk in a financial
context. To motivate our discussion, let us start with a basic example. Suppose we have a
stock with value S, at time n (discrete time units). Assume the Bernoulli model

2 1
So=1, P(Spt1=25,) = 3 and P(S,4+1 =0.5S5,) = 3 for n > 0.

In this model there are some basic questions we may ask. For example, what is the risk in
this investment policy? What are the expected returns? We can compute

1 1 3
g : isnfl - isnfl

2 n
M,= (=] S
9
2 n

1= My = E[M,] = <3>nE[Sn], implying  E[S,] = <2> - 0.

2
E[Sn | Snfl} = g . 2Sn71 +

and it follows that

is a martingale, and

However, there is still a risk that we lose money in this investment policy. Note that we can
write

for Bernoulli variables R; with P(R; = 2) = 2/3 and P(R; = 1/2) = 1/3. Taking log yields

log S, = Z log R;
i=1

which is a risk process that can be studied using ruin theory. If E[e~*1°851] = 1 for some
a > 0, we obtain the Cramér-Lundberg estimate (for some threshold u > 0)

—Qau

P(log S, < —u for some n) ~ Ce

1



for a constant C. In Cramér—Lundberg theory, there is a tradeoff between profit and risk
and the same rule applies to risk management in finance. This tradeoff can be studied from
several viewpoints. Sometimes this tradeoff is handled using a utility function U and then
maximising the expected utility E[U(S,,)]. In this course we follow another approach via
so-called risk measures. This approach allows us to compute loss probabilities directly. All
these terms will get a more rigorous definition later on.

Some historical remarks

An essential part of risk management is to determine the capital needed to withstand shocks
for financial institutions. History has many examples of banks and other institutions failing
due to insufficient financial coverage. We go through some of these examples to add more
context to the following (more mathematical) discussion.

Example 1.1.1. Barings Bank was founded in 1762 and was one of the UK’s oldest and
most respected banks. In 1995 the bank collapsed despite having more than $900 million in
capital. This was due to unauthorized trading by a single employee. He bought straddles
(selling both one call option and put option) which in a typical market will usually expire
and provide a gain. However, market instability was caused by a Japanese earthquake, and
the bank suffered a loss of more than $1 billion, resulting in bankruptcy. o

Example 1.1.2. In 1994, the hedge fund LTCM (Long-Term Capital Management) was
founded. The employees were experienced traders and academics. $1.3 billion were invested
with returns after two years close to 40 %. Early in 1998, net assets were $4 billion, but
by the end of the year the fund was close to default. The U.S. Federal Reserve managed a
$3.5 billion rescue package to avoid a systematic crisis in the world financial system. The
triggering event for this disaster was the devaluation of the ruble by Russia. o

Example 1.1.3. In 2023, Silicon Valley Bank collapsed. The bank owned low interest bonds
and paid even lower interest to the depositors. When the depositors withdrew their capital,
this required selling the low-interest treasury bonds, whose market prices had decreased
sharply. )

Example 1.1.4. The final example concerns a particular individual, Jesse Livermore. Liv-
ermore is considered the greatest short-seller in history. He succesfully shorted:

e The 1906 earthquake (through a railway investment).
e The 1907 market crash (“panic of 1907”).
e The 1929 market crash (through ca. 100 shorts, netting about $100 million).

He also had numerous successful “long” investments. He went bankrupt a number of times
however. He went bankrupt in 1901, 1908 and again in 1934. His book on trading remains
a classic to this day. )

1.2 Loss random variables

In describing risk, we focus on the loss instead of the profit. The following definition sets
the stage for the most important examples of risks.



Definition 1.2.1. Let tg,t1,... denote discrete timepoints (days, weeks, months or years
for example) and let At,, = t,4+1 — t, denote the time passed between timepoint n + 1 and
n. We let V,, denote the capital at time ¢,,, and we let L, 1 define the loss between ¢,, and
th+1 €.8.

Ln+1 = _(Vn+1 - Vn)

We let a general loss random variable be denoted by L. Many models consist of assumptions
on L. Let us consider some motivating examples. Note that in these examples, it makes
sense to think of V,, as a portfolio.

Example 1.2.2 (Stock investment). Let V,, = S,, with S,, the price of a certain stock at
time t,. We let X,,4+1 = log S,+1 — log S,, denote the log returns. Hence

Sn+1

STL .
Historically, X,,+1 has often been given a normal distribution. This is motivated by the
(Standard) Black—Scholes model, see the end of the examples for a concise explanation of
this model. In this model, the change of the stock price (in continuous time ¢) is described
by the dynamics

eXn+1 _

ds(t)

———= =rdt+odW(t

() + (t)
where r and o are constants with W (t) denoting a Brownian motion. Solving the equa-
tion explicitly, assuming that we are currently at time ¢ so that S(t) is known, yields the

expression for the stock price at time T > t,
S(T) = §(1)e (=% ) T-0+a (WD) - WD),
The discrete time analogue is

2
r—Z ) (tpe1—tn)t+o/tni1—tnZ
Sn-l—l = Sne( 2 )( i ) i

with Z ~ N(0,1). The log return becomes
2
Xn+1 = log Sn+1 - log Sn = (r — 2) (tn+1 — tn) + U\/tn+1 - th
which is normally distributed. Note that the loss L, 1 can be written as
Lpgy1 = _(Sn—i-l - Sn) = _Sn(exn+l - 1)

If we are at time t,, the value S,, is known. A key goal of this course is to model the
unknown part X, 1, and thereby make inference about the behaviour of the process V,, at a
future time. Note also how this approach differs from the one in classical ruin theory where
the entire positive timeline is considered. Here we model the change in capital one step at
a time. o

Example 1.2.3 (Stock investment with more assets). The preceding example can be
generalised. Assume that we have d stocks. We can then form a portfolio at time ¢,, by

d
i=1



with a; the number of units bought of stock i and S the value of stock i at time t,. Using
the previous example, the loss is given by

n

d v , , ,
Lpsi = — Zaisfli)(eXi‘ll —1), X9, =logS¥), —log SY.

i=1

Again we need to come up with a model for the log returns XM, ..., X4 where we can
write

X = (XU, X)),

Very often the variables in X,, 11 are dependent. Think for example of a portfolio of stocks
in the same type of companies. This dependence structure is crucial to understand and
capture when estimating risk in a portfolio.

0]

Example 1.2.4 (Bond investment). Consider a zero-coupon bond. Such an asset pays
one unit at a fixed time 7T'. Let us briefly consider such a bond in continuous time. We have
an interest rate r; at time ¢, and we let B; denote the price of the bond at time ¢ (this price
will depend on T'). The price of the bond can be described by the dynamics

dBt = ’I"tBtdt,
and using the boundary condition By = 1, we can solve the above equation and get
1= BT — BteffTrst,

and we can rewrite this expression in terms of B; as

T

1
By = e Ji reds = e~ T=wED)  where y(t,T) = T3 rsds
—tJy

is called the yield of the bond. Let us now consider discrete time and say that the current
time is ¢,,. The loss is

B
Ly =—(Bt,,, — Bt,) = —DBs, (tn“ - 1) :

Let us fix some notation. Denote the yield at time ¢, by Z, = y(¢,,T), and let X,,11 =

Zp+1 — Zyn. Note that Z,, is known at time t,, while X, again needs to be modelled. We
Btn+1
B

can rewrite the expression as

Binir _ (e (0t )yltnss DT )y (10 T)
B,

n

— 6_(T_t71_Atn)(Z7L+Xn+1)+(T_tn)Zn

— eAthnf(Tftn_'_l)Xn_'_l

This expression makes it clear how the unknown variable X, ;; enters the loss.



In the above examples, we ended up with an expression containing a term of the form
e(") — 1. This makes it tempting to use a Taylor approximation since e* ~ 1 + z for
small x, and historically, such an approximation was often considered to ease computations.
Taking the example with the stock portfolio, we let

d
Ly=-Y 0 SOX
=1

denote the linerarized log returns. This approximation can often be problematic however
since it is of interest to consider large losses (which we will do in the next chapter).

A brief rundown of the Black—Scholes model

Consider a risk free asset with price process denoted by B (a bank account) given by the
continuous dynamics
dBt = ’I"tBtdt

where it is often assumed that By = 1. We can explicitly solve for the price and obtain
B, = Byelo <45

r¢ is called the interest rate and is assumed to be an adapted process. We model a risky
asset (such as a stock) with price process S; by a stochastic differential equation (SDE) of
the form

dSt = ,L,L(t, St)dt + O'(t, St)th

with deterministic functions p and ¢ and a Brownian motion W. p is called the local mean
rate of return for Sy while o is called the wvolatility of S;. For all the necessary results on
SDEs, consult chapter 4 and 5 of [9]. For our purposes, it suffices to know the model on an
intuitive basis. The Black—Scholes model is a special case of the above model.

Definition 1.2.5. The (Standard) Black—Scholes model consists of two assets with dynam-
ics

dBt = TBtdt,
dSt = uStdt + O'Stth

with r, 4 and o constants.

In the language of SDEs, a process with the dynamics of S; is called a Geometric Brownian
motion (GBM). Such an SDE can be solved explicitly. In our case, we may write

Sy = Soe(u_§>t+gwt.
The Black—Scholes model can of course be extended to include more risky assets with the
same type of dynamics as S;. Such a model is naturally referred to as a multidimensional

Black—Scholes model.

The goal of arbitrage theory is to price financial derivatives, that is, products based on the
price of underlying assets. We think intuitively of an arbitrage as a money machine/free



lunch, namely as a portfolio of assets that costs nothing and produces a positive amount of
money with probability one. It turns out that the absence of arbitrage is the same as the
existence of a so-called equivalent martingale measure (EMM), i.e. a measure ) equivalent
to the underlying measure P (@ and P have the same null sets) and such that the discounted
price process

Sy

By
is a martingale under Q). @ is also referred to as a risk neutral measure. Under the measure
@, the dynamics of S; change to

dS; = rSydt + oS, dW 2

where W is a Brownian motion under the QQ measure. Note that the volatility is unchanged
while the local mean rate of return becomes the interest rate times S;. Say we have a
derivative which expires at time 7', the current time is ¢ < T and that the derivative pays
X = ®(St) at time T. Note that the payout is a function of the price of the risky asset at
time T (such a derivative is called simple). If II;[X] denotes the (arbitrage free) price of X
at time ¢, arbitrage theory yields the following formula.

Theorem 1.2.6 (Risk Neutral Valuation). The arbitrage free price of ®(St) at time
t <T s given by
IL[X] = e " T ER[®(Sy) | F.

By an arbitrage free price we mean a price process that doesn’t introduce an arbitrage into
the market. Note that the above formula says that the price is given by the discounted
expected value under the risk neutral measure given the information we currently have
available, F;. It is typical to let F; = o(Ws : s < t) so that F; is the information generated
by the underlying Brownian motion.

Example 1.2.7 (European call option). A European call option gives the holder the
right (but not the obligation) to buy one stock at time T at price K (the strike price). The
payout is (St — K)T = max{Sr — K, 0} since if St > K, we get the payout Sy — K while
if ST < K, the option is worthless. In the Black—Scholes model, we can solve for St as

Sy = Ste(r_§) (T—t)+o(WE-WS2)

as seen earlier. If C'(t,T) denotes the price at time ¢, we have by the Risk Neutral Valuation
formula that
Ct,T)=e "M DEC((Sy — K)T | ]

and this can be computed explicitly!. The result is known as the Black-Scholes formula. It
says that
Ct,T) = 8,®(u) — Ke " T (v)

where
log(St/K)+(7‘+02/2)(1 —t) _ _
u = oVT —t ., v=u—oVT —t.

IThe brave reader can carry out this computation. It involves a lot of integration by substitution.




Say we have a portfolio consisting of one European call option, so that the value is V,, =
C(tn,T). We note that the risk in this portfolio can be explained by the three quantities
Z, = (z\, 23 23) .= (log Sy, 7, 70)

since the volatility and interest rate are not constant in real life. One typically needs to
model the change in these factors (called risk factors, see the discussion below), namely
Xp41 = Zpt1 — Zy. We can for example consider the linearized loss

ac aC 1 ac 2 aC 3

In mathematical finance, these first order derivatives have names. 9C/dt is called “theta”,
0C/9S “delta”, OC/0r “rho” and 0C/do “vega”. Together these quantities are referred to
as the greeks, see chapter 10 in [9].

A general risk model

All examples considered above had the same form for V,,. We could write V,, = f(¢t,, Zy)
for some (measurable) function f and Z,, suitable random variables.

Definition 1.2.8. For a portfolio of the form V,, = f(t,,Z,) with f : Ry x R? - R a
measurable function and Z,, = (Z, 1, ..., Z,,q) a random vector, we call the variables in Z,
risk factors. We call X, 11 = Zy, 11 — Zy, the risk-factor changes at time t,,1.

In the previous examples we stressed that we only need to model the change in risk factors
Xp41 since the value Z,, is already known at time ¢,,. Hence we can write the loss entirely
in terms of the change in risk factors. Explicitly,

Ln+1 - *(Vn—i-l - ‘/n) = 7(f(tn+17 Zn + Xn+1) - f(tnv Zn)) = l[n] (Xn+1)~

We refer to [, as the loss operator. By considering the linearized loss

8f ;
A (2)
Ly, = g (tn, Zn)AL — E 8zz Xoiq

obtained by applying a first order Taylor expansion, we can similarly define the linearized
loss operator

9 9 |
I8 (x) = _a%(tn,zn)At_E :ag (b Zo) .
i=1

1.3 Risk measures

We need some notion of the “size” of a risk in order to quantify the risk of a loss.

Definition 1.3.1. Let L denote a loss. A risk measure p associates a real number to L
denoted by p(L).

A way to make the definition more formal is to let G denote the set of all measurable real-
valued functions on the background probability space. A risk measure is then a mapping
p: G — R. We will generally not worry about these details in this course. We now go
through some essential examples of risk measures. In the following, let L denote some loss
random variable.



Value at Risk (VaR)

Definition 1.3.2. Let a € (0,1) and L a loss variable. We define the Value at Risk (VaR)
at level a € (0,1) as

VaRy(L) =inf{z e R: P(L >x) <1—a}.

One can intuitively think of VaR, (L) as the smallest value of = such that P(L < z) > a.
We can rewrite

VaRo (L) =inf{z e R:1-P(L<z)<1-a}
=inf{x e R: F(z) > a}
= Fi (@) = qa(FL)

with F7, denoting the distribution function of L and F;~ the generalised inverse of Fy,. Since
Iy, is a distribution function, the generalised inverse coincides with the quantile function
q(y(L). So a statistician would simply call VaR,(L) the a-quantile of L. See the appendix
for more information on generalised inverses and their properties.

Expected Shortfall

For a > 0 and F, continuous and strictly increasing, we define
FSa(L) = E[L | L > VaRa(L)]

called the Ezpected Shortfall at level a. This is the expected loss given that the loss has
surpassed the Value at Risk. We immediately see that ES, (L) > VaR, (L) and that ES,
takes into account the severity of the loss in comparison to VaR,. We want to generalise
the Expected Shortfall to also be valid for non-continuous distribution functions. We will
need the following lemma.

Lemma 1.3.3. If U is uniformly distributed on (0,1) and L is a random variable with
distribution function Fy, then L < FF(U).

Proof. Let Y = Ff (U). A property of generalised inverses (see the appendix) is that
u < Fp(z) if and only if Ff (u) < z. Hence

P(Y <2) = P(Ff (U) < z) = P(U < Fy.(z)) = Fy.(x)

since U is uniformly distributed on (0,1). This proves Y’ < L as desired. ]
The following proposition tells us how to generalise the notion of Expected Shortfall.

Proposition 1.3.4. Let L be a loss variable with F, continuous and strictly increasing.
Then

1 1

Proof. Because F7, is continuous and strictly increasing, the generalised inverse is a proper
inverse. Hence
P(L>VaR,(L))=1—«



so by the previous lemma,

ES 1 1
E a — E Ll a = 7E L’L Z o L
> P(L > VaR,(L)) [LA{z2vara (2)}] I—a [ VaR (L))
1 1
= T PHL URFL(U) 2 Fi(e)] = 7= BIFE (U);U 2 o]

1 1 !
- U > - .
1 E[VaRy(L);U > o] 1 /a VaR,, (L)du

Most problems include distributions that have continuous and strictly increasing distribu-
tion functions, but it is also useful to have a definition of Expected Shortfall for general
distributions. The following definition summarises the above considerations.

Definition 1.3.5. If E[|L|] < oo, we define

1

ESa(L) = 1—

1
/ VaR,, (L)du

called the Expected Shortfall at level a.

Example 1.3.6 (Stock investment). Recall the example on stock investments from ear-
lier. If S, denotes the price of the stock at time ¢,,, we had the loss variable L,,; =
—S,(eXn+1 —1) where X,, 1 = log S, 11 —log S,, denotes the log return. We assume X,, 1 ~
N(u,0?%). In this case, L,41 has a distribution function which is continuous and strictly
increasing, so we may compute VaR (L,+1) by solving the equation P(L,41 > z) =1 — «:

1—a=P(=Sy(eX —1)>az)=P <Xn+1 < log (1 a ;>>

n

Xn+1—u<10g(1_§)_'“ . log(l—g)—u
o o o

=P

with ® denoting the distribution function of a standard normal variable. Hence

log(l—;—n)—u
o

=o1(1-0)
and we can solve for x explicitly as follows:

c® (1 —a)+p=log (1 — m) B o
S'IL S'V’L
& =5, — Sne”¢7l(1*a)+“.

If we consider more stocks, the expression becomes a lot more complicated. It gets even
worse with a more diverse portfolio (with stocks, bonds and call options for example).
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Example 1.3.7. This is from Example 2.11 and 2.14 from [88]. Let « € (0,1) and assume
that the loss distribution Fy, is normally distributed with mean p and variance o2. Since

Fy, is continuous and strictly increasing, we have
VaR, (L) = p+ 0® ()

using the properties of Value at Risk from before. We can now compute the Expected
Shortfall, where we again use that I, is continuous and strictly increasing,

L— L— L—
ESo(L)=E[L|L>qu(L)]=p+0oE {,u a 2 qa </~L)]
o o o
L— L—
=p+ok {ﬂ | B > <I>1(a)]
o o
= d
pt [p_l(a) wp(e)d
with ¢ denoting the density of a standard normal variable. Note that
d 1 o2
"(z) = — e‘?)z—m T
¢ =5 (o o(@)
so that z¢(x) has —p(x) as antiderivative. Hence
p(®(0))

ESa(L) = p+ ——[~p(@)]3 1o = H+ 0

11—« 11—«

Properties/axioms of risk measures

It is natural to ask what characterises a good risk measure. We think intuitively of a risk
measure as an amount of capital needed by a financial institution to withstand large shocks.
In the above examples with VaR and ES, we had a level a, and we often think of « as
large, for example 0.95,0.99 or 0.995. In an article by Artzner, Delbaen, Eber and Heath
[3], certain desirable properties of risk measures are suggested. They are as follows.

Definition 1.3.8. For a risk measure p and loss variables L, L1, Lo, we consider the following
axioms/properties:

1. Translation invariance: p(L + a) = p(L) + a for every constant a € R.
2. Subadditivity: p(L1 + L2) < p(L1) + p(L2).
3. Positive homogeneity: p(AL) = Ap(L) for all A > 0.
4. Monotonicity: L1 < Lo implies p(L1) < p(Ls).
A risk measure satisfying all these axioms is called coherent.

The rationale for translation invariance is that adding a deterministic quantity to the loss
should increase the capital we need to set aside by exactly that amount. The rationale for
subadditivity is that diversification should reduce risk. Positive homogeneity makes sense
since, if we invest more money into the samme asset, the amount of capital we need to set
aside should be multiplied by the same factor. Monotonocity also clearly makes sense. Note
also the similarity to the pricing principles from non-life insurance.
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Properties of VaR and ES

VaR and ES are the two most popular choices of risk measures. One reason many prefer ES
over VaR is that ES in general satisfies all the above axioms, while VaR only satisfies three.
Nevertheless, it should be mentioned that the VaR is very easy to interpret, a property
which should not be underestimated. The following proposition shows that VaR satisfies
translation invariance, positive homogeneity and monotonicity.

Proposition 1.3.9. Let « € (0,1) and let L be a loss variable.
(i) For constants a > 0,b € R, we have
VaRq(aL +b) = aVaRy(L) + b
so that in particular, VaR, satisfies translation invariance and positive homogeneity.

(i) VaR,, satisfies monotonicity.

Proof. For (i), we compute

VaRy(aL +b) =inf{z e R: P(aL+b>1z) <1-a}
=inf{z e R: P(L> (z—10)/a) <1—a}
=inf{fax+beR:P(L>x)<1-a}
=ainf{r e R: P(L >z) <1—a}+b=aVaR,(L)+b.

(i) fLy <Lythen{zr e R:P(Ly >z)<1l—a}C{zxeR:P(L; >z) <1-—a}and the
claim follows. [}

Value at Risk is not a coherent risk measure in general, since subadditivity may fail. We
provide two examples below. The first is from [3] page 217, and the second is Example
2.25 of [88]. Both examples are discrete. A continuous counterexample is provided in the
exercises.

Example 1.3.10. Consider two digital options on a stock S. A digital option is an option
which pays a fixed amount to the holder of the option, if the value of the stock goes below or
above a certain threshold. Both our options (call them A and B) have the exercise time T'. A
pays 1000 if S > U and nothing otherwise and B pays 1000 if ST < L and nothing otherwise
where L < U are fixed strike prices. Say A has price v and B price [ with u + [ < 1000.
Say we wish to sell these options. If we sell a single A option, we gain u with probability
0.992, while we gain u — 1000 with probability 0.008. In other words, the loss L4 of this
trade has distribution P(L4 = —u) = 0.992 and P(L4 = 1000 — u) = 0.008. Similarly,
the loss Lp of selling a single option B has distribution given by the point probabilities
P(Lp =—1) =0.992 and P(Lp = 1000 — ) = 0.008. Hence

Va,Ro_gg(LA) + VaRo_gg(LB) =—u—I,

but L 4+ Lp has probability 0.016 of giving 1000—u—1, so VaRg.g9(La+Lp) = 1000—u—1 >
0. Hence subadditivity fails. o
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Example 1.3.11. Consider two independent bonds with face value 100 and an interest rate
of 5%. After one year, the bonds mature and thus give a payout of 105. We assume no
recovery on the bonds, so if the bond fails, the investor receives nothing. Letting L; denote
the loss of bond i, we assume

P(Li=-5)=1-p=0991 and P(L; =100) = p = 0.009.

Consider a portfolio consisting of one of each bond with loss L = L; + Ly. Then by
independence,

P(L = —-10) = (1 —p)* = 0.982,
P(L = 95) = 2p(1 — p) = 0.017838,
P(L = 200) = p* = 0.000081

corresponding to no defaults, a single default and two defaults, respectively. As the reader
may verify, VaRg g9(L) = 95 and VaRg.g9(L;) = —5, which shows that subadditivity fails.
Furthermore, note that

VaR0_99(0.5L1 + 05L2) =0.5 Varoigg(L) =47.5 > VaRo_gg(Ll)
so in this case, diversification is strongly discouraged when using VaR. o

In order to prove that the Expected Shortfall is coherent, we need a characterisation of
coherent risk measures. This can be done in several ways. One such approach is the topic of
the next subsection. Before presenting this theory, we prove subadditivity of the Expected
Shortfall when the loss variables involved have continuous distributions. The general case
requires more theory, and we will return to it later in the chapter.

Theorem 1.3.12 (Coherence of ES (continuous case)). Expected Shortfall is a coherent
risk measure.

Proof. Translation invariance, positive homogeneity and monotonicity follow immediately
by the previous proposition and the definition of Expected Shortfall in terms of the Value
at Risk. Subadditivity is harder to prove. We only prove it in the case where L; and Lo
have continuous distribution functions. The proof of the general case can be found in [88],
see Theorem 8.14. The following proof is from Example 2.26 of the same book. Recall from
earlier computations that for L with a continuous distribution function,

1

ES.(L) = 1T a

E[L1{>VaRr, (L)})-

Define L, = 1{L7‘,2V3Ra(Li)} for i = 172 and .[12 = 1{L1+L22VaRa(L1+L2)}' We compute

(1 — a)(ESa(L1) + ESa(Ly) — BSq (L1 + Lo)) = E[L1I1] + E[LyIs) — E[(Ly + Ls)I15]
= E[(Li(I; — I12))] + E[(L2(Iz — I12))].

We now consider two cases for Li. If Ly > VaRq(L1), then I; — I1s > 0 and hence
Ll(Il — 112) Z VaRa(Ll)(Il — 112). If L1 < VaRa(Ll), then Il - 112 S 0 so again we have
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Li(I, — I2) > VaRq(L1)(I1 — I12). Applying the same reasoning to Ly, we get

(1 — a)(ESa(L1) + ESa(La) — ESa (L1 + L)) > E[VaRa (L1)(I1 — Li2) + VaRa (L2)(Ir — I12)]

= VaRa(Ll)E[h — 112] + VaRa(LQ)E[IQ — 112}
= VaRa(L1)((1 - a) - (1 - a))

+ VaR,(L2)((1 — ) — (1 — )

=0

implying that ES,(L1) + ESy(L2) > ES, (L1 + Lo) which is the desired statement.

More examples and techniques

We here present more elaborate examples illustrating how to compute the Value at Risk. In
particular, we would like to gain some experience computing VaR for “mixed” distributions,
namely distributions that are neither continuous nor discrete but rather a mix of both. Be-
fore seeing concrete examples, we provide some theoretical but useful results. The proofs
are not particularly illuminating and may be skipped at first reading.

It is intuitively clear that applying an increasing function to a loss variable L should yield
a nice expression for the Value at Risk, since the ordering is at least preserved up to ties.
This preservation turns out to be the case under a few technical conditions.

Lemma 1.3.13. Let L be a loss variable and let g be non-decreasing and left-continuous.
Then VaR, (g(L)) = g(VaRq(L)).

Proof. As Fypy is right-continuous, Proposition A.1.3 from the appendix gives that

Frpla) <z & Fyp(r) >a

for all x € R. Now let yo(z) = sup{y : g(y) < z}. We claim that
gly) <z &y <yo(x).

Indeed, = always holds by definition of yo(z). For the converse, choose a sequence {y,} C
{y : g(y) <z} with y, T yo(z). Then by left-continuity of g, we have

9(yo(x)) = lim g(yn) < z.

As g is non-decreasing, it follows for any y < yo(z) that g(y) < g(yo(x)) < x, and the
converse implication is proved. We thus have {g(L) < z} = {L < yo(x)} and by taking
probabilities,

Fory(z)>a < Fr(yl(z)) > a.

Applying Proposition A.1.3 again, we thus conclude
Fr(yo(z) 2a & Fi(a) <ylz) < g(Ff (o) <z

Combining all the equivalences, we obtain the result. |
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It is natural to ask what happens to the Value at Risk when applying a decreasing function.
The situation turns out to be more complicated, and one should be careful when the distri-
bution of L is not sufficiently nice. We think of the Value at Risk at level « as the smallest
value = where the probability of L < x is larger than or equal to a. One may then ask when
this coincides with the largest value of z such that the probability of L < z is smaller than
or equal to a.. To be precise, when does it hold that

inf{z: P(L <z)>a}=sup{z: P(L <z)<a}?
The following technical lemma provides an answer. Define
VaR} (L) :=sup{x : P(L < z) < a}.

Lemma 1.3.14. Let L be a loss variable and consider for a fized o € (0,1) the set S, =
{z: Fr(z) = a}. If S, is either empty or a singleton set, it holds that

VaR, (L) = VaR} (L).

Proof. The proof is almost immediate by looking at the figure below, but for completeness,
we provide a formal argument also.

1 F(x) °
0.7 1
0.5
0.2 +
1 2 3 4 5

Figure 1: The distribution function for a generic loss variable L. If no z-value hits « (e.g.
a = 0.3), then it doesn’t matter if you take the largest x such that Fr(x—) < « or the
smallest = such that Fr(z) > a. The same happens in any region where F(z) = « has a
unique solution.

We consider both cases for S,. Assume first that S, = (. Then there exists a unique
point xg such that Fp(z) < «a for ¢ < 29 and Fp(z) > o for © > xg. It is clear that
VaR, (L) = zo. If 2 < x¢, then Fy(z—) = limy, Fr(y) < o, so VaR[ (L) > zg. If 2 > 20,
then Fp(z—) > Fr(wg) > a, so VaR} (L) < xp. We conclude that VaR} (L) = z¢. The
second case is So = {x0}. In this case FL(x0) = o, Fr(z) < a for < x¢ and Fr(x) > « for
x > xo. Again it is clear that VaR, (L) = zo. We also see that (—oo,z¢] C {z : Fr(x) < a}.
If £ > 29 and Fp(z—) = «, then for any z’ € (x0,x), we have Fr(2') = «, contradicting
that S, is a singleton set. Hence it must hold that Fy(z—) > « for any = > xg, and we
conclude that VaR7 (L) = . [ ]
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We can now present a result for the Value at Risk when applying a strictly decreasing
function.

Proposition 1.3.15. Let L be a loss variable and let g be strictly decreasing and continuous.
Then for any a € (0,1),
VaRa(g(L)) = g(VaR{_,(L)).

In particular, for any o where Fr(x) =1 — « has either one or no solution, it holds that

VaR,(g(L)) = g(VaR;_4(L)).

Proof. Since g is strictly decreasing, g has a proper inverse. Furthermore, g maps intervals
to intervals by continuity. Hence

VaR,(g(L)) = inf{z: P(g(L) < z) > a} =inf{z: P(L > gfl(m)) > a}
=inf{a: Fi(g'(z)) 1 —a} =inf{g(y): Fr(y—) <1-a}
=g(sup{y : Fr(y—) < 1 —a}) = g(VaR{ (L))

The second part follows immediately from the previous lemma. |

In the exercises you are asked to prove the results presented here in some nice special cases.
Let us now consider two examples.

Example 1.3.16. Assume that the log return X of a stock follows the distribution function

e &€ (—00,1/2)
Fx(z) = q &, x € [1/2,1)
1, x € [1,00)

The distribution function looks as follows:

1 1 F(.%)
0.9 | —
0.8 |
‘ ‘ X
0.5 1

From the figure, we see that we need to consider three cases for a. If o € (0,4/5), we need
to solve 1/(1 + (x — 1)?) = « for z, yielding 2 = 1+ \/1/a — 1. What is the correct sign?
If we choose +, we get x > 1 which is clearly not the case from looking at the drawing.
Hence the correct sign must be —. When « € [4/5,9/10], we have VaR,(X) = 1/2. Finally,
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when « € (9/10, 1), we have to solve (z +4)/5 = « for z, yielding VaR,(X) = 5o — 4. We
conclude that

1—4/2 -1, a€(0,4/5)
VaRa(X) = ¢ 1, o€ [4/5,9/10] -
Sa — 4, a € (9/10,1)
The loss for the stock is given by L = —s(eX — 1) with s > 0 some known initial value. L is

a strictly decreasing and continuous transformation of X. We also see that Fx(z) = « has
at most one solution for any «a, and so the above proposition applies to show that

VaRq(L) = —s(eV2B1-2() _ 1) o e (0,1).
In particular, if « =0.95, 1 — a = 0.05 so
VaR, (L) = —s(e!" Vet 1),
o)

Example 1.3.17. Assume that the log return X of a stock follows the distribution function

0, x € (—o00,—2)
541 x €[-2,-1)
F ) = 2 ) )
X( ) %a S [_172>
1—e™™, x€[2,00)

A drawing of the distribution function is as follows:

—_

P O
N 00
(=]

an
O

0.5 1

—9 1 2 3

A bit of thinking (do this!) shows that

2(a—1), a € (0,1/2)
) a€[1/2,3/4]
VaRa(X) = 2, o€ (3/4,1—e72)
—log(l—a), a€l[l—e?1)

We have by Proposition 1.3.15 that for the loss L = —s(e® — 1

), we have
1
1

VaR (L) = —s(eV?Ri-o — 1), a #
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As for the case o = 1/4, we have VaRi_o(X) = VaR3,4(X) = —1 while VaR{_(X) = 2.
Hence

VaRy (L) = —s(e* —1) # —s(e”' = 1) = —s(eVaRi-1a(X) 1)y,
Note that the sign even shifts. The correct Value at Risk at a = 1/4 for L is negative
(indicating a gain), while it is positive (a loss!) if one simply plugged in VaRg,,(X) instead
of VaR§/4(X). o

1.4 Computational methods

Estimating VaR and ES from data

We now consider methods for computing VaR and ES directly from data. Up to time ¢,, we
have the empirical observations Ly, ..., L,. For this discussion, we make the (not so realistic)
assumption that Lq,..., L, is an iid sample. Order the sample and let

Ll,n Z L2,n Z Z Ln,n

denote the corresponding order statistics. We define the empirical distribution function

n RS
=1

that assigns equal weight to each observation. To estimate the risk measures of interest,

an idea is to replace Fy, (which is unknown) with the empirical distribution function Fé").
This idea is justified by e.g. the Strong Law of Large Numbers which implies that

Fén)(x) — P(L; <z) as.as n—oo

for each x or the even stronger result known as the Glivenko—Cantelli Theorem which states
that

sup |F£n)(x) —Fr(z)] >0 as.as n— oo.

zeR

We can form the natural estimator of the Value at Risk given by
VaRo(L) =inf{z e R: 1 — F{" <1—a}.

A problem with this approach is that it is often very difficult to infer the tail behaviour of

Fr, from F I(Jn) since we often do not have enough data in the tail of F;,. However, one nice
thing about this approach is that we can explicitly solve for the estimator. We have

@Q<L) = L[n(lfoz)]Jrl,n = aa(FL)

i.e. the empirical quantile. Here [n(1 — «)] denotes the largest integer less than or equal to
n(l —«). Similarly, if Fy, is continuous and strictly increasing, we may compute an estimate
for ES, (L), namely

o [7L(1—a)]+1 L:

ESa (L) _ Zz:l LN

[n(1—a)]+1

i.e. the average of the observations greater than or equal to @a (L). Again we stress that
this approximation is often insufficient since we usually do not have many observations in
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the tails of F,. We now turn to the problem of computing confidence intervals where we
focus on the Value at Risk. Let 5 € (0,1) denote some “small” value. Our approach is to
find A and B such that N .

P(A<VaR,(L)<B)>1-p

by determining A and B in such a way that

P(VaR, (L) < A) < g and P(VaRo(L) > B) <

[V SY

Assume that L has a density so that for the true VaR,, (L) we have P(L > VaR, (L)) = 1—a.
For the observed data, each data point can land on either side of VaR,(L). Hence we have
a sequence of Bernoulli trials with probability 1 — « of landing to the right of VaR, (L)
(a success) and probability « of landing to the left of VaR, (L) (a failure). Formally, let
Z = 1{1>vaR. (L)}, then

q:=P(Z=0)=«a, p=PZ=1)=1-a.

Let Y denote the number of successes in n trials i.e. Y = E?Zl Z;i for Z; = 11, >vaRr. (1)}
where L; is the ith loss. Then Y ~ Bin(n,p) and

P(Y >j) = kz:: (Z)pkqn—k.

J

Note that L, > VaR,(L) if and only if Y > j so using the above, we can find the smallest
Jj such that P(Y > j) < /2. Then P(L;j, > VaRq(L)) = P(Y > j) < /2 and so we
set A = L;,. Conversely, we can find the largest ¢ such that P(Y < i) < /2. Then
P(Lin < VaRo(L)) < 8/2 s0 set B = L; .

Other methods for computing VaR

Several methods exist for computing the Value at Risk. We have just seen how one estimates
VaR from a sample of losses. We now introduce four additional methods for computing VaR
that are used in practice. These are the following;:

(i) The Variance-Covariance (Var-Cov) method,

)
(ii) Monte Carlo simulation,
(iii) Importance Sampling and
(iv) Bootstrapping.
The motivating example to keep in mind is the one with d investments from earlier. Recall
that the loss was given by

d .
Lpyr=— Z Oéz‘ST(Li) (eXfLLJ)rl — 1)
i=1

with Sr(f) the value of the ith asset at time ¢,,, X,,+1 = log S,4+1 — log .S, the log return and
a; the number of assets bought of asset ¢. We now go through the different methods.
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The Var-Cov method

Consider the linearized loss
n+1 = Z O[ZS( )X

obtained by the Taylor approximation e” ~ 1 + z. In the Variance-Covariance method, we
assume that X, 11 ~ N (m, ), that is, a multivariate normal distribution with mean vector
m € R? and covariance matrix ¥ € R¥*?. Letting

X7(zl-‘21 04157(11)
Xny1 = : ; Wnp = : ;
d d
x, st
we may rewrite L,?_H = —(wy, X, 11) = —wlX, ;1. By the properties of the multivariate

normal distribution (see the appendix), we have
Ly ~ N(—wlim, wlSw,).
T

Let y1, = —wlm and 02 = wl Xw,, so that we may write L%, | L jip+onZ for Z ~ N(0,1).
From last Week we can compute VaRq (L%, ) as

VaRe (L511) = fin + 0,7 (a).

Finally, we can use data to obtain estimates of x4 and o2 i.e. of m and X. A virtue of this
method is how simple it is to use. We get an exact analytical expression for VaR (L4 1)
The problem is the approximation e* = 1 4+ x behind the method. This is not very precise
for large losses, and often we are interested in the tail of the distribution where z is large.
Also, the normality assumption is often problematic with real data.

Monte Carlo simulation

Monte Carlo simulation is a purely computational method. Suppose we simulate N samples
of X, 41 and call these x1,...,xy. We work with these simulated values as if they were
empirical samples. From these we can form “empirical” samples of L,, 1. Call these [, ..., In.
We use these to compute the empirical Value at Risk. Formally, start by ordering the samples
to obtain the order statistics

Zl,N > .2 lN,N'

Then we can compute the estimate

VaRa(Lp+1) ~ VaRa(Lnt1) = ING-a)+1,N

per the discussion last week. This method is a lot more precise compared to the Variance-
Covariance method since it does not rely on the approximation e* ~ 1+ x. Another obvious
advantage is flexibility. The method works for any distribution (at least if we can efficiently
simulate large samples from that distribution). One problem is that the rate of convergence
of the estimate will be slow since we are working with the tail of the loss distribution. Hence
we often have to generate a very large number of samples to obtain a robust estimate. This
is especially problematic if we have a large number of assets.
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Rare event simulation

Before moving on to importance sampling, we take a brief detour and consider a problem
closely related to the one above for the Monte Carlo method, namely estimating p,, = P(L >
x) for large values of x. To estimate p,, we generate a computational iid sample [y, ..., I of
L. We can then form the indicators 1y, >4}, 1{iy>e}- By the SLLN,

N
1
N Z 1{1,;>x} — E[l{L>x}] = P(L > :U) =Py a.s.
i=1
Define the natural estimator N
1
A~(N) =

As shown above, this estimator is consistent (it converges in probability to the true under-

lying parameter, in this case p,). A natural question to ask is how fast §§CN)

If
N
SN =Y 15z
i=1

converges.

then the CLT applies to show that
Sy — N
ON = NPz 4, 5 | N(0,1)
o VN
~N

where o, denotes the variance of 14, 1. Note that Np
distribution) that

) = Sy so for large N, we get (in

oxVN oo /VN

We can rewrite this relation and obtain the approximation (in distribution)

Oz
VN
We can form an asymptotic confidence interval for p, as follows. Let 8 € (0,1) be some

“small” value and let 23/, denote the 3/2-quantile of N'(0,1) so that P(Z < z5/5) = /2.
Thus, with the “high” probability 1 — 3, we have

PN ~p, + 2.

Oz

sy _ Oz 5N)
z € o Z1-8/2,Py ~ + 21— .
p (p \/ﬁ 1-3/2 p \/N 1 [3/2)

While the error o, /v N goes to zero for N — oo, the probability p, is often also small, so
~(N)
Dz

it can happen that the error still dominates the estimate , even when N is very large.

To make this precise, define the relative error

OzZp/2 _ Og
RE = = “ZC(N)
\% pr Pz

with C(N) some constant depending on N. We compute

]2 2

op = Var(l{rsay] = E(1{12 0] = Ellsay]® = pe — 03
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We now have for the relative error that

\/ Pz — P2 [1
e _ VPr 7 Pr _ — —1—=00 as x — oo.
Pz Y2 Pz

So the relative error explodes as x gets large. Hence we need more sophisticated techniques
so that the relative error is bounded. We present one such method very briefly now.

Importance sampling

To remedy the issue of diverging relative errors, we briefly introduce the main ideas of im-
portance sampling. Consider the setup L = f(X) where X is an R%-valued random variable
with distribution function F' (see the appendix for a brief discussion on multidimensional dis-
tribution functions) and f is a deterministic function. We refer to F' as the true distribution
of X. Define the moment-generating function (mgf) of X as

K(€) = E [e<f’x)] for €€ R

Consider the shifted distribution given by

(€%)
K(€)

dFe (1, ..., Tq) = dF(x1,...,xq)

for all ¢ € R? such that the moment-generating function is finite. We note the following
properties of Fg:

(i) Fe is a probability distribution.

(i) Ee[X] = VA(E) where A(§) = log k() is the cumulant-generating function of X and
E¢ indicates the expectation taken with respect to the shifted measure.

Property (i) follows easily by the calculation

[ tm = o [ eerapeg =28 o,

The idea is now to choose £ in a good way such that L > x occurs frequently i.e. so that
Pe(L > x) is large, where P¢ denotes the probability under the shifted distribution. To relate
simulations under the shifted distribution with parameter £ to the original probability, we
apply a representation formula,

dF
pe=PL0= [ ary) - [ o (y)AFe(y)
{y:f(y)>a} {y:f(y)>z} @€

dF
= F [1{f<X>>m}dF§(X)}

with jTF the Radon-Nikodym derivative.
¢
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Bootstrapping

The idea of bootstrapping is to use the existing data to generate new data by resampling.
We sample with replacement and if we have N data points x1, ..., zx, we choose a member
with probability 1/N N times to get a new data set of the same size. We can do this
procedure b times to obtain the bootstrap samples

PEEY)

ol

g eeey

oD,

RCEC

If we have some parameter 6 that we want to estimate, we can compute an empirical estimate
9 from the orlglnal data and estimates 9 from each of the b bootstrap samples. We can

then use the 9 to say something about the distribution of 0. We may for example generate
confidence intervals by computing empirical quantiles using the 93. Explicitly, define the

residuals R; = o— é\j and order them from largest to smallest, Ry, > Rap > ... > Ryp. The
confidence bounds are then given by

[5 + Rpsa-p/210-0 + Ris /)10 -
These bounds improve classical estimates based on the CLT which converge more slowly.
For small probabilities, one may consider a modification of this idea, namely smoothed boot-

strap. In smoothed bootstrapping, one smoothes the data around the tail values. Namely,
given the original sample x1, ..., xy, sample from the density

=L (5)

where K is a smooth function, e.g.

1 2
K(t)= —e t/2
(t) =5 e
One can then employ importance sampling to shift the smoothed distribution so that more
samples will be in the tail.

1.5 More theory for coherent risk measures*

Representations for coherent risk measures via scenarios

It is reasonable to ask how one constructs a risk measure, in particular a coherent one. In
this subsection, we provide an intuitively appealing recipe, which also turns out to be a
characterisation. Following along the lines of [3], we make the simplifying assumption on
the background space (2, F) that € is finite and that F is the power set of {2 so that all
events are measurable.
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Definition 1.5.1. Let P denote a set of probability measures on (2, 7). We then define
the mapping pp on the set of loss variables by

pp(L) = sup{Ep[L] : P € P}

where the subscript on E indicates that the expectation is computed with respect to the
probability measure P.

One can think of the set P as a collection of scenarios that the company has to take into
consideration. The different probability measures could for example each represent a certain
economic scenario.

Lemma 1.5.2. The function pp in the above definition is a coherent risk measure.

This lemma is a triviality. It turns out however, that every coherent risk measure on (2, F)
can be constructed in this way. The rest of this subsection is dedicated to proving this fact
and presenting some applications. The proof of the following proposition is rather technical
and can be skipped at first reading.

Proposition 1.5.3. Let p be a risk measure. Then p is coherent if and only if p = pp for
some set of probability measures P on (Q, F).

Proof. We have already seen that pp is a coherent risk measure, so only the converse state-
ment needs to be proven. To this end, we follow the argument in Proposition 10.1 of [62].
Let p be a coherent risk measure. It suffices to show that for every loss variable Lg, there
exists a probability measure P such that Ep[L] < p(L) for every L and Ep[Lg| = p(Lo), as
we may then choose P to be the set of these measures. Fix a loss variable Ly. By translation
invariance and positive homogeneity of p, it holds that

p(aLy + b) = ap(Lg) + b. (1.1)

for @ > 0. Hence we may assume without loss of generality that p(Lg) = 1. Consider the
set U ={L:p(L) < 1}. We leave it to the reader to verify that U is both open and convex.
Since Lo ¢ U, we have by the Geometric Hahn-Banach theorem (see chapter 18 of [118] for
background) that there exists a linear functional? \ separating Lo from U in the sense that

ML) < A(Lo) VL eU. (1.2)

Choosing L = 0, we get that A(Lg) > 0, so we may normalise to assume that \(Lg) = 1 =
p(Lo). Hence we may rewrite (1.2) to

p(Ly<1l = XL)<L1
Using monotonicity and translation invariance, we also have that L < 0 implies p(L) <

p(0) = 0. Using that A is linear, we get

1
eA(L) = =A(—cL) > -1, implying (L) > —-—
¢

for every ¢ > 0. We conclude that A is a positive functional. We now claim that A(1) = 1.
Inceed, if ¢ < 1, then A(c) < 1,80 AM(1) < 1. If ¢ > 1, we get p(2Lg —¢) =2 —¢ < 1,

2A linear functional is a mapping from a space to the real or complex numbers. In this case a mapping
G — R where G is the space of loss variables on (92, F).
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0 M2Lp —¢) = 2 —cA(1) < 1 or A(1) > 1/c. Hence A(1) = 1. Combining the fact
p(L) < 1= A(L) <1 with (1.1), we may conclude

p(Ly<e = XIL)<eg,
implying A\(L) < p(L) for all L. Hence we may choose P by P(A) = A(14). [ |

This result means intuitively that every coherent risk measure arises as a worst case method
for a series of scenarios. Unfortunately, it is difficult to come up with a reasonable set of
scenarios, and this may explain why a non-coherent risk measure like VaR is still so popular.
To quote [115], “regulators like Value at Risk, because they can regulate it”.

We now have the tools to verify that ES is indeed a coherent risk measure. We will need a
strengthening of Proposition 1.3.4. Recall that + = max{x,0}.

Proposition 1.5.4. For a € (0,1), it holds that

ESa(L) = 5 i ~E[(L = Vara(L))"] + VaRa(L)
= ﬁ (E[L; L > VaRq(L)] + VaRo (L)(1 — o — P(L > VaRa(L))))

Proof. If U is uniformly distributed on (0, 1), then F; (U) has the same distribution as L.
Thus,

TR B = VaR (D) = 2 [ (i ) = Fi (@)
1
= [ (P ()~ F (@)du
= - ! . "VaR, (L)du — VaR, (L),

which proves the first equality. As for the second, use that
E[(L — VaR4(L))"] = E[L; L > VaR4(L)] — VaR4(L)P(L > VaR(L))
and plug this into the first expression. |

Remark 1.5.5. If F, is continuous and strictly increasing, we have P(L > VaR, (L)) =
P(L > VaR, (L)) =1 — a and we recover the result of Proposition 1.3.4.

Recall that a @ is absolutely continuous with respect to P if P(A) = 0 implies Q(A) =0
for every measurable set A. In that case, we write Q < P. Recall also the celebrated
Radon—Nikodym Theorem. For probability measures P and @, it holds that Q <« P if and
only if @ has density with respect to P (see Theorem 4.11 in [38]). We denote this density
by dQ/dP. This density is often called the Radon—Nikodym derivative.

Theorem 1.5.6. Let G denote the set of loss variables on the probability space (0, F, P).
For a € (0,1), we have the following expression for the Ezpected Shortfall,
ES. (L) = sup{Eg[L] : Q € Puo}

where Py, is the set of probability measures Q on (2, F) that are absolutely continuous with
respect to P and for which dQ/dP < (1 — a)~t. In particular, Ezpected Shortfall is a
coherent risk measure.
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Proof. By translation invariance, we may assume without loss of generality that VaR, (L) >
0. We may also assume that L > 0, since otherwise we may replace L by LT (note that
ES.(L) = ES,(L™)). Define the coherent risk measure

pa(L) =sup{EQ[L] : Q € Pa}.

By describing the measures in P, via their Radon-Nikodym derivatives, we may identify
P, with the set of random variables {¢): 0 < ¢ < (1 — )™, E[¢)] = 1}. Thus

pa(L) =sup{E[LY] : 0 <9 < (1 — )" E[y] = 1}.
Now apply the transform ¢ = (1 — «)4, then

(e[

E[L](b} L0<¢<1,El¢] :1—a}.

pa(L)

Define the measure P by the Radon-Nikodym derivative dP/dP = L/E[L]. Then

pall) = 8

sup{Ep[¢] :0< 6 < 1,E[¢] = 1—a}.

—

We claim that the supremum is attained by the random variable ¢o = lir>var.(r)} +
k1{z—var.(z)y Where k > 0 is a constant chosen such that E[pg] =1 —a. Let 0 < ¢ <1 be
arbitrary with E[¢] = 1 — . It then holds that

0< (¢ — ¢)(L — VaRa(L)).
Take expectations to get

0 < El(¢o — ¢)(L = VaRa(L))] = E[L(¢o — ¢)] = VaRa(L) E[go — ¢]
= E[L(¢o — ¢)] = E[L|Ep[d0 — ¢]

since the second term disappears due to E[¢g| = E[¢] = 1—a. It follows that E5[¢o—¢] > 0
which shows that ¢g is indeed a maximiser. Now insert ¢g in the expression for p, (L) to
obtain

pa(L) =

e Bl

EP[%] = 1—a
1

1 & (E[L; L > VaRa(L)] + k VaRo (L) P(L = VaRa(L))).

A bit of algebra reveals that

. 1—a—P(L> VaRa(L))
T P(L=VaRa(L))

with the convention that 0/0 = 0. Inserting this expression into the above expression p, (L)
yields

1

—

palL) = 1 (E[L; L > VaRa(L)] + VaRa(L)(1 — o — P(L > VaRa(L)))>

which equals ES, by the above proposition, and the proof is complete. |
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Risk measures and decision sets

In this supplementary subsection, we introduce a different perspective on risk management
based on acceptance sets and show how it is equivalent to the approach with risk measures
introduced above. Recall that we have a background space (€2, F) and that G is the set of
all mappings (loss variables) @ — R. We assume that Q is finite and interpret Q as all the
possible states of nature (of the market). We consider a one-period model with timepoints
to = 0 (current time) and a future time ¢;. Let us introduce some terminology and concepts.

Definition 1.5.7. An acceptance set A is a set of final net worths (a subset of G).

One may interpret an acceptance set as a set of possible positions at the end of the period
(t1) that are acceptable without the need to set aside more capital. We can now describe a
correspondence between risk measures and acceptance sets.

Definition 1.5.8. Given an acceptance set A, we define the associated risk measure p 4 by
pa(L) =inf{meR:L—-me A}
Given a risk measure p, we define its associated acceptance set A, by
Ap=A{L:p(L) <0}.

It is natural to ask whether the above constructions are inverses of each other. The answer
is no in general, but we can say more with a few additional well-known properties on the
risk measure.

Proposition 1.5.9. If p is a translation invariant and monotone risk measure, we have
P =PA,
Proof. We have
pa, (L) =inf{m: L —m e Ay} = inf{m : mp(L —m) < 0}
— inf{m : p(L) < m} = p(L).
|

Given an acceptance set A, can we guarantee some nice properties of p4? The following
result provides a partial answer. You are asked to prove it in the exercises.

Proposition 1.5.10. Assume the acceptance set A satisfies the property
LeA and I'<L = L'eA

and that pA(L) is finite for all L. Then p4 is monotone and translation invariant. Fur-
thermore, A C A, ,.

One can further investigate when the sets 4 and 4,, are equal. In the case where all
variables in G are bounded, equality holds if A is bounded in supremum norm. We refer to
section 4.1 of [37] for details. It turns out that the coherence property of a risk measure
translates nicely to properties of acceptance sets. We start by recalling some definitions.
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Definition 1.5.11. Let C be a subset of G.

(i) C is convez if for every t € [0,1] and L,L" € C, we have tL + (1 —¢)L' € C. A loss
variable of the form tL + (1 — t)L’ is called a convex combination of L and L'.

(ii) C is a convex cone if C is convex and it holds for any ¢ > 0 and L € C that tL € C.

Proposition 1.5.12. Let p be a monotone and translation invariant risk measure. Then p
is coherent if and only if A, is a convex cone.

Proof. Assume p is coherent. It is then easy to verify that A, is convex. Take L € A,. As
p is positive homogeneous, we have for any ¢ > 0 that p(tL) = tp(L) < 0 and thus tL € A,,
so that A, is a convex cone. Assume conversely that A, is a convex cone. We need to
verify that p is subadditive and positive homogeneous. We start by verifying the latter. For
L € G, we have L — p(L) by definition of A, and as A, is a convex cone, t(L — p(L)) € A,
for any ¢t > 0. By translation invariance,

0> p(tL —tp(L)) = p(tL) —tp(L),

proving that p(tL) < tp(L). To show the opposite inequality, note that for ¢ < p(L),
L—c¢A,andsot(L—c)¢ A, for any t > 0. Hence

0 < p(tL —tc) = p(tL) — tc

showing that p(tL) > tc. Taking supremum over all ¢ < p(L), we obtain the inequality
p(tL) > tp(L), and we have shown that p is positive homogeneous. For subadditivity, let
Li,Ly € G. Then L; — p(L;) € A, for i = 1,2. Using convexity of A, and translation
invariance, we have

0> ,OG(L1 —p(L)) + %(Lz - p(Lz)))

1 1
= (5 L1+ L)) = 5(pL0) + p(La).
and by the positive homogeneity just shown, we have p(L; + L) < p(L1) + p(L2) as
desired. m

Notes and comments

Chapter 1 of [88] contains a longer informal introduction to the field of quantitative risk
management as well as more historical perspectives. Section 2.3 contains more perspectives
on different types of risk measurements. The supplementary part about scenario-based risk
measures is also based on chapter 2 of this book. The article [3] is a classical reference on
coherent risk measures. The reader should be aware that we use more modern notation
and conventions more akin to those in [88]. [9] is a good reference on the Black—Scholes
model and a very readable introduction to pricing of financial derivatives. The idea of
bootstrapping was proposed in the famous paper by B. Efron, [28]. For more information
on importance sampling and Monte Carlo methods, consult [46] and [4]. A good portion of
the exercises below are from The QRM Exercise Book, [58].
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1.6 Exercises

Theoretical exercises

Exercise 1.1:

Consider a loss variable L with L ~ Exp(\) for A > 0.
1)Compute VaR,,(L).

2)Compute ES, (L).

Exercise 1.2:
This exercise is from [63]. Consider a loss variable L with distribution function F(z) =
1— (1+~z)~ Y7 for x>0 and v € (0,1).

1)Compute VaR (L).
2)Compute ES, (L).

Exercise 1.3:
Assume that the loss variable L has a Pareto distribution with parameters x > 0 and 5 > 1.
This means that the distribution function is given by F(z) =1 — (r/(k + x))? for 2 > 0.

1)Compute VaR,,(L).
2)Verify that

ES.(L) = H( (1—a) /8 - 1).

B
g—1

Exercise 1.4:
Consider a loss variable L with distribution function F' given by

0, ife<l1
F(z) = 1—1_%%, ifl<z<3.
1-%, ifz>3

1)Compute VaRg s5(L). Hint: Draw the graph of F.
2)Compute V&Ro,95 (L) and VaRQ_gg (L)
3)Compute ESg g5(L).

Exercise 1.5:
Let L be a loss variable with distribution function

1

z—p

Flz)= ———
(z) =

where p € R and s > 0 parameters. This distribution is called the logistic distribution with
location p and scale s. Let o € (0,1).

1)Compute VaR,(L).
2)Compute ES, (L).
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Exercise 1.6:
Consider a loss variable L with the Student ¢ distribution with v > 1 degrees of freedom.
That is, the density of L is given by

CT((v+1)/2) @\~
)= o ()

Show that

BS, (L) < % (@) <v+ (t;l(a»?) .

l1—« v—1

Here, t,, denotes the distribution function of L.

Exercise 1.7:
Consider the risk measure p(L) = E[L]. Show/convince yourself that p is a coherent risk
measure. Explain why p may still be a bad risk measure.

Exercise 1.8:

Consider a binomial model for a stock with current value S; = 100. Each year, the stock
either increases in price by 4% with probability 0.8 or decreases in price by 4% with proba-
bility 0.2.

1)Determine the distribution of the loss of the stock after two years, Liyo := —(Si42 — St).
In particular, compute the distribution function.

2)Compute VaR, (L¢+2) for a € {0.7,0.95,0.96,0.99}.

Exercise 1.9:
The point of this exercise is to provide continuous examples of how subadditivity can fail
for VaR.

1)Let L; and Ly be iid normally distributed. Find an o € (0,1) such that
VaRa(Ll + Lg) > VaRa(Ll) + VaRa(Lg).

It is allowed to use software such as R to do numerical computations.

2)Construct another counterexample where Ly and Ly are dependent.

Exercise 1.10:
Let the log return X for a stock have the distribution function

Torepmy ¢ € (-eol)

Fy(r) = =, i 1 z€l,2)
1+ 15— =g T E€[2,2r)
1, T > TR

where xp is the value where the function hits 1.
1)Draw Fx. You need only know that 1/(1 + log(2)) ~ 0.59 and that zp =~ 2.65.
2)Compute VaR, (X) for all a € (0,1).

3)Now let L = —s(eX — 1) denote the loss for the stock where s > 0 is some fixed value.
Compute VaR,, (L) for all a. Hint: Be careful about a particular value of !
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Exercise 1.11:
Let the random variable X have distribution function

Fla) = {e"’:, r<—1

1
- 2(2+x)2> x Z -1

1)Determine VaR, (X) for all € (0,1).

2)Assume X is the log return of a single stock so that the loss is
L=—s(eX—-1)

where s > 0 is fixed. Determine VaR, (L) for all a € (0,1).

Exercise 1.12:

Let L be a loss variable where F7, is continuous and strictly increasing. Let g be a continuous
function.

1)Assume g is strictly increasing. Prove that VaR,(g(L)) = g(VaRq(L)).

2)Assume g is strictly decreasing. Prove that Var,(g(L)) = g(VaRi_o(L)).

Exercise 1.13:
In this exercise, we will study a risk measure which can be seen as a generalisation of the
variance actuarial premium principle. Let p > 1 and let o € (0, 1] be a loading factor. We
then define

p(L) = E[L] + a|[(L — E[L)* .

Recall that 2+ = max{z,0} denotes the positive part of  and that | X ||, = E[X?]'/? is the
LP-norm of X. In an actuarial context, we interpret this risk measure as the pure premium
plus a risk loading determined by the loading factor a.

1)Check that p is translation invariant and positive homogeneous.
2)Show that p is subadditive.
3)Show that p is monotone and conclude that p is coherent.

4)Show the general fact that LP-norms are increasing in p for p > 1. Use this to show that
p is increasing in both « and p. Hint: Jensen’s inequality.

Exercise 1.14:
For a loss random variable L, the quantity

lim B8a(L)

a—1- VaRa(L) (13)

is called the shortfall-to-quantile ratio. By using the results derived in previous exercises
and the text, compute the shortfall-to-quantile ratio in the following cases and provide an
interpretation from a risk management perspective.

1)L ~ Exp(}).
2)L ~ N(0,1).
3)L Pareto with distribution function F(z) =1 — (x/(k + z))? for £ > 0,8 > 1.
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Exercise 1.15: Matching VaR and ES
In this exercise we investigate when one has the relation VaRg(L) = ES, (L) for some o < .

1)Let L be Pareto distributed with distribution function F(z) =1 — (14 x)~% for > 0
and 6 > 1. Find (analytically) the value of a € (0, 5] such that ES,(L) = VaRg(L). Give
the range of 8 values for which the equation has a solution. When a solution exists, « is
given as an increasing function of §. Why?

2)Now let L ~ N(0,1). Determine a value (using a numerical method) of « such that
ESQ (L) = Var().gg (L)
3)Repeat the previous subproblem under the assumption that L ~ t3.

Exercise 1.16:
In this and the next exercise, we investigate the concept of superadditivity for VaR, i.e.
when it holds that

VaR, (L1 + Lo) > VaR4(L1) + VaR,,(L2) (1.4)

for loss variables L1 and Lo.
1)Show that VaR,, is superadditive if and only if

a> Fr, 1, (F5, (o) + Ff_(a)) (1.5)

where F, denotes the distribution function of a loss variable L.

In the rest of the exercise, we consider the case of two iid Exp(\) variables L and Ls.

2)Show that the density of L; 4+ Lo is given by
friir, (@) = Naze ™ 2 >0. (1.6)

Hint: Recall the general density convolution formula

fx+y(z) = / fx(t)fy(z - t)dt (17)
0
for independent non-negative random variables X and Y.

3)Show that the distribution function of L; 4+ Lo is

Froin,(x)=1—e?(1+\z), z>0. (1.8)

4)Show that VaR,, in this case is superadditive if and only if
a>1—(1-a)*(1—-2log(l —a)). (1.9)

5)By using a numerical root-finding algorithm, show that VaR,, is superadditive in this case
if and only if @ € (0, ag) where o =~ 0.7153.

Exercise 1.17:

Let Ly and Lo be iid Pareto distributed with distribution function F(z) = 1 — =2 for
x > 1. Note that this distribution is too heavy-tailed to have finite expectation. Let fr,41,
denote the density of L + Lo.
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1)By using the density convolution formula from the previous exercise along with the sub-
stitution u =t — x/2, show that

1 x/2—1 1
fritr,(x) = 1 /1—1-/2 md% (1.10)

2)Use the substitution s = arcsin(2u/z) to show that

T —2
fritr, () = e 1 ¢ > 2. (1.11)

3)Conclude that
2Vx -1
Fropp(@)=1- == o>2 (1.12)

4)Show that
14+ /1—(1—a)?

VaRy (L + Lo) =2 1.13
aa( 1+ 2) (1—0&)2 ( )

5)Show that VaR,, in this case is superadditive for all o € (0, 1), that is,
VaRa (L1 + La) > VaRa(L1) + VaRa (L) (1.14)

for all @ € (0,1).

Exercise 1.18: Median shortfall
Let L be a loss random variable with continuous distribution function Fp,. For a confidence
level o € [0, 1), define the new risk measure

MSa (L) = Fz_\L>VaRa(L)(1/2)a (1.15)

denoted the median shortfall. Here Fp|~var,, () is the distribution function of L conditional
on the event L > VaR,(L).
1)Compute Fr|r>var,(z) in terms of Fp.
2)Prove that

MS4 (L) = VaR(14q)/2(L). (1.16)
What is the interpretation?

3)Now let L have the Pareto distribution with distribution function F(z) = 1—(k/(k+z))?
for § > 1 and > 0. Compute the limit
ESa (L)

Jm Ns.@) (1.17)

and provide an interpretation of the result in a risk management context.
Exercise 1.19:

Consider the Standard Black—Scholes model and the derivative that pays X = log St at
time 7. Determine the arbitrage free price of this derivative at time ¢t < T'. Assume the
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natural filtration generated by the Brownian motion. Hint: It may be helpful to consult the
subsection in the appendix on stochastic processes.

Exercise 1.20:

For the shifted distribution

e(&x)
K(€)

as presented in the subsection on importance sampling above, prove that

dFe(z1, ..., xq) = dF(x1,...,xq)

E¢[X] = VA(E).

Exercise 1.21:
In this exercise, we fill in the gaps of the proof of Proposition 1.5.3. Let p be a coherent
risk measure.

1)Show that the set U = {L : p(L) < 1} is open. Hint: Consider ¢ := (1 — p(L))/2.
2)Show that U is convex.

Exercise 1.22:
Prove Proposition 1.5.10.

Practical exercises

Exercise 1.23:

In this exercise, you need the dataset of DAX-returns from Absalon. The dataset consists
of daily log returns of the DAX stock index over the period from January 1990 until July
1996. Assume that today’s price of the stock-index is S,, = 100.

1)Estimate the empirical VaRg g9 and ESg g9 for the one-day loss of a portfolio consisting
of one share of the DAX index.

2)Construct an exact 95% confidence interval for VaRg g9 using the method described on
page 18.

3)Now compute the same quantities for the 10-day loss. This can, of course, be done in more

than one way. Suggest a second approach, and discuss the advantages and disadvantages of
your alternative approach.

Exercise 1.24:

In this exercise, we use importance sampling on a specific example. Consider a company
which invests equal amounts in three stocks, all assumed to have normally distributed log
returns that are independent over time. It is estimated that

X1 = log Spi1 —log S ~ N(u, ),

where

1 1 1
2 L 7 3
1000p = | 1 and 10008 = % 1 -1
1
L 5 —5 |1
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1)We are interested in studying the one-period loss from these investments, given that a
capital of 1000 is invested in each stock at the current time. By simulating X,,+1, compute
VaRg.9999 with a confidence level of 99%. Hint: You need a very large sample size to get
adequate results.

2)Next suppose we would like to estimate
P(Lpn+1 > VaRo.9999)

more accurately, so we use importance sampling. Instead of sampling X, directly, we
simulate according to the probability distribution

dFe(z1, 22, 23) = C’e<§’x>dF(z1, Z9,23)

where F' is the distribution of X,,1; and C' is a normalisation constant. Prove that F¢ is
N(p+ 8¢, S) distributed.

3)By experimenting with some possible choices, find a choice of £ for which the event
{Ln+1 > VaRg.g999} occurs relatively frequently, say with probability 1/2 approximately.
Now compute P(L,+1 > VaRg.g999) with an approximate confidence level of 99%. What
does this say about your estimate in (a)?

4)Finally, suppose that the real goal is to estimate the VaR (rather than the previous tail
probability). To do so, we use importance sampling via the approach in the article [47]. We
introduce the empirical tail distribution function

N
—=(N) 1 1 —(eX,
F (U)ZN;C & (€ >1{Li>u}7

where C and £ are given as earlier and X; has the distribution function F¢ and where L;

is also computed with respect to Fe. It can be seen that N (u) — F(u) as N — oo
where F' is the distribution function of L. Now use the empirical distribution function F' )

to estimate VaRg.ggg9. Hint: the R function uniroot can be used to solve for roots of
univariate functions.



Chapter 2

Extreme value theory

2.1 Introduction

As we saw in the previous chapter, it is essential to be able to estimate high quantiles of
data. Unfortunately, there is often very little data in the tails which makes the earlier
presented methods inadequate for capturing the tail behaviour. Extreme value theory offers
a variety of methods designed to deal with this issue. We start by briefly discussing a
method for assessing a distributional assumption on the underlying data, namely the QQ
plot. Afterwards, we introduce distributions with regularly varying tails and we discuss
methods of doing statistics with such distributions. Highlights include the Hill estimator
for the tail index of regularly varying distributions and the Peaks over threshold method.

Data analysis

Let x4, ..., z, be observed data. If we want to use this data to make predictions about future
values, it is natural to propose a distribution F' and assume that x1, ..., x, are realizations
of iid variables X7, ..., X,, with distribution F. The QQ plot (quantile-quantile plot) can be
used to determine whether F' is a reasonable choice of distribution. The QQ plot consists

of the points
— 1
{<F<_ <anFT> 7xk~n> k=1, ,n}
" ;

where as usual, 1, > ... >z, , denotes the order statistics of the sample. Recall that
n—k+1
FF|——— ) ==
" ( n+1 > .

where F), is the empirical distribution function. If F' is the true underlying distribution
function for the data, F,, — F a.s., so that

— n—Fk+1 ~ n—Fk+1 .
’ n+1 n+1
Hence we expect the QQ plot to be a straight line through 0 and with slope 1 if the data
truly comes from the reference distribution. The plot tells a bit more however. If the true

underlying distribution is an affine transformation of F', the plot will still be a straight line.
If that is the case, we can estimate proper location and scale parameters. The plot also

35
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indicates whether the reference distribution has lighter or heavier tails than the empirical
sample. See the plots below.
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Figure 1: Four examples of QQ plots. We have 500 simulated values from the following
distributions: Standard exponential (upper left), folded/truncated normal (i.e. |X]| for
X ~ N(0,1)) (upper right), standard lognormal (i.e. logX ~ N(0,1), lower left) and
the Pareto distribution with k = 1 and o = 2 (lower right). The reference distribution is
standard exponential. The green line has slope one and intercept zero.

Consider the plots for a moment. The plot in the upper left corner shows that the data
follows a straight line with slope one and intercept zero which is expected, since the under-
lying law of the empirical distribution equals the reference distribution. For the truncated
normal, we see that the data curves downwards, indicating lighter tails than the exponential
distribution. For the lognormal and Pareto distributions, the data curves upwards, indicat-
ing heavier tails than the exponential distribution.

Standard distributions in statistics include the normal, exponential and gamma distribu-
tions. These all have in common that they are light-tailed in the sense that the mgf of
these variables exists in some neighbourhood around zero. This is not typical behaviour for
log returns in a financial situation. These distributions are usually a lot more heavy-tailed.
Heavy-tailed distributions include the regularly varying distributions such as the Pareto
along with moderately heavy-tailed distributions such as the lognormal. In these cases,
the mgf does not exist. We will now scratch the surface of the theory of regularly varying
distributions.

2.2 Regular variation

Regular and slowly varying functions

Definition 2.2.1. A measurable function h : (0,00) — (0,00) is called regularly varying if
there is a p € R such that for all ¢ > 0,

lim h(tx)

=t
T—00 h(x)
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In this case, we write h € RV,,. If h € RV, we call h slowly varying.

Example 2.2.2. Constant functions and log are examples of slowly varying functions. o
The following characterisation of regularly varying functions will prove useful.
Proposition 2.2.3. h € RV, if and only if h(z) = L(x)x? for L a slowly varying function.
Proof. Assume h € RV,. Define the function L(x) = h(xz)z~?. Then for ¢ > 0, we have

—p
i 200 g )@ RO e

so L is slowly varying and satisfies h(x) = L(x)z?. The converse implication is also easy
and is left to the reader. ]

Definition 2.2.4. A distribution function F is reqularly varying if F =1 — F € RV_, for
some a > 0. « is called the indez of F.

The definition says that F' is regularly varying of index av > 0 if for all ¢ > 0, it holds that

P(X > tx)

m—)t_a as T — o0

where X has distribution function F. Equivalently by the above proposition, P(X > z) =
L(z)z— for a slowly varying function L. A celebrated result for regularly varying functions
is the following result by Karamata.

Theorem 2.2.5 (Karamata’s Theorem). Let L be slowly varying and locally bounded in
[0, 00) for some xg > 0.

(a) If B > —1, then

r 1
PL)dt ~ ——2P T L(z), 2 — .
[ P~ e L)

(b) If B < —1, then
> 1

In words, f:} tBL(t)dt and f;o t3 L(t)dt behave asymptotically like the integral of a power
function. The slowly varying function plays little role asymptotically. A proof of Kara-
mata’s theorem can be found in e.g. [102]. The following representation theorem is a direct
consequence.

Corollary 2.2.6 (Karamata’s Representation Theorem). L is slowly varying if and
only if we can write

= 5;) dt
)

L(x) = co(x)e’=o x> x

where co(x) = ¢o > 0 and e(x) — 0 for x — oo and xg > 0.
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Proof. In the exercises, you will show that a function of the given form is slowly varying.
For the converse implication, assume L is slowly varying. Define

xL(x)

b(x) := W

By part (a) of Karamata’s Theorem for 8 = 0, we have b(z) — 1 for z — oo. Define
e(z) = b(z) — 1. We see that

and

Coe@) (7 L(t)
/1+x0 Tdt = o mdt — (log(x) —log(1 + zg))

-/ oy (1og / t L(s)d8> ~ (log(x) — log(1 + 20))

+xo 0

T 1+z9
~ log / L(t)dt — log / L(t)dt — log

o z0 1+£E0
[rod

= log - — log .
S Lty 1+

Take the exponential function to get

Toelt) ) _ 1w fo L®d 1+ 20
P (/mo t dt) IO o )b(x) Sk Lit)dt

We conclude that the desired representation follows by letting

b(x) [2 770 L(t)dt
1+ 2

co(x) =

The Generalised Pareto Distribution

The following distribution will play an essential role later on in the chapter.

Definition 2.2.7. The Generalised Pareto Distribution (GPD) has distribution function

N -1/~
G%B(J?)Zl—(l-i-ﬁ) s x>0

where v > 0 and 8 > 0 are parameters.

Lemma 2.2.8. The Generalised Pareto Distribution with parameters 3,y > 0 is reqularly
varying with index 1/+.
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Proof. Simply note that

so for ¢t > 0, we have

= z\ —1/7 6] -1/~
1+ 22 L4t
lim M = lim <B> = lim (W ) = ¢/,

T—00 G'y B(x) T—00

The following proposition highlights a few additional properties of the GPD.

Proposition 2.2.9. Assume X has a GPD with parameters v > 0 and 5 > 0. Then
E[X] < o if and only if v < 1. Furthermore,

(i)
S N | 1
E (1+ﬂX) ]_1+7T7 7">—;,
(it)
k
E (log (1+Z)X>> 1 — Kl keN,
(iii)

B
(k+1—7)(k+1)

E[XG,5(X)"] = k+1—~>0.

(iv) For x1,xs > 0, it holds that

Gyplxr+m2)

= =G o (T2).
G%B(Il) B8+ ( 2)

(v) If v < 1/k with k € N, then

BE T(1/y—k

Proof. The proofs of (i) - (iv) are left to the reader, see Exercise 2.10. The proof of (v) goes
as follows. The density of X is

d 1 ~t/-l
pale) =~ Gl = 5 (14 75)

Thus, plugging in the density of X and applying the substitution u = vz /3, we get

> 1 ~yx —1/y-1 gk 1 11 B
E[X* :/ k= (1+> dx = kS (14u)TV 1 o
X o B 5 o B( ) v

_F oouk(l—i—u)_l/”_ldu
_,yk+1 0 :
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The trick is now to apply another substitution, namely v = (1 +u)~!. Then u = 1/v — 1
and du = —v~2dwv, so

kool kool 1o \K
BlxF) = o / (1/v — 1)kt 71y =2y = b / (H) v/
0 0

7k+1 ,yk—&-l v

Bk 1
= 77k+1 / (1- v)kﬂflvl/”’*k*ldv.
0

We recognise the integral as the beta function, and we conclude that

AR T(k+1+1/y—k  AMID(1+1/7)

It turns out that the GPD arises naturally when considering excesses over thresholds, as we
shall see later when we discuss the POT method. The full justification for using the GPD
in this way is postponed to the supplementary section at the end of the chapter.

2.3 The Hill estimator

Deriving the Hill estimator

From a statistical perspective, it is of interest to determine the tail parameter « if the
underlying distribution of the data is assumed to have a regularly varying distribution. We
present two such methods. In the following, we assume F' € RV _,, so that F(z) = L(z)z~%,
and the goal is to estimate a. A popular estimator is the Hill estimator, which we now
derive. Let f = —a — 1 where a > 0. Karamata’s Theorem implies

e 1
/ e L(z)dr ~ —u"%L(u), u— 00
w o

so for F(x) = L(z)z~%, we have

[eS) . 1_
/ 1 F(x)dr ~ —F(u), u— oo.
u a
We rewrite the left hand side. First note that (logz — logu)’ = 1/x. We can now apply
integration by parts (see the appendix for a review) and obtain

oo

/OO 27 "F(z)dz = [(logz — log u)F(x)]Zo - / (logz — log u)dF(x).

u

F(z) decays like = and hence decays to zero faster than logz grows to oo and thus the
first term is zero. By using that dF'(z) = d(1 — F(x)) = —dF(x), we get

o}

/u h 7 F(2)dr = / (log z — logu)dF (z)

u

and so
1

F(u)

e 1
/(1ogm—1ogu)dF(x)—> , U — o0.

(07
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This is a theoretical result. To turn this into an estimator, we have to use the empirical
distribution function. Suppose we have iid data x1, ..., x,, distributed according to F'. Order
the samples, 21, > ... > =y . Let F,, denote the empirical distribution function. We can
then approximate F' by F,,. Replacing F' by F), in the above expression yields

1

1 oo
> Fn(u)/u (logx —log u)dF, (x).

for sufficiently large u. We want to simplify this expression. Let N, denote the number of
observations greater than u i.e.

Ny = #{i:z; > u},

then F,(u) = N,/n. Also recall that F,,(zx,) = (k — 1)/n. Now choose a “small” k and
set w = x,,. Then

n

J

n

1 k
P (log z;n —log g »)

| gy~ 1o an)ar, ) =
w 1

k
1
i Z(log zjn —logzi.n)
j=1

since each jump of F;, is of size 1/n and the jth jump of F, occurs at x; , (see the appendix).
Replacing k£ — 1 by k gives us the Hill estimator.

Definition 2.3.1. Let z1,...,x, be a sample from a regularly varying distribution with
index . Let x1,, > ... > z, , denote the order statistics. We call

-1

k
Z(log Zjn —logzy.n)

Jj=1

| =

ap =

the Hill estimator of a.

Remark 2.3.2. Note that @y depends on k i.e. the threshold.

Choosing the threshold - Hill plots

It is natural to ask how we choose a good value of k. Choosing k small, we get few data points
which increases the variance of the estimator, so the estimate is not sufficiently robust. On
the other hand, choosing k large makes the approximation based on Karamata’s Theorem
imprecise. Furthermore, it often happens with real data that the center and the tail have
very different distributions, so taking too many data points close to the center makes the
estimator biased. One often chooses k based on a Hill plot. A Hill plot consists of the value
pairs
{(k,ar) : k=2,...,n}

and the value of k is chosen in a region where the estimator looks stable. We stress that
this does not always occur for real data.
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Example 2.3.3. A very classical data set in extreme value theory is the Danish fire insur-
ance data. The data consists of large Danish fire insurance claims from 1980 to 1990. The
data is available in the R package evir which has functions to compute estimates and make
plots related to extreme value theory. We present some plots of the data below.

Time series plot of the data Histogram of the log-transformed data

2004

2004
1504

1004
100
| ‘I‘II
od “Illlllllllll-l.. - i
3 2

o4

1980-01-03 1982-11-27 1985-10-12 1987-12-20 1990-04-04 4

Figure 2: Exploratory plots of the Danish fire insurance data.

Below is a Hill plot of the data:

Hill plot for the log-losses

Estimator
~

0 300 600 900
Threshold k

Figure 3: A Hill plot of the Danish fire insurance data.
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The plot looks stable from around k& = 300. We have @izgg = 1.4357, and this is one of many
estimates we can choose to report. There is no single correct answer for the choice of k and
very often, real life data is much more ugly than this particular data set. This illustrates the
importance of applying different tools in extreme value theory before drawing a conclusion.

o)

Estimating quantiles with the Hill estimator

Using the Hill estimator, we can compute the Value at Risk at level 5, VaRg (the letter o
is already used). We want to solve for z in the equation P(X > z) =1 — 5. Choose k, xj »,
by looking at the Hill plot. Since X is regularly varying,

F(m)zF( < ;vk}n> N( ’ ) F(zk,) as x— o0o.
Tk,n Tk,n

Now replace F' by the empirical distribution function F,,. Since F,(zx.) = (k — 1)/n, we

obtain R
— k-1 z \
Flr)~ —— .
(x) n (kaL)

Now set F(z) = 1 — /3 and solve for z. This solution is our estimate of VaRg(X). You
are asked to provide the details of this estimate in Exercise 2.11 where we also consider the
Expected Shortfall.

Statistical properties of the Hill estimator

The statistical properties of the Hill estimator have been studied by several authors. The
proofs of the following statements are quite technical and rely on a quite extensive back-
ground of theory for order statistics. To illustrate the depth needed to tackle these statistical
problems, we have provided a path for proving the first assertion in Exercise 2.26 to 2.29
below. See also the notes and comments at the end of the chapter for references. In the
following, the threshold k is treated as a function of n.

Theorem 2.3.4. Let {X,,} be an iid sequence of variables with a regularly varying distri-
bution with index o > 0. The following holds

(i) (Weak consistency): If k — oo and k/n — 0, then
~ P
A — Q.
(ii) (Strong consistency): If k/n — 0 and k/loglogn — oo, then

ar — o a.s.

(i1i) (Weak convergence): Under suitable conditions on k and the distribution of X1, it
holds that
VE@r — o) -5 N(0,02).

Remark 2.3.5. One should be careful concerning the third assertion on weak convergence.
The assumptions on the underlying data are unverifiable in practice, and one should expect
an asymptotic bias to enter. For precise details on this asymptotic bias, see e.g. [52] and
the references in the notes and comments at the end of the chapter.
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Example 2.3.6. Let’s consider the Danish fire insurance data again. Using part (iii) of
Theorem 2.3.4, we can easily compute asymptotic confidence bands. The following figure
shows the Hill plot from before but with these confidence bands added.

Hill plot for the losses

Estimator

300 600 900
Threshold k

Figure 4: A Hill plot of the Danish fire insurance data with asymptotic 95% confidence
bands.

2.4 The Peaks over threshold (POT) method

Overview of the method

Real data often has two “components”, namely a center component and a tail component.
Often the tail of the data is described by a different distribution than the values close to
the center. The following definition captures the idea of considering the tail component.

Definition 2.4.1. Given a distribution function F' and a positive threshold u, we define
the excess distribution function F,, via the tail

Fu(x)P(X>u+x|X>u)W, x> 0.

Rearranging, the above definition can be expressed as F(u + x) = F(u)F,(x) for z > 0. If
we have a sample 21, ..., 2, and N, = #{i : z; > u}, then F(u) = N, /n. To estimate F',, (),
we apply the Generalised Pareto Distribution. To justify this, note that by the assumption

of regular variation, we have

F(tu)

F(u)

—t7% for u— oo.
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Hence for large u,

Fo(z) = W ~(1+ %)ﬂ.

There is some cheating involved here. t = 14z /u depends on u, but since t — 1 as u — oo,
the approximation is justified. Recall that the GPD with parameters 3,y > 0 has tail

-1/ -
el - 1z - AT
G, p(x) = (1—1— ﬁ) (1+u) for x>0

where v = 1/a and 8 = B(u) = u/« (while 8 depends on u, one chooses a fixed u so that g
is also fixed). We can now describe the POT method in two steps:

(i) Estimate F(u) =~ N, /n.
(ii) Approximate I, (x) by a GPD with parameters ~y, 3 > 0.

There are two things we need to elaborate on concerning step (ii). First of all, we need to
choose a threshold u. Second, we need methods for estimating 8 and «y. Let us first address
the second issue. If we have a sample x1,...,2,, we start by discarding all z; < u and
consider the excesses z; := x; — u for the remaining x; with z; > u. We are then left with
a subsample 21, ..., 2y, for all ¢ =1,..., V,,. The parameters 8 and « are then estimated via
maximal likelihood based on the z subsample. The likelihood function is

N,
T d

Ly, Bi21, o ov,) = [ [ r(z) for - gy5(2) = 2= G ().
i=1

We can be specific and compute

—1/v-1
1
gvy,8(x) = 3 (1—&—%) , x>0.

We can then consider the log-likelihood

N
l(’%B;Zla "'7ZNu) = IOgL(%ﬁa 21, "'7ZNu) = Zlogg’)’,ﬂ(zl)
=1

Ny

5 (o hm(4)

)

and maximising this equation numerically in terms of 5 and -y yields the maximal likelihood
estimators (8, and ¥,. It is possible to construct asymptotic confidence intervals by using
the following result.

N
1 N :

—NulogB—HZIOg(l—f—’y;
LA

Theorem 2.4.2. For vy > —1/2, it holds that

\/N7u<:?n%%1> i>/\f(0,M71) for N, —



46

where
-1 _ 1+’7 —1
M —(1+’y)(_1 9 )

We now return to the first problem of determining a good value of u. As usual there is a
tradeoff between getting sufficiently many datapoints and choosing a value large enough so
that the asymptotics “kick in”. The main tool for this job is the mean-excess function.

The mean-excess function

Definition 2.4.3. Let X be an integrable random variable with distribution F'. The mean-
excess function of X is defined as

e(u) = E[X —u| X > u.

The following formula is extremely useful for computing the mean-excess function when the
distribution function is known.

Proposition 2.4.4. Let X be an integrable random variable with distribution function F.

Then
1 g
e(u) = T /u F(x)dx.

Proof. We present two proofs. The first is based on integration by parts and goes as follows.
We compute

1
F(u)

e(u):/ow(m—u)dP(X§x|X>u): /Oo(m—u)dF(a?)

and using integration by parts, we get

/uoo(x —u)dF(z) = —/Oo(x —w)dF(z) = [~(z —w)F(z)]) + /:OF(:U)dx

*_
= / F(z)dzx.
u
To see why xF(x) — 0 for x — oo, note that (assuming z > 0),
2F(z) = Elzlxsa] < B[X1{xs0]-
The integrand is bounded by | X | which is integrable, so the dominated convergence theorem

yields F (z) — 0 for z — oo as desired. Collecting pieces finishes the first proof. The other
proof relies on the formula'

E[X]] = /OOO P(IX| > t)dt.

LIf this formula is unfamiliar to you, try to prove it! Hint: Use Tonelli’s theorem.
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With respect to the measure p(-) = P(:|X > u), the random variable X — u is non-negative
almost surely, so with £, indicating that the mean is taken with respect to u, we have

e(u) = Bu[X — ] :/ u(X—u>t)dt:/ P(X —u>t|X > u)dt
X . 0 0
7/ P(X —u> t)dt.
u) 0
Applying the substitution = t + u finishes the second proof. [ |

Now assume that F' is regularly varying and that the tail parameter « satisfies « > 1. Using
Karamata’s Theorem, Theorem 2.2.5, we get

oo e} L —a+1
/ F(z)dx = / L(z)x™%dx ~ _LGwutt for uw— o0
“ w —a+1

o
() 1 L(uu—ott u .
e(u) ~ = as U — 00
Liuwu— «a-1 a—1

which shows that e(u) becomes linear asymptotically. This is a crucial observation and
hence we state our findings as a proposition.

Proposition 2.4.5. If F' is regularly varying with index oo > 1, the mean-excess function

e(u) satisfies
u

e(u) ~ as  u — oo.
To see how the mean-excess function helps in determining a suitable u, we consider the em-
pirical mean-excess function. The idea is to replace F' and F' by their empirical counterparts.

The empirical mean-excess function is given by

e n — 1
/ (m - U)an(:L‘) = N § (ﬁj,n - u)]-{mj,n>u}ﬁ
u u

j=1

en(u) = Nul/

1
Z wﬂ n 1{m7 n>u}

n

n
u :
If we set u = xy,, for some k = 2,3,...,n (k =1 is excluded since e, (u) = 0 in this case),
we can simplify the above expression to

k
en(xkn = E x], xkn

Using the empirical mean-excess function we can construct a mean-ezxcess plot by plotting
the values

{(@km,en(Trn)) : k=2,3,....,n}.

If the values 1, ..., T, come from a regularly varying distribution, the plot will roughly look
like a straight line for large thresholds. For distributions with lighter tails, the mean-excess
function will either decrease or remain roughly constant. It is left to the reader to compute
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some examples of mean-excess functions in the exercises. Some examples

plots are below.

Mean excess

025

Standard exponential

fﬂ- P
I\ fo w 2

o

Mean excess

Standard normal

of mean-excess

0 2
Threshold

Standard lognormal

Mean excess

Mean excess

o
Threshold
Pareto

.
.

/

Threshold

0 50 100
Threshold

Figure 5: Examples of mean-excess plots based on 500 simulated values from the following
distributions: Standard exponential (upper left), standard normal (upper right), standard
lognormal (lower left) and the Pareto distribution with x = 1 and a = 2 (lower right).

The plots should serve not just as an example but also as a warning. The behaviour of the
large values in the plots are very chaotic, and one should be cautious in the interpretation
of such plots. To illustrate this further, the following plots are made with the exact same
distributions but with a different simulated sample.
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Standard exponential Standard normal
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Figure 6: More mean-excess plots with the same distributions as before, but with a new
sample.

Some statistical properties of the mean-excess function is covered in the following result.
They explain the chaotic behaviour in the plots above.

Theorem 2.4.6. Let {X,,} be an #d sequence of random wvariables with X1 ~ F and
E[|X1]] < co. Fiz a threshold u such that F(u) < 1. Then

en(u) — e(u) a.s. as n— oo.

If also E[X?] < 0o, we have

Viea(u) — e(u) <5 A (o, “<U>—<U>>

1—F(u)
where e (u) = B[(X —u)? | X > u].
Proof. For the first part, we see that we may rewrite the empirical mean-excess function as

_ ZZL:I Xil{Xi>u} —u

en(u) Z;L:l 1{X¢>u}

Using the SLLN, we get that a.s.

en(u) — E[();(Xull{quu}] —u=FEX-u|X>u] =e(u)

as desired. For the second claim, we know by the CLT that the vector

1y
7. = (7 2iz 1{Xi>u})
( %21:1 Lixi>uy
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satisfies
NG (Zn - (E[XI;({;‘)O“}])) -5 N (0, 5(w)

where

E(u) _ (E[Xlzl{X1>u}] - E[Xl{X1>u}]2 E[Xll{X1>u}]F(u))
EX11{x,>uylF(u) F(u)(1 = F(u))

Now note that e,(u) = f(Z,) where f(z,y) = z/y. The gradient of f is Vf(x,y) =
(1/y, —x/y?). Using the delta method (see Theorem C.2.8 in the appendix), the asymptotic
variance o2(u) of v/n(e,(u) — e(u)) is

o2 (u) = Vf (BX11(x, 5], F(w) " S)VF(EX11x,50), F(w)
_ e (u) — e(u)?
1— F(u)

by easy, albeit tedious, calculations. |

It is clear that for very large thresholds w, the denominator in the asymptotic variance
becomes very small, causing the asymptotic variance to explode. This explains the irratic
behaviour of the above plots for large values of u. As with any asymptotic normality result,
the above proposition can be used to construct confidence intervals for the mean-excess
function if one so desires. One should however be cautious in putting too much faith in
these confidence bands due to the exploding variance for high thresholds.

It often occurs in practice that the tail and center of the data behave very differently. For
example, the tail could behave like a regularly varying distribution while the center acts
light-tailed such as a normal or gamma distribution. In that case, the mean-excess plot will
probably only become linear for large values of u. In any case, one should use the plot to
find a value of u where the points begin to form a straight line. We illustrate this with a
(by now well-known) example.

Example 2.4.7. Let us again consider the Danish fire insurance data. We want to model
the excesses using the POT method. We wish to determine a proper threshold and therefore
make a mean-excess plot:
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ME-plot of the Danish fire insurance data
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Figure 7: Mean-excess plot of the Danish fire insurance data.

The plot looks very linear for all thresholds, indicating Pareto tails. A word of warning:
This is typically not the case for real data! The Danish fire insurance data is in a sense
too nice to illustrate this point. Based on the plot, we choose the threshold v = 4. While
the linear trend may begin for slightly larger values, this choice also gives us sufficient data
to work with. To fit the Generalised Pareto Distribution, we apply maximum likelihood
estimation using the gpd function in the evir package ([96]) as follows:

data(danish)

u <- 4

gpdfit <- gpd(danish, threshold = u, method = "ml")
gpdfit$par.ests

This gives the estimates ¥ = 0.7209 and B = 2.6291. We now plot the empirical tail and
the tail from the POT approximation:
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POT approximation for the Danish fire insurance data

0.05

Figure 8: Red/dashed: The empirical tail from the data, F,(u + z). Blue/solid: The
corresponding tail from the fitted Generalised Pareto Distribution.

The approximation looks very good. Usually, one is not so lucky. If one is interested in
a statistical goodness of fit, a possible way (which is also implemented in evir if one uses
plot around a fitted gpd object) is to consider the excesses z; = x; — u which should
be approximately GA 5 distributed. Hence —log GA (zz) (which we call the generalised
residuals) should be appr0x1mately standard exponentlal distributed. We make a residual
plot and a QQ-plot of the —log GA (zl) against a standard exponential distribution and
get the following:

Plot of generalised residuals QQ-plot of quantiles

61 . 64

S
.
=

Generalised residuals
.
-
'.
-
-
Sample quantiles

.
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-~

Ao . ; 2dn e
.‘.0-‘.,“ o ) K :; - .-i'} {‘
04 ..\ L WP e a” e 1 04
0 100 200 300
Ordering

Figure 9: Diagnostic plots for the fitted GPD.

We see no clear tendencies of the generalised residuals. Some of them are quite large, but
otherwise the left plot looks good. The right plot also looks good. While some of the sample
quantiles are below the line with slope one and intercept zero, the residuals overall seem to
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follow a standard exponential distribution. We conclude that the model is an adequate fit.
O

2.5 Maximum domains of attraction*®

The goal of this supplementary section is to provide the theoretical links between regularly
varying distributions and the POT method. This also serves to justify many of the choices
one explicitly makes when applying these methods in practice such as assuming that the
excesses over a certain threshold satisfy a GPD. This theory is elegantly formulated via the
Generalised Extreme Value distribution (GEV) and so-called Mazimal Domains of Attrac-
tions. Maximal Domains of Attraction (MDA’s) are intricately linked to the notion of a
max-stable distribution, and this concept is the starting point of our discussion.

The Fisher—Tippett Theorem

Definition 2.5.1. A random variable X (or its distribution function F') is called maz-stable
if there exist sequences {c, },{d,} C R with ¢, > 0 such that for {X,,} iid with X; ~ F, it
holds that

max{X7y,..., Xn} 4 cn X1+ dy,.

A classical problem in extreme value theory is the following question: If M,, := max{X;,..., X, }
for an iid sequence {X,,} satisfies

M, —d,

47 as n—oo (2.1)
Cn

for Z non-degenerate, what are the possible distributions of Z7 It turns out that these
distributions coincide with the max-stable distributions.

Theorem 2.5.2. The class of possible limit distributions in the setting of (2.1) is the same
as the class of maz-stable distributions in the sense of Definition 2.5.1.

The proof of this fact relies on the following technical result, a proof of which can be found
in Chapter 0.3 of [102].

Theorem 2.5.3 (Convergence to types theorem). Let XY, X1, Xo, ... be random vari-
ables and an, o, € R, by, By, > 0 constants. Assume

Xn*n
5 a i>X as n — o00.
Then
X, —an,
—Y as n— o0
Bn
holds if and only if
lim 2 —pe[0,00) and lim 0 _geR
Jm, g =belee) and lip 2= ek,

In this case, we have Y LbX +a.
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This theorem tells us that the limit distribution of a sequence of random variables is uniquely
determined up to location and scale.

Proof of Theorem 2.5.2. It turns out that Z has to be continuous as will follow from the
main theorem below. Hence we assume that Z ~ H for a continuous distribution function
H. The condition (2.1) is equivalent to (letting X; ~ F)

lim F"(cpx+d,) = H(z), zeR.

n—oo
Taking k’th powers, we get

lim F™*(c,x 4+ d,) = (lim F"(c,x + dy))* = H*(2)
n—o00 n—o00
and
lim F™ (cppx 4 dng) = H(z)
n—oo
for all z € R. Translated into random variables, these relations tell us that if Y7,..., Yy ~ H

are iid, then

X1, .., Xok} —dy
max{Xi, ..., Xnk i>max{Y1,-~-7Ykr}

Cn

and
max{Xl,...,Xnk}—dnk i>Y1

Cnk

for n — oo. Applying the Convergence to types theorem, there exist limits

. Cnk . d k —d
by = lim =~ and aj:= lim ——=
n—oo Cp, n— 0o Cn

such that max{Y7, ..., Y3} 4 b, Y1 +a,. This shows that H is a max-stable distribution. The
converse implication is trivial, completing the proof. |

The following theorem, a cornerstone in classical extreme value theory, completely charac-
terises the limit distributions of centered and normalised maxima.

Theorem 2.5.4 (Fisher—Tippett Theorem). If {X,} is a sequence of iid random vari-
ables and {c,},{d,} C R are deterministic sequences such that

max{ Xy, ..., X,} —d, A

Cn

for a non-degenerate distribution function H, then H has to belong to one of the following
three classes of distributions (o > 0 is a parameter):

(i) Fréchet:

(ii) Weibull:
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(iii) Gumbel:
H(z)=Ax)=e* , z€R.

Remark 2.5.5. The Weibull distribution is typically defined as having the distribution func-
tion

Fyo(z)=1- e~ @NT 250
for parameters A\, > 0. This is not the same distribution function as the one presented
above, but they are related through the identity

Uy(z) =1—Fo(—2), z<O0.
In this section, when we refer to the Weibull distribution, we mean the distribution ¥, from

the Fisher—Tippett Theorem.

The proof of this result lies in establishing the form of the distribution function H. This
involves solving certain functional equations. For details, we refer to Chapter 0.3 of [102].
The Fisher—Tippet Theorem makes it meaningful to attempt to classify which distributions
belong to which limit distribution (if any) when its maxima have been properly normalised.

Definition 2.5.6 (Maximal Domains of Attraction). Let H denote one of the possible
limit distributions in the Fisher—Tippett Theorem. If X satisfies (2.1) for this H, we say
that X is in the Mazimal Domain of Attraction for H and write X € MDA(H).

If X has distribution function F', we will also write ' € MDA(H) instead of X € MDA(H).
Theorem 2.5.2 tells us that each of the three possible limit distributions should be max-
stable. The normalising constants ¢, and d,, are given in the following lemma.

Lemma 2.5.7. The normalising constants (see Definition 2.5.1) for the limit distributions
in the Fisher—Tippett Theorem are given as follows:

(i) Fréchet: c, =n'/* d, = 0.
(ii) Weibull: ¢, =n~'/ d, = 0.
(iii) Gumbel: ¢, = 1,d,, =logn.
Proof. Left as an exercise for the reader. |

We now provide examples of distributions belonging to different MDA’s. More examples
can be found in the exercises.

Example 2.5.8. Assume X has Pareto tails, F/(r) ~ K2~ for some o > 0. We claim that
F is in MDA(®,,). We need to find sequences {c,} and {d,} with ¢, > 0 such that

F"(cpx + dy) = Do ().

a

We guess that d,, = 0. Then we need to determine ¢, such that (1 — K(c,z)"*)" — e~ *
for every z > 0. We see that ¢, = (Kn)Y* leads to

Kx=o\ “ -
F(epz) = (1 -~ n ) —e T =0,(x)

as desired. o
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Example 2.5.9. Consider the uniform distribution. In this case,

0, <0
F(z)=<z, z€[0,1]
1, =z>1

Hence F™(x) = 2™ for x € [0,1]. Now consider some z < 0 and let ¢, = n~!,d,, = 1. Then
for large enough n,

F™ ez + dy) = (1 - f) et =V (2).
n
This shows that the uniform distribution is in MDA (U _,). o

Example 2.5.10. It turns out that the normal distribution is in MDA(A), but it is not
trivial to show. For further arguments, see Example 3.3.29 in [30]. We state that the
normalising constants may be chosen according to

_ loglogn + log 4w —
cn ~ (2logn)™Y2, d, = +/2logn — 5V2Togn +o((logn)~'/?).

Characterisations of maximal domains of attraction

We here present some characterisations of the three different maximal domains of attration
without proof.

The Fréchet MDA

In the examples above we saw that the Fréchet MDA contains all distributions with Pareto-
like tails. It is therefore natural to suggest that this MDA contains all regularly varying
distributions. Even more is true as the following theorem says.

Theorem 2.5.11 (MDA (®,,)). A distribution F' belongs to MDA (®,,) if and only if it is of
regular variation with indexr o > 0. In this case, one may choose the normalising constants

by
cn=F~(1-n""), d,=0.

The case of Pareto tails, F'(z) ~ Kx~* for o > 0, we may solve for generalised inverse of
1 — K2~ yielding p ~— ((1 — p)/K)~*/®. A choice of normalising sequence is thus

1—(1—n"1)\ /"
cn—<(Kn )> = (Kn)"*, d,=0.

This sequence is identical to the one from before.
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The Weibull MDA

We saw earlier that the uniform distribution was in the Weibull MDA. It turns out that
all distributions in this maximal domain of attraction have finite right endpoint. A precise
classification is the following.

Theorem 2.5.12 (MDA(V,)). A distribution F' belongs to MDA(V,) for a > 0 if and
only if vp :=sup{r € R: F(z) <1} < oo and z +— F(zp —271) € RV_,. In this case, one
may choose the normalising constants by

cn=ap —F~(1—=n"Y, d,=2p.

The reader can verify that the normalising constants we found for the uniform distribution
coincide with the ones provided by the theorem.

The Gumbel MDA

It turns out that characterising the Gumbel maximum domain of attraction is quite involved,
and it takes a bit of work to provide a satisfying answer. Applying the Taylor expansion of
e® to A(z) = e ¢ ", we obtain

Az)=1+e " 4o(e™™), ie. 1—Alx)~e ™ x— 00

This shows that the tail decays exponentially. Hence we should expect distributions in
MDA(A) to have all moments. In that sense, MDA (A) comprised light-tailed distributions.
This will become clearer in the following characterisation using von Mises functions. Recall
that zp := sup{x € R: F(x) < 1} denotes the right endpoint of a distribution function F'.

Definition 2.5.13 (Von Mises function). Let F' be a distribution function, continuous
at its right endpoint zp < co. Suppose that for some z < xr, we may write

F(z) = cexp (— /: a(t)_ldt> , z<x<ap

with ¢ > 0 a constant and a a function which is positive and absolutely continuous with
respect to Lebesgue measure, where the derivative o' satisfies o/(z) — 0 as ¢ T . Then F
is called a von Mises function and a the auxiliary function of F.

The auxiliary function determines the von Mises function up to multiplication by the con-
stant c. Indeed,

where f is the density of F. Thus a(z) = F(x)/f(x). The reader may recognise this function
as the inverse hazard. It turns out that every von Mises function is in the maximum domain
of attraction of the Gumbel.

Proposition 2.5.14. If F is a von Mises function with auxiliary function a, then F €
MDA(A). The norming constants can be chosen according to

dy =F~(1—=n"Y, ¢, =aldy,).
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This result is not the whole story however, but it is the first step. A complete characterisation
can be obtained by slightly altering the von Mises function representation.

Theorem 2.5.15 (MDA(A)). A distribution F is in MDA(A) if and only if there exists
z < xp such that F' has representation

F(z) = () exp ( / ’ Zg;dt)

with ¢ and g measurable functions such that ¢(x) — ¢ > 0 and g(x) — 1 for x 1 1 and
a a function satisfying the same requirements as for a von Mises function. The norming
constants for F' with this representation can be chosen according to

dy =F~(1—=n"Y, ¢, =aldy,).
Furthermore, a choice for the function a is

1

") =55 /x R,

that is, the mean-excess function.
Another characterisation can be obtained via the natural notion of tail-equivalence.

Definition 2.5.16. Two distribution functions F and G are called tail-equivalent if xtp = z¢

and _
lim E(z) =

for a constant ¢ € (0, 00).
We may then provide the following very elegant characterisation.

Theorem 2.5.17 (MDA (A)). The mazimal domain of attraction for the Gumbel distribu-
tion consists of von Mises functions and their tail equivalent distribution functions.

Several famous distributions belong to the Gumbel maximal domain of attraction. It is clear
that the exponential distribution is a von Mises function. The same is the case for Weibull
distribution with distribution function

Flz)=1—e @Y >0

for parameters A\, & > 0. It can also be verified that the gamma distribution is in MDA(A).
For more examples of distributions and their respective maximal domains of attraction, see
Exercise 2.31.

Statistical implications

For the purposes of risk management, we are interested in the implications of the MDA
membership of a distribution on our ability to estimate quantities of interest such as high
quantiles (VaR). For statistical purposes, it turns out to be fruitful to work with a more
general representation of the three limit distributions that appear in the Fisher-Tippett
Theorem.
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Definition 2.5.18 (Generalised Extreme Value distribution (GEV)). The Gener-
alised Extreme Value distribution has distribution function given by

H,(z) =exp <—(1 —i—'ya?)_l/'y) , 1+~v2>0

for v # 0 and Hy(z) = exp(—e™%).

We remark a few things. First of all, H, is continuous in + since lim,_,o H,(z) = Ho(x).
Second, the support of H., is (—y~!,00) for v > 0, (—o0, —y~!) for v < 0 and R for v = 0.
The case v > 0 corresponds to the Fréchet distribution via the relation

T+ o 1
H’y(x):(l)oc( o >, 0(25,

while the case v < 0 corresponds to the Weibull distribution via
r—o 1
Hv(a:):\Ila< - ), o=—-—.

And of course Ho(z) = A(z). The main takeaway from these relations is of statistical
nature. The unified representation of the three limit distributions as a single distribution
function allows a common statistical treatment. For example, estimating « in a regularly
varying distribution is equivalent to estimating v via e = 1/5. This representation also
provides further properties linking memberships of maximal domains of attraction to the
POT method. If one redefines the GPD to allow for general v € R, then we obtain the
following theorem.

Theorem 2.5.19. For any v € R, F € MDA(H,) if and only if

lim sup |Fu(z) — G’y,B(u) (z)[ =0

utzp O<z<zp—u
for some positive function (.

In words, F' belongs to the maximum domain of attraction of some distribution if and
only if the excesses over a sufficiently large threshold u are close to a Generalised Pareto
Distribution. This justifies the approximation

Fu(z) ~ Gy p(u)

from the POT method. There we used maximum likelihood on the excesses to determine
the “function” . As a final note, we mention that the GEV can be extended to also have
a scale and location parameter. This distribution has distribution function given by

H, up(x) = exp ( - (1 +waﬂ>—1/v)7 1 +"y% >0

where v £ 0 and pu € R, 1 > 0. As for the case of v =0, we let

Hy pp(x) =exp ( - e*(z*“)/w), z € R.
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Notes and comments

[8] and [102] contain all the information one could wish for concerning regular variation,
including a proof of Karamata’s Theorem. [30] is an excellent source for extreme value
theory. Chapter 3.4 covers the GPD and chapter 6 covers statistical methods, including the
Hill estimator and the POT method. We have chosen to focus entirely on the Hill estimator
for estimating the tail index, but several others exist. An older estimator, important for
historical reasons, is the Pickands estimator, see [64] as well as [21] for asymptotic properties.
A more modern estimator which extends the estimation to arbitrary « for the GEV is the
Dekkers—Einmahl-de Haan estimator, see [22]. In the remark following Theorem 2.3.4,
we mentioned that understanding the exact asymptotic behaviour of the Hill estimator is
difficult. The almost sure convergence statement was proved in [94]. The bias has been
studied in, among others, [48], [20], [63] and [111]. As for the asymptotic properties of the
MLE for the GPD, the limit results presented above can be found in [112]. The POT method
has been discussed by several authors. See for example [113], [18] and [19] for thorough
introductions to the POT method and [64], [112] and [80] for theoretical background. The
relationship between the tail index and the parameters in the GPD allows for the use of the
POT method to estimate the tail index, an approach explored by [32]. For applications of
the POT method in (re)insurance, we refer to [116], [117] and [101].
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2.6 Exercises

Theoretical exercises

Exercise 2.1:

In this exercise, we will get more comfortable with the concept of regular and slow variation.
1)Prove the remaining implication in Proposition 2.2.3.

2)Show that h(z) = 2 + cos(1/z)sin(m/2 + 1/22) for > 0 is slowly varying.

3) Verify that the function h(z) = loglogx for x sufficiently large is slowly varying.

4)Show that the Pareto distribution with parameters x > 0 and « > 0 is regularly varying.
What is the index? Recall that the distribution function is given by

1( r > , x>0.
K+

5)Let h be a slowly varying function at zero, i.e.

h(xt)
w0 ()

=1 (2.2)

for all ¢ > 0. Prove that h(z) = fi(l/x) is slowly varying (at co as usual). State and show a
similar statement for a function h regularly varying at zero with index a € R.

Exercise 2.2:
For the following distributions, prove that they are regularly varying and determine the
corresponding index.

1)The Cauchy distribution with density

1
f(m):m~

2)The Student t distribution with v > 0 degrees of freedom, i.e. the distribution with
density

(v +1)/2) g\~
0=ty () |

Exercise 2.3:
Consider a regularly varying distribution function F' supported on [0, c0) of index a > 0.
Let X ~ F.

1)Prove that F[X”] < 0o if 8 < a.

2)Prove that E[X”] = co when 8 > a.
Hint for both subproblems: Apply Karamata’s Theorem. Recall also the formula F[X]| =
fooo P(X > t)dt for a positive random variable X.

Exercise 2.4:
In this exercise, we show that the moment conditions in the previous exercise do not char-
acterise regularly varying distributions. Consider the Peter-and-Paul distribution which has
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density

and zero elsewhere.
1)Show that X is not of regular variation.
2)Show that E[X?] < oo for < 1 and that E[X?] = oo for 3 > 1.

Exercise 2.5:
By Karamata’s Representation Theorem, Corollary 2.2.6, we have that if L is slowly varying,
then we can write

z e(t)
L(z) = co(@)elo " x>
where ¢o(z) = ¢o > 0 for  — oo and e(x) — 0 for £ — oo for some g > 0. If L is written
in this form, we call the above a Karamata representation for L.
1)Find a Karamata representation for log.

2)Prove that a function of the form above is slowly varying, completing the proof of Corollary
2.2.6.

3)Use the Karamata representation to show that if L is slowly varying and e > 0, then

lim z°L(z) =00 and lim 2 °L(z) = 0.
T—00 Tr—r00

Exercise 2.6:
This exercise is from [102]. Consider the function f(z) = (14 271)logz.

1)Show that f is slowly varying.
2)Find a Karamata representation for f.

3)Repeat the previous two subproblems for the function g(z) = exp((logz)®) for a € (0,1).

Exercise 2.7:

This exercise is adapted from Exercise 0.4.2.10 in [102]. As stated in Proposition 0.5 in that
book, it can be shown that if h € RV, then the convergence lim,_,o h(tz)/h(x) = t” holds
locally uniformly on (0,00). This means that the convergence is uniform on every bounded
interval.

1)Prove the following fact from analysis: If f, — f uniformly on [a,b] and f is continuous
in ¢ € [a, b], then for every sequence {t,} C [a, ] with ¢, — ¢, it holds that f,(¢t,) — f(¢).

2)Use the previous subproblem to prove the following result: Assume that we have non-

negative random variables { X, } satisfying X, /n B Xasn— 0o, and let h € RV, for p # 0
be continuous. Then it holds that

Exercise 2.8:

In this exercise, we prove a closure property for regularly varying distributions. Let X7, X5
be independent and both regularly varying of index o > 0 (but not necessarily with the
same slowly varying function!). We want to show that X; + X is also regularly varying
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of index a. Let Fy,Fy and F denote the distribution functions of X, Xy and X; + X5,
respectively.
1)Show that F(z) > (F1(z) + Fa(z))(1 —o(1)). Hint: {X; > 2} U{Xs > 2} C {X; + X3 >

2)For any § € (0,1/2), explain why the identity
{X1+Xo>2} C{X;1 > (1 -0z} U{Xe > (1 -9z} U{X1 > dz, X2 >z}

holds
3)Show that F(z) < (F1((1 —8)x) + F2((1 —6)z))(1 + o(1)).

4)Show that F(z) ~ F1(z)+F2(x) and conclude that X;+ X5 is regularly varying of index a.

We have actually shown something extra. A distribution F satisfying P(X; + X» >
2)/2F(z) — 1 for 2 — oo where X;, X, are iid with distribution function F is called
subexponential. With this definition in place, we have shown that a regularly varying distri-
bution is also subexponential. One can verify that a subexponential distribution does not
possess a moment-generating function and so one can think of these distributions as being
heavy-tailed. We refer to chapter 1 of [30] for details. See also Exercise 2.20 below.

Exercise 2.9:
Let h be a regularly varying monotone function on [0,00). Define the jump Ah(z) :=
h(z) — h(z—) with h(z—) = lim,4; h(y). Prove that

lim Ah(zx)
z—oo  h(x)

=0.

Exercise 2.10:
In this exercise, we fill in the missing parts of the proof of Proposition 2.2.9.

1)Prove part (i). Hint: Recognise a uniform distribution.

2)Prove part (ii). Hint: Recognise an exponential distribution.

(i
3)Prove part (iii). Hint: You need not use the expression for the density.
(

4)Prove part (iv).

Exercise 2.11:

In this exercise, we derive estimates of the Value at Risk and Expected Shortfall using the
Hill estimator. Recall from above that if &y, is the Hill estimator with threshold k, then the
tail of X can be approximated by

F(x)zkl( 3” )ak.

n Tk,n

1)Derive an estimate of VaRg.
2)Show that an estimate of ESg is given by

—l/ak ~
n Qg —1/ay
ESp(X) = n — (1 — k
Sp(X) =z, (kl) 1fak( 2
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whenever ay, > 1.

Exercise 2.12:
In this exercise, we derive the Hill estimator in some special cases.

1)Assume X has tail F(z) = Cx=® for z > u > 0. If C is fully specified, we must have
C = u®. Derive the MLE for a. What is the connection to the Hill estimator?

2)Let us generalise the setup a bit and say that F(z) = Cz~“ for z > u without fully
specifying C. Letting N, = #{i : X, ,, > u} and conditioning on N,, = k, we then need to
derive the MLE of a and C by considering the joint density of (X, ..., X1,). You may
use without proof that the density of (X n, ..., X1.,) is given by

k
n! e _
I Xa (T2, s T0) = ) k);(l — Cap) ROk [T Y, w<ap < <,
’ i=1

see Theorem 4.1.3 in [30] for details. Show that the MLE of « is the Hill estimator.

Exercise 2.13:
Recall that we proved the following formula for the mean-excess function of an integrable

random variable X: 1 o
elu) = = F x)dx.
)= Fm | @

1)Let X ~ Exp(\). Prove that e(u) = 1/
2)Let X be Pareto distributed with parameters x > 0 and o > 1. Prove that

K+ u

3)Show that if X is log-normal with parameters ;4 € R and o2 > 0, then

, ((u+02)710gu>
% i

e(u) =e —u,
o[
and show that for u — oo, it holds that
o3
e(u) (14 o(1).

" logu— (n+02)

Hint: For z — oo, it holds that ®(x) ~ —¢(x)/x with ¢(x) = ®’(x) the density of the
standard normal distribution.

4)Relate the results to the mean-excess plots in the discussion above.

Exercise 2.14:
In this exercise, we consider the Burr distribution which has tail

F(z) = <H+’*x7> . 2>0

where k, 7, > 0 are parameters.
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1)Show that the Burr distribution is regularly varying. What is the index?

2)Show that
u

e(u) = (1+0(1))

ar —1

when ar > 1.

Exercise 2.15:
Assume has X a GPD with paramaters v € (0,1) and 8 > 0. Show that the mean-excess
function of X equals
e(u) = B +u
-y

and relate this to Proposition 2.4.5.

Exercise 2.16:
Let X be a non-negative random variable with finite first moment, E[|X|] < oo, and contin-
uous distribution function F'. Show that the mean-excess function e completely determines

F by verifying the identity
— e(0) 1
F(z) = ——=exp (—/ dt) .
)= o

Exercise 2.17:
Let X be a random variable with distribution function F.

1)Assume E[|X|*] < oo for k € N. Prove that
oo
E[|X|*] = k;/ 1 P(|X| > x)da.
0

Hint: Use E[|X[] = [;° P(|X| > z)dx.
2)Assume E[X?] < co. Prove the formula

€@ (u) = Bl(X —u)? | X >u] = ——

This formula may be useful for computing the asymptotic variance in Theorem 2.4.6. Hint:
Follow the proof of Proposition 2.4.4.
3)Derive a formula for

e®(u) = B[(X —u)* | X > v

whenever E[|X|¥] < cc.
Exercise 2.18:

Let X be Pareto distributed with parameters x,a > 0. Let Y > 0 be independent of X
with E[Y®] < co. Prove that
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Use this to show that XY is regularly varying of index «. Hint: Use the tower property to
explicitly compute P(XY > z). You may need the formula

ElY®] = a/ y*TIP(Y > y)dy
0

which was proved in the previous exercise (it also holds when « is not an integer by the
same argument).

The result of this exercise is a version of a result known as Breiman’s Lemma in the littera-
ture. Breiman’s Lemma states that the result of the exercise holds whenever X is regularly
varying of index a and E[Y“"¢] < oo for some € > 0, and Y is independent of X.

Exercise 2.19:
The goal of this exercise is to prove that if X > 0 is a random variable with distribution
function F' and o
Fr —
fim TE =Y _

— >0

for some ~ € (0,00), then

e(u) =y~ for wu— oo.
1)Prove that F olog € RV_,.
2)Prove the above result. Hint: Karamata’s Theorem.

3)The above result also holds for v € {0, 00}, and you can use this without proof. Provide
another proof of the fact that if X is standard normal, then e(u) — 0. Relate this to the
plots in the discussion above.

Exercise 2.20:
We call a positive random variable X (or its distribution function F') subexponential when-
ever it holds for X, Xo ~ F independent that

P(X1 + X9 > :L')
2F (x)

—1 as x — oo.

We saw in Exercise 2.8 that a regularly varying distribution is subexponential. In this
exercise, we will establish some basic properties of subexponential distributions.

1)Prove that a distribution is subexponential if and only if

P(X1+X2>£E)

1 .
P(max{X1, Xo2} > z) A T o

2)Now let F' be subexponential. Prove that for any y > 0,

fm &Y

Hints: Recall the convolution formula. If X and Y are independent and non-negative with
X~GandY ~ H,

P(X+Y <z)= / G(z — t)dH(t).
0
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Use this formula with X7, X5 ~ F' and use this to establish the identity

PXi+Xo>a) . [V F(a—1) " P —1)
Ty /0 Sl + /y Rl

Then explain why

PR D 5 14 pi+ T ) - Pl

Isolate F(x —y)/F(x) and complete the proof.

3)Give an intuitive interpretation of the limit result in the two previous subproblems. What
is the implication for an insurer with subexponential claims? Explain also the asymptotic
behaviour of the mean-excess function. Hint: Recall the previous exercise.

4)Let F be subexponential. Prove that for any e > 0, it holds that
e“F(z) =00 as x — oo.
Use this to show that a subexponential distribution does not have a finite moment-generating

function in any neighbourhood around zero. Hint: Consider F(log(y)) and use the result of
Exercise 2.5 3).

Exercise 2.21:
In this exercise, we derive estimates of Value at Risk and Expected Shortfall using the

POT method. Let 8 and 4 denote the MLEs of the parameters in the GPD for the excess
distribution F,.

1)Show that we may estimate Value at Risk in the POT method via

o 2 -7
VaRazu—l—g((]\T;u(l—a)) —1).

2)Show that the POT method yields an estimate of the Expected Shortfall given by

BSa=utz ((N)u)luv)‘l>

™)

whenever 7 < 1.

Exercise 2.22:
Consider again the density for the GPD with parameters v, 3,

1 —1/~v-1
f%B(x):B (14‘?) .

Like above, we assume that we have excesses z1, ..., zn, which are assumed to follow this
distribution.

1)Reparametrise the likelihood via the map (v, 8) — (v, 7(v, 8)) with 7(v, 8) = —v/8.
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2)Show that the MLE of + satisfies

2

1 Y

1

5=

with 7 the MLE of 7.
3)Show that 7 satisfies the equation

N,

1 1 1 Nz
O==+——+—(1+= =
T+N <+7>Zl—7’zi

u i=1

4)Implement a function to simulate from the GPD. You can for example use the inverse
transform method or a package. Choose values for v and 8 and simulate a sample z1, ..., 2.
5)Implement a function (for example in R) to solve for 4 and 7. Compare your MLE solver
to the output from a package, for example evir.

Exercise 2.23:

The previous exercise concerned parameter estimation in a GPD. In this exercise, we inves-
tigate the much simpler case of an iid Pareto distributed sample X1, ..., X,, with parameters

Kk, > 0 where k is considered fixed.

1)Write up the log-likelihood I(a; X1, ..., X, ) and compute the score function S(«; X7, ..., X,,) =
2l X1, Xp).

2)Show that the MLE @ of « is

—1
- 1 & X; +kK
az(n;10g< - )) .

3)Determine the exact distribution of @. Hint: The distribution of log((X; + &)/k) should
be well-known. What distribution does one obtain when summing n iid of these?

4)Show that & is strongly consistent i.e. @ — « a.s.

5)The Pareto distribution is sufficiently regular to apply classical statistical theory for the
asymptotic distribution of v/n(@ — «). More precisely, it holds that

V(@ —a) -5 N(0,1(a) )

with I(«) the Fisher information for one observation given by

82
I(a) =-FE {Ml(a;Xl)} .
Derive the asymptotic distribution of /n(@ —a). Compare with the asymptotics of the Hill
estimator. Does the result surprise you?

Exercise 2.24:
Let N be Poisson distributed with mean A > 0, and let {X,,} be an iid sequence of random
variables independent of N where X; has a GPD with parameters v > 0 and 5 > 0. Define
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Mpy = max{Xj, ..., Xy }. Prove that

P(My < ) = exp (A (1 N ?> 1/7)

and show that this equals the distribution function H., , 4 where = v~ *(A\7—1) and ¢ =
BAY. For the definition of H, , ., see the discussion right above the notes and comments.

Exercise 2.25:

In this exercise, we again consider the shortfall-to-quantile ratio as defined in Exercise 1.14.
Let F be a continuous and strictly increasing regularly varying distribution function with
index 8 > 1 and let L ~ F. In this exercise, we will verify that

ES. (L) B

= . 2.
aml- VaRo(L) B -1 (2:3)
1)Show that
1 o —
ES.(L) = VaR, (L +77/ F(x)dz. 2.4
() =VaRa(D) + s | Tw) (2.4
Hint: Use Proposition 1.3.4 and integration by parts.
2)Show that
e — LF L
/ F(x)dx ~ VaRa (L) F(VaRa(L)) as o — 17.
VaR. (L) p—1

Hint: Use Karamata’s Theorem, Theorem 2.2.5.
3)Finish the proof of the result. Provide a risk management interpretation of the result.

4)Show that if L has the Student ¢ distribution with v > 1 degrees of freedom, then the

shortfall-to-quantile ratio is
. ES. (L) v
lim = .
a—1- VaR,(L) v-—1

The following exercises contain a a detailed proof of (i) of Theorem 2.3.4. We start by
providing the necessary background on order statistics.

Exercise 2.26:
Let X1, ..., X,, be iid with distribution function F', and let Uy, ..., U, be iid and uniformly
distributed on (0,1). Prove that

(Xl,na -~-aXn,n) g (Fk(Ul,n% ---aF(i(Un,n))-

Exercise 2.27:
Let X4, ..., X, be iid where X has density f. In this exercise, we will prove that the density
of (Xp ..., X1,n) is given by

n
XXy (T ey T) = n!Hf(xi), 1< < Ty
i=1
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1)Start by verifying that X7, ..., X,, has no ties with probability one. In other words, prove
that the set

A:{Xn,n < - <X17n}:{X17éXJ,Z#]}

has probability one. Hint: One possible approach is to use the tower property.

2)Now let S,, denote the set of permutations 7 of {1, ...,n} and fix z; < - -+ < x,,. Introduce
Ap = {er(z) =Xin,t=1, ,n} NAN {Xﬂ'(l) <z, ~-~7X7r(n) < ,’En}
Argue that

P(Xn,n < -Tlvmvxl,n < xn) = P( U A?T) = Z P(ATK')

mell, well,

3)Show that
z1 Ty M
P(Ar) :/ / Hf(yi)l{y1<---yn}dyn cdyy.

4)Collect the pieces and finish the proof.

Exercise 2.28:

We now verify some useful representation results for the order statistics of iid uniform
variables on (0,1). Let {U,} be iid uniformly distributed on (0,1), and let {E,} be iid
standard exponential. Define I'), = Ey; + -+ + E,,.

1)Prove that

r, T,_ T
(U1, Uz ne Up ) 4 ( n lna L )

Fn+1 ’ Fn+1 o Fn+1
Hints: Show that the densities on the two sides are equal. For the left hand side, use the
result of the previous exercise. For the right hand side, write up the density of (E1, ..., E,+1)

and apply a suitable density transformation theorem (it may be an idea to do this in several
steps).

2)Prove that

En 1 En El
1=Uin,Uip —Uspyoos Up ) = o .
( 1,n, U, 2, n) (Fn—i-l oo Fn+1)

A different solution to this exercise is provided in [101].
Exercise 2.29:

Now assume X has regularly varying tail F(z) = 2~%Lo(z) where Ly € RVy. By Exercise
2.26 above, we may assume that the Hill estimator has representation

~1
oy~ =

k
> 1og(F (Ui ) — log(F* (Ug.n))-
i=1

T =
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From Corollary 2.3.4 in [8], we have that
Fo(t)=(1-0) VL1 -t)"")

for some L € RVy. We will take this result as given.

1)Show that &, ' has the representation a, ' = & ' + r; where

1 r I
~1 n+1 n—k+1
a = Zlog ( : ) ,

Fn—i—l Fn—z—i—l

_ 1 : L(Tpi1/(Crg1 — Thoigr))
=g 2 loe (L<Fn+1/<rn+1 - rn_m))) '

2)It turns out that a—* B a1 while ri is a bias term. Argue, using the previous exercise,

that
1 k
N,l i
N kz

with Ey, ..., E} iid standard exponential variables. Conclude that & ! £ o~ under the
assumption that £ — oo as n — oc.
3)Prove that

VEGE —a™t) -5 N(0,a?).

This shows that the real difficulties in proving Theorem 2.3.4 lie in controlling the bias term
Tk-

4)It remains to show that 7, — 0 if K — co and k/n — 0. We know that L has a Karamata
representation (see Corollary 2.2.6) given by

L(z) = ¢(x) exp ( / m E(tt)dt)

with ¢(z) — ¢p > 0 and e¢(z) — 0 as © — oo. Show that r; has the decomposition
TR = r,(cl) (2) with

P Zlog( Le1/ T n+1_£::kill))))>

n+1/( n+1

— ; -1
NOJE / el
k (1-Tp_gy1/Tny1)t t

i=1
5)Show that if &k — co and k/n — 0, then

Fn—i-{-l

—1 a.s.
Fn+1

Conclude that this implies r( ) 0.
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6)We now only need to show that rl(f) — 0. Define
Cru = sup{Je(®)] : £ > (1 = D_ser1/Tus1) "}

Argue that C,, € R for all n. Show that C,, — 0 a.s.
7)Show that 7“,(62) < Cpaa~! and finish the proof of Theorem 2.3.4 (i).

The difficulty in establishing asymptotic normality lies in controlling v/kr. This requires
conditions on the second order behaviour of L.

The remaining exercises concern the supplementary material on Maximal Domains of At-
traction.

Exercise 2.30:
Prove Lemma 2.5.7.

Exercise 2.31:

In this exercise, we provide further examples of which MDA some well-known distributions
belong to.

1)Show that the exponential distribution is in MDA(A) by explicitly determining the nor-
malising constants.

2)Consider the Cauchy distribution with density f(z) = 1/(n(1+22)) for 2 € R. Determine
the MDA of this distribution.

3)Consider the log-normal distribution. Show that this distribution is in MDA(A). Does
this surprise you? Hint: Use the normalising constants for the normal distribution provided
in the text.

Practical exercises

Exercise 2.32: - o
Consider the distribution F' with tail F(x) = 272 for z > 1. Then F € RV_,.

1)Implement the Hill estimator (in R for example) and a function that can simulate values
from F.

2)Simulate 50 values of F' and make a Hill plot using your function from before. Also plot
the true value of the index as a line in the plot.

3)Plot the asymptotic confidence bands obtained from Theorem 2.3.4.

4)Repeat for 100, 250 and 1000 values. Comment on the results.

Exercise 2.33: DAX-returns
In this exercise, we again consider the DAX-returns. The dataset consists of daily log-
returns of the DAX stock index over the period from January 1990 until July 1996.

1)Make a QQ-plot of the log-return data against the normal distribution and against ¢
distributions with different degrees of freedom. Which distribution seems to give a good fit?
2)Multiply the data by —1 so that negative returns appear along the positive axis. Construct
a mean-excess plot. Does it seem to be linear? If so, then above which level u (and
corresponding exceedance number N,,) is the mean-excess linear?
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3)Extract the excesses over your chosen level u and estimate the parameters (v, ) of a
fitted GPD.

4)Make diagnostic plots. Is your model an adequate fit?
5)Determine asymptotic 95%-confidence intervals for the parameters v and f3, respectively.

6)Give an expression for the empirical counterpart of your fitted GPD approximation of
1—F(u+x), x>0 as a function of x and compare the associated distribution functions in
a plot.

7)Use your estimated values for v and § to estimate the one-day VaRg g9 for the loss of a
portfolio consisting of one share of the DAX index, assuming that today’s price is 100.

Exercise 2.34: Bitcoin data
In this exercise, we use the POT method on Bitcoin price data.

1)Start by loading the cryptoQuotes ([77]) and quantmod ([106]) packages into R. You can
then fetch Bitcoin price data with the following code.

library(cryptoQuotes)
library (quantmod)

btc <- get_quote (

ticker = ’BTCUSDT’,
source = ’binance’,
interval = ’1d’,
futures = FALSE,
from = "2025-01-01",
to = "2025-11-01"

)

You can choose different intervals (1d, 1h etc.) and a different time period if you like. When
you have loaded the data, compute the log-returns and select the negative values. This is
the data we will work with for the rest of the exercise. Make some exploratory plots. Hint:
Use the functions coredata and index to separate dates from the actual price data.

2)Use a mean-excess plot to find a suitable threshold u where the excesses above u are
approximately GPD distributed.

3)Fit the GPD with maximum likelihood.
4)Make diagnostic plots. Is your model an adequate fit?

5)Plot the empirical distribution function of the excess losses in the same plot as the fitted
GPD distribution function.

6)Use the POT-based estimator to compute VaRg g9 and ESq g9.

Exercise 2.35: Norwegian fire data

In this exercise, we consider the norfire dataset from the R package CASdatasets. The
dataset contains 9181 fire insurance claims over the period 1972 to 1992 from an unknown
Norwegian company. We are interested in the column Loss2012 which contains the claim
sizes in 2012 prices. We wish to analyse this dataset and compute estimates of the Value at
Risk and Expected Shortfall using all the methods developed in this chapter.
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1)Start by separating the data into two, a vector of claims from before 1992 and one for
1992. Make some exploratory plots to get a feel for the data.

Let us now assume that the data comes from a regularly varying distribution. We are of
course interested in estimating the index a.

2)Now make Hill plots for both datasets. What are good choices of k in the two cases?
What are your Hill estimates for o?

3)Augment the Hill plots from the previous exercise with the asymptotic confidence bands
obtained from Theorem 2.3.4. Is there a significant difference between the two Hill esti-
mates? Are fire losses from before 1992 more or less heavy-tailed?

For the remainder of the exercise, you can choose to work with only one of the two datasets
or with both.

4)Compute estimates of the Value at Risk and Expected Shortfall using your Hill estimates
of a. Compare these estimates with the ones obtained from a purely empirical estimate.
Which estimates do you prefer and why? Hint: Use Exercise 2.11.

Instead of assuming that the data necessarily comes from a regularly varying distribution,
we instead apply the POT method.

5)Make mean-excess plots and choose a value of the threshold u that you find proper.
6)Extract the excesses over u and fit a GPD. Report the parameters.

7)Compare the empirical tail(s) of the data with tail(s) from the fitted GPD(s).

8)Make diagnostic plots. Is your model an adequate fit?

9)Provide asymptotic 95% confidence intervals of the parameters v and £.

10)Use your estimated values of v and 8 to compute VaRg g9 and ESg g9 for the data.
Compare with the previous two estimates of each. Hint: Use the results of Exercise 2.21.
11)Make a brief executive summary of your findings in this exercise using non-technical
lingo. What would you report to the board of directors for a company with this portfolio?



Chapter 3

Spherical and elliptical distributions

Multivariate random vectors: dependence

Consider again the “canonical example” of stock returns where the risk factors are the log
returns X,,4+1 with Xff_i)rl = log Sffll —log S What is the distribution of Xp+17 Inspired
by the Black—Scholes model, we could assume X,,11 ~ N (p, ). There are several problems
with the normal assumption, however. A typical problem is that assets are very often
correlated in such a way that high (low) returns for one asset correlates with high (low)
returns for another. The normal distribution is very light-tailed, so such correlations are

often not captured. The plots below illustrate this issue.
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Figure 1: Log returns of foreign exchange rates quotes against the US dollar.
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Figure 2: Simulated foreign exchange rates using a bivariate normal distribution with esti-
mated means and covariance matrix.

From the plots, it is evident that the normal distribution fails to capture the dependency
in the tails. Furthermore, the probability mass is too concentrated around the mean. The
dependency in tails is a very typical phenomenon in financial data as illustrated in the plot

below.
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Figure 3: Log returns from BMW and Siemens stocks.

To remedy the issues with the normal distribution, we introduce a class of distributions that
in some way resembles the normal distribution and shares a lot of its properties while also
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being more flexible in terms of modelling tail behaviour. This is the class of spherical and
elliptical distributions.

3.1 Spherical and elliptical distributions

To motivate the spherical and elliptical distributions, we first briefly consider the multivari-
ate normal distribution. If X ~ A(0,1;) (I; denotes the d-dimensional identity matrix),
then X has density (see the appendix)

1

1 d zz 1 —r2/2
f(x) = W@ 2 Zz 1% /

(277)11/26

with 72 = 2% + - - - + 22. Hence the density only depends on |x|| = r. Graphically, the level
sets of f are spheres (or circles in two dimensions). One can say that A/(0, I) is spherically
symmetric/rotationally invariant. Define the random variable R by R?* = X7 4+ --- + X3,
then R? ~ x?(d) i.e. R? is Chi-square distributed with d degrees of freedom. We call R

the radial component of X. Intuitively, we can decompose X as X < RS with S uniformly
distributed on the d-dimensional unit sphere S~ = {x € R?: Zle z? = 1}. While this is

1
an informal approach, it gives us the idea on how to proceed formally.

Definition 3.1.1. For a d-dimensional random vector X, we define the characteristic func-
tion of X as -
dx(t) = E[e™ *], teR%

Remark 3.1.2. Note the similarity to the moment-generating function xx(t) = E[etTX].
These two transforms satisfy similar properties. For example, two random variables have
the same distribution if and only if their characteristic functions are equal. See the appendix
for more background on these functions. The characteristic function has the advantage
that it always exists (since the integrand is bounded by one in norm) but it provides less
information about the tail behaviour than the moment-generating function.

Example 3.1.3. If X ~ N(0, I), simple calculations yield
Dx(t) = e 20 E,

Note that we can write ®x (t) = 1(||t||?) for the function 9 : R — R given by 1 (t) = e~*/2.
This is a formal way of stating that ®x doesn’t depend on the direction of t. o

We can now introduce spherical distributions.
Definition 3.1.4. A random vector X in d dimensions has a spherical distribution if
ex(t) = v([t*) = (i + - +13), teR?

for some univariate function . v is called the characteristic generator of X, and we write

X~ Sa(t).
If X ~ Sy(2),t € R? and X? denotes X rotated by 6 (and similarly for t?), we have

Pxo(t9) = B [/ X0] = B[] = ax(6) = w(It7)) = 2x(t?)
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which is true for all tY. By the uniqueness of the characteristic function, X¢ < X. This

gives a formal argument for the intuition of X being rotationally invariant. The following
result gives an equivalent formulation of spherical distributions.

Proposition 3.1.5. The following are equivalent:

(i) X has a spherical distribution.

(ii) X < RS with S uniformly distributed on the unit sphere ST~! := {x ¢ R? : ||x|| = 1}
and R is a one-dimensional random variable independent of S.

Proof. We first prove that (ii) implies (i). We have
Dx(t) = Pps(t) = E [ei“ﬂsq -5 [E [ei<t’RS> | RH
- E [E [ei<RtvS> | RH — E[®g(Rt)]

and since S is uniformly distributed on the unit sphere, ®g only depends on the length and
not the direction. Hence ®x(t) also only depends on the length of t and X has a spherical
distribution. We now show that (i) implies (ii). We have ®x(t) = o(||t|?). Set s = t/|[t|,
then

Dx(t) = E {eiuuus,xq :

and by assumption, this does not depend on s, only ||t||. Let S be uniformly distributed on
the unit sphere with distribution function Fg. Since ®x(t) is constant in s, we have

Py (t) = / B [ef1139) apy(s / / i1 Py (x)dFs (s)
gd—1 gd-1 JRd

/ / eIt g g (s)d Fx (x / / st Fg (s)d Fx (x)
Rd Sd 1 ]Rd Sd 1

_/RE{ H101%59) 4 () = /RdE{e“”x”t’S)} AFx (x)
—E [E [ei<|\X|\t,S> |X” —E [eut’nxnsq —E [ei<t7RS>] — ®ps(t)

where we have defined R := ||X||. Hence X < RS where R and S have the desired properties.
]

While characterisation (ii) is more intuitive, it is easier to work with definition (i) when one
wants to prove properties of spherical distributions. The following corollary tells how to
compute R and S when we know that X is spherical.

Corollary 3.1.6. Let X < RS be spherical. Then

(1l ) )

Proof. The proof is from [88], see Corollary 6.22. Let fi1(x) = ||x| and fa(x) = x/||x]|.
Since X = RS, we have

(11 7 ) = (0. £230) £ (1 (RS). £o7S)) = (R.5)

as desired. [ |
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We now turn to a generalisation of spherical distributions, namely elliptical distributions.

Definition 3.1.7. A d-dimensional random vector X has an elliptical distribution if X =
p+ AY with Y ~ Si.(¢) and A is a d x k matrix. We write X ~ E4(u, X, 1) for ¥ = AAT,
We call p the location parameter and ¥ the dispersion matriz.

As a motivation for this definition, suppose X ~ N (u,3) where 3 is positive definite. From
linear algebra (see for example chapter 7 in [5]), we know that there exists some matrix A
such that AAT =3X. If Y ~ N(0,1;), then

XL pu+ AY.

There exist methods to find A such that AAT = ¥. One such method is the Cholesky
factorisation. This factorisation determines a lower triangular matrix A such that AAT = 3.
In detail,

a0 e 0 a1l a1 - Gdi Y11 Y2 o0 Y
as1 Qoo 0 ax - ag B o1 Yoo Y04
agr gy - Ggg 0 0 - a4 Ya1 Ya2 o Xad

The algorithm can (somewhat informally) be described as follows: Since %17 = a?,, 311
determines ay1. Since Y97 = a11a21, 2921 determines as; and so on. Since we can go back
and forth between the matrices A and ¥, the notation E4(p, X, 1) makes sense. Using the
characterisation of spherical distributions in terms of a radial component, we can also write

X =pu+ RAS
for X ~ E4(p, X, ). We now turn to some properties of elliptical distributions. Afterwards,
we take a look at some examples.
3.2 Properties of elliptical distributions
We start by computing the characteristic function for an elliptical distribution.
Lemma 3.2.1. If X ~ E4(u, %, v), then
Dx(t) = ey (tTSt).

Proof. The proof is a straightforward computation. Write X = p + AY with Y ~ Si(v).
We have

Dx(t) = E [ei<t,x>] — it p [eﬂt,AY}}
and since (t, AY) =tTAY = (ATt)TY = (ATt,Y), we have
E [ei(t,AY>} - E [ei(A t,Y}} — w(”ATtHQ) — ¢<(ATt)TATt)
=(tTAATt) = (tTt)
as desired. [ |
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We want to be able to relate covariances to the dispersion. The following proposition shows
how these are related for elliptical distributions.

Proposition 3.2.2. If X ~ E4(pu, 2,v), the covariance between the components is given by
COV(XJ',XI) = —2’¢/(0)2jl.

Proof. Since covariance does not depend on the mean, we can without loss of generality
assume that F[X;] =0 for all j = 1,...,d. We have

0 0

a 0 »
_ v i(t,X)
o o, 2x ) E {e ]

- _ 9 iE {ei(t1X1+--~tdxd)}
£=0 ot; ot

c—o  Ot; O

t=0

—FE [(Z-Xj)(in)ei(t1X1+~~thd)} - _E [Xleei(thJr”'thd')}

t=0 t=0
=-E[X;X)] = - Cov(X}, X))
and thus by the previous lemma,
o 0 0 0
Cov(X;, Xi) = — ==~ Px(t =———Y(t"St
V(X5 Xi) =~ x| =g g EY|

Let us for simplicity assume that d = 2. Then

> Y t
tTSt = (4 1) (2; 222) (é) = 17511 + 26119510 + 5820 =: w(t)
and thus
0 0 .. o
——(t" Xt = — t))(2t12 292
TG ( )t:O o, (V' (w(t))(2t1 212 + 2t2392)) -

= ¢"(w(t))(2t1211 —+ 2t2212)(2t1212 —+ 2t2222) + 1,[)’(’[0(13))2212
t=0

= 2¢//(0)15.

This calculation can be generalised so that %%d)(tTZt)
J

= 2¢/(0)X;;. We conclude
t=0
that
COV(XJ',XI) = —2’¢/(0)Zjl.

Example 3.2.3. If Y ~ N(0, 1), then () = e~"/? as seen earlier. We see that ¢/ (r) =

—%e’T/Q, soy'(0) = —%. If X ~ N(p,X), the above proposition tells us that Cov(X;, X;)

—2¢'(0)2;; = £;; as expected. o
We list some further properties of elliptical distributions.
Theorem 3.2.4. Let X = p+ AY ~ Eq(p, 3, 9).

(i) (Linear combinations). If B is a k x d matriz and b € R¥, then

BX +b ~ Ei(Bu+b,BEBT ).
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(i) (Marginal distributions). The marginals X1, ..., Xq also have elliptical distributions
with the same characteristic generator. Explicitly, X; ~ E1 (i, i, ).

(iii) (Convolutions). IfX ~ Eq (%, 1/;) is another elliptical distribution independent of X
with the same dimension and dispersion matriz, then X + X ~ Eq(p + f1,X,) with
P(u) = P(u)(u).

(iv) (Quadratic forms). Whenever A is quadratic, we have

R=[Y[?=X- )= (X~ p).
Here, R is called the Mahalanobis distance.

Proof. See the exercises. ]

While elliptical distributions are quite flexible as seen in the examples earlier, the above
theorem also illustrates a drawback. The flexibility of elliptical distributions is limited by
the fact that if X is elliptical, so is any coordinate. In real data, it is often the case that
the marginals have very different types of distributions. We will see techniques for handling
this in the next chapter.

Normal variance mixture models
A useful class of elliptical distributions is the class of normal variance mixtures.

Definition 3.2.5 (Normal Variance Mixture Models). Let Z ~ N (0,1;), W >0 a
random variable and A a fixed d x k matrix. A normal variance mizture model is a model
of the form

X=pu+VvVWAZ
with Z and W independent.

It follows by construction that, conditional on W = w,
X ~ N(p,wY), ¥ =AAT,

Thus, X is obtained by drawing from a collection of normal random variables with ran-
dom covariance WX. Determining the distribution of a normal variance mixture model is
sometimes possible, and we shall see examples shortly. We first make some general consid-
erations. For X = p + VW AZ a normal variance mixture model, it is easily verified that
the covariance Var[X] exists whenever E[W] < oo, and in that case,

Var[X] = E[W]Z. (3.1)

We stress that despite the somewhat confusing notation, 3 is in general not the covari-
ance matrix of X. Another useful fact about normal variance mixture distributions is the
following expression for the density, valid when X is invertible and W has density fi:

> 1 R%(x,p,Y)
X) = R —N > _
fx(x) /0 VvV (2mw)d det 2 P ( 2w
where R?(x,1,Y) = (x — p)T871(x — p) denotes the Mahalanobis distance and Fy the

distribution function of W. All these facts are easily established via conditioning arguments
and are left as exercises for the reader.

> fw (w)dw. (3.2)
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Example 3.2.6. The multivariate normal distribution is clearly a normal variance mixture
model. Here we have W = 1, and the identity Var[X] = ¥ concurs with the general formula
(3.1) just presented. o

Example 3.2.7 (¢ distribution). Here we consider a special case of a normal variance
mixture model, namely if we let
W~ I (1/ 1/)

73
where Ig(a, 8) denotes the inverse gamma distribution with density

0) = (;f e/%,

In particular, we have v/W ~ x2, the Chi-square distribution with v degrees of freedom,
and E[X] exists when v > 1 and is in this case equal to p. For AAT = 3, we write

X ~ td(”aua Z)

and we call this distribution the multivariate ¢ distribution. From the above discussion, it
follows that the covariance Var[X] exists whenever v > 2, in which case

14

Var[X] = o 22

and that the density is given by

I((d+v)/2) R2(x, p, X))\ 7
(v/2)v3/27d/2\/det & <1 * >

fx(x) = r

An application: Portfolio investment theory

Say we want to minimise the risk in a portfolio with d assets with returns X = (X7, ..., X4),
w; = E[X;]. The following ideas go back to Markowitz. Let R, denote the total returns, i.e.

d
Rp = ZwZXZ = WTX
=1

where w; are the weights of the portfolio, Z?:l w; = 1. If we fix the expected total returns
E[R,] = Zle wip; = Wl p, we want to minimise the risk in the sense of minimising the
variance (note that this approach is different from the strategy in this course, where we
focus on risk measures). If X = p+ AY where Y ~ N (0, 1), then

Var(R,) = Var(w” (u + AY)) = Var(w’ AY)

and since Y is spherical, the variance is minimised whenever ||[ATw]|| is minimized with
respects to the weights w;.

To transfer these ideas to the setting in this course, let p be a risk measure which satisfies
monotonicity and translation invariance. Assume more generally that X = p + AY is
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elliptical. The goal now is to minimise p(L) where L = —wTu — wT AY is the loss. We
have
p(L) = —w'p+ p(—w' AY).

As Y is spherical, we have Y 4 —Y, so we can remove the minus in the risk measure and
obtain
p(L) = —w"p+ p(w" AY) = —E[R,] + p(w" AY).

As E[R,)] is fixed, p(L) is minimised whenever p(w? AY) is minimised. As Y is spherical,
p(wT AY) is minimised when ||ATw|| is minimised. Thus the answer remains the same as
in the classical case above.

Further properties and connections to VaR

The final topic of this chapter is the connection between elliptical distributions and proper-
ties of risk measures. The main highlight is the fact that for elliptical distributions, VaR,
is subadditive whenever o > 1/2. Proving this requires some work. We start by provid-
ing further characterisations of spherical distributions. Recall that a square matrix U with
real-valued entries is orthogonal if UTU =1 =UUT.

Lemma 3.2.8. Let X be a d-dimensional random variable.

(i) X has a spherical distribution.
(i) For any orthogonal matriz U, it holds that UX <X.
(iii) For every a € RY, it holds that aTX < ||a]| X.
Proof. See Exercise 3.7. |

Now consider the class of linear portfolios given by loss random variables of the form L =
m+a’X, where m € R, a € R? and X is a fixed d-dimensional random vector. We let

Mx :={L:L=m+a"X meR,acR?

denote the set of linear portfolios belonging to X. The following assumption on a risk
measure is natural in most contexts.

Definition 3.2.9. A risk measure p is law-invariant if whenever L, 4 Lo, then p(Ly) =
p(L2).

We can now state the main result of this subsection.

Theorem 3.2.10. Assume X ~ E4(p, X, 1) and that p is a positive homogeneous, translation-
invariant and law-invariant risk measure. Then the following hold.

(i) For any L = m +aTX € Mx, it holds that
p(L) =m+a’ p+ vValSap(Y)
with Y ~ S1(1).

(i) If p(Y) > 0 with Y as in (i), then p is subadditive on Mx.
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Proof. For (i), we may write X = pp + AY with Y ~ S;(¢) and so
L=m+a’p+alAY.

Using Lemma 3.2.8, it holds that
Lim+alu+|ATaly

where Y is any coordinate of Y which has the distribution Y ~ S; (). Now note that

|ATa| = \/(ATa, ATa) = \/(a, AATa) = VaTSa
and use translation invariance, law invariance and positive homogeneity of p to get
p(L) =m+a" p+vValSap(Y)

as claimed. We now prove (ii). Consider two loss variables Ly = m; + alX and Ly =
msy +alX in Mx. As in (i), we have

Ly 2my+alpu+aTAY, Ly my+alp+al AY.
Thus

Li+Lo=mq+ a{u +mo + aQTu + (a1 + ag)TAY

S my+af p+my+ajp+ AT (ar +a0) Y
so applying p yields
p(L1 + Lo) = my +af p+mo + a5 p+ | AT (a1 + az)[|p(Y),

and subadditivity follows from ||AT (a; + a)|| < ||ATa;|| + |ATay]. [ ]
Corollary 3.2.11 (Subadditivity of VaR for elliptical distributions). Consider the
Value at Risk measure VaR, on Mx. Then VaR,, is subadditive whenever o > 1/2.

Proof. f Y ~ S1(¢), then Y is symmetric around zero, which implies that VaR,(Y) > 0
for a > 1/2. The claim now follows from (ii) of the above theorem. [ ]

Notes and comments

Chapter 6 of [88] discusses spherical and elliptical distributions. The chapter contains a
few more details and examples. Section 6.3.4 is dedicated to estimation of dispersion and
correlation in elliptical distributions. The article [55] discusses normal variance mixture
models in more detail and provide additional examples, one of which, namely the Pareto
normal variance mixture, is included in the exercises below. The article also discusses
methods for parameter estimation.
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3.3 Exercises

Theoretical exercises

Exercise 3.1:
Prove Theorem 3.2.4. Hint: Characteristic functions!

Exercise 3.2:

Let X ~T'(«, 8) i.e. let X have a gamma distribution with parameters «, 5 > 0.

1) Verify that 1/X ~ Ig(a, 8) by computing the density of 1/X. This provides an explana-
tion for the name “inverse gamma’.

2)Show that

11_ 8
E[}} T a-—1
when a > 1.
3)Show that
17 B?
var [ ¢ | (@—12(a—2)

when a > 2.

Exercise 3.3:
In this exercise, we fill out some details in the discussion of normal variance mixture models
in the main text.

1)Compute the characteristic function of a normal variance mixture model. Conclude that
a normal variance mixture model is indeed an elliptical distribution.

2)Verify that for a normal variance mixture model X,
Var[X] = E[W]Z

whenever E[W] < co.

3)Prove (3.2), that is, show that the density of a normal variance mixture model is given
by
R2(x, 1, %)

fX(X)Z/OOO\/mwl)meXP( ow

where R%(x, 1, Y) = (x — p)TE71(x — p) and fiy is the density of W.

) fw (w)dw

Exercise 3.4:
In this exercise, we elaborate on Example 3.2.7.

1) Verify that when v > 2,
v

Var[X] = 5
v

X

Hint: Use the results of Exercise 3.2.

2)Prove that when ¥ is invertible, the density of the multivariate ¢ distribution is given by

I((d+1)/2) (xS x =)\
(v/2)v¥/27d/2\/det ¥ (1 * v )

fx(x) = -
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3)Use Stirling’s approximation given by

I(z+1)~ 271'95(2), T — 00

to show that the fx converges to the density of N'(u,X) as v — oo.

Exercise 3.5:
Consider the normal variance mixture model X = p + vVWZ where W has a Pareto-like
distribution with tail

[e%

— 0
where 6, > 0 are parameters. We shall call this distribution the Pareto normal variance
mixture with parameters 6, > 0, and X.
1)Compute the covariance matrix Var[X]. For what choice of parameters 6 and « does this
exist?

2)Prove that the density (when X is invertible) is given by

e (RQ(X,N,Z))SQW( dRz(x,p,Z)>

o = 2m)ddet S 2 aTy

2 26

where ”
'y(a:,y):/ t*le~tat
0

denotes the lower incomplete gamma function.

Exercise 3.6:
Let S be uniformly distributed on the unit sphere in d dimensions S.

1)Compute E[S].
2)Compute Cov|[S].

3)Let S be uniformly distributed on the unit circle S*. Simulate 500 values of S and plot
the result.

Exercise 3.7:
Prove Lemma 3.2.8.

Exercise 3.8:
Recall that the joint density of a normal vector X = (X7, ..., X4) with mean vector g and
covariance matrix ¥ (where det ¥ # 0) has density

1
—————— = €X
2n)d ety T

Now consider a bivariate normal vector (X1, X2) ~ N (u, X) with g = (p1, p2) and

o o? 0102p
g102p0 g5

fx(x) = (— %(X—N)Tz_l(x—u)), x € R%.
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with 0%,03 > 0 and p € (—1,1). Verify that

ag
Xo | X1 =2y NN(M +P(72(331 —p1),05(1 —PQ))-
1

Exercise 3.9: VaR of a sum of jointly normal variables
Let X = (X1,..., Xq) ~ N (u, X). Compute VaRq (X1 + -+ + Xq).

Exercise 3.10:
Let (X1, X2) ~ ta(v, pu, %) for

w= H1 Y — 0% 0102p
pe)’ o103p 03

where 02,02 > 0 and p € (—1,1). Use the result of Exercise 3.4 to verify that

v+ (21 _Nl)/01)2)'

g2 2 9
X, | X{ = Nt( + 1, pe 4+ p—(x1 — p1),05(1 —
2 | X1 =121 v H2 Po_l (11— p1), o5( p°) ]

Practical exercises

Exercise 3.11:
Without using an R package, write an R function to simulate from the multivariate normal
distribution with mean g = (1,0,2) and covariance matrix

5 3 -2
Y= 3 4 -5
-2 -5 8

Exercise 3.12:
In this exercise, we simulate from the multivariate normal and ¢ distributions.

1)Without using an R package, simulate 500 values of the multivariate ¢ distribution with

s =) 5= Gh )

Make a plot of the result. Hint: Use the result of Exercise 3.2.

2)Now simulate 500 values of the multivariate normal distribution with the same g and ¥
and plot the result. Compare the plot to the one for the ¢ distribution.

3)Finally, simulate and plot 500 values of the Pareto normal variance mixture from the
previous exercise with the same p and ¥ as above. Let § = 1 and experiment with different
values of a. Compare with the previous plots.

Exercise 3.13:

For this exercise, you need the BMW-returns dataset available on Absalon. This dataset
contains daily log-returns of the BMW stock over the same period as the DAX index con-
sidered in earlier exercises. Let X,, denote the bivariate log-returns of the DAX index and
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the BMW stock, respectively. Assume that today’s index and today’s stock price are both
100.

1)Propose an elliptical (or other) distribution which is appropriate for this data and compute
the one-day VaRg. g9 and ESg g9.

2)Now use the standard variance-covariance method to compute the one-day VaRg.g9. How
do your two estimates compare?



Chapter 4

Copulas

4.1 What are copulas?

Motivation and fundamental results

When we have data of the form X = (X1, ..., X4) (for example log returns), a reasonable goal
is to find a suitable joint distribution function F' for X. In the previous chapter, we used
elliptical distributions for this purpose, and we remarked a few drawbacks of this approach.
Elliptical distributions force us to also have elliptical marginals, and in some cases, we don’t
want to exclude the possibility that the X; have different types of distributions. The topic
of this chapter is copulas, a widely used tool for modelling the dependence structure of a
random vector while still allowing flexibility in the choice of marginals.

Recall that if X; has distribution function Fj, then F; (U;) 4 X; with U; a Unif(0,1)
variable. This is the “inverse transform method” used in simulation. Recall also that
Fi(X5) 4 U; whenever F; is continuous. A refresher on generalised inverses may be found
in the appendix.

To study the problem of determining the joint distribution F', we assume that the marginal
distribution functions F; are known. The transformation U; := F;(X;) in the continuous
case is illustrated in Figure 4.1 below.

Definition 4.1.1. A copula C is a distribution function on [0, 1]¢ such that all marginals
are Unif(0, 1) distributed.

To be able to go back and forth between the “original space” and the “copula space”, Sklar’s
Theorem [110] is an essential tool.

Theorem 4.1.2 (Sklar’s Theorem). Let F' be the joint distribution function of the random
vector X = (X1, ..., Xq) with marginal distribution functions Fi, ..., F,. There exists a copula
C such that

F(:vl,...,xd) :C(Fl(xl),...,Fd(xd)). (41)

If F1, ..., Fyq are continuous, C is unique. Conversely, given a copula C and marginal distri-
bution functions Fi,...,Fy, then F as defined in (4.1) is a joint distribution function with
marginals Fy, ..., Fy.

89
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X =(X1,...,Xa) Ui = Fi(X3)

T
—

Figure 1: An illustration (in two dimensions) of the idea of a “copula space”. The “original
space” on the left is where the variables live, and we wish to transform them into a collection
of uniform variables with support on [0, 1]%.

Proof. For the sake of simplicity, assume that the F; are continuous. The general statement
is proved in the supplementary section. Then U; := F;(X;) ~ Unif(0,1). Suppose X ~ F
with marginals X; ~ F;. Let U = (Fy(Xy),..., F4(X4)) and let C be the distribution
function of U. By construction and the continuity assumption on the F;, C' is a copula. We
compute

C(Fl(l'l), ...,Fd(acd)) = P(Ul S Fl((El), ceey Ud S Fd(xd))
= P(F1(X1) < Fi(z1), ..., Fa(Xa) < Fa(za))
=P(X; <x1,..Xq <x4) = F(x1,...,24)

which shows that the copula C' has the desired properties. As for uniqueness, by continuity
of the F;, we have F;(Ff (u;)) = u; for all w; € [0,1]. Letting z; = F (u;) in the expression
above, we get
Cluy,...,uq) = F(F (u1), ..., Fy (uq))

and any copula C satisfying C(Fy(x1), ..., Fy(xq)) = F(x1,...,2q) must satisfy the same
relation. Uniqueness now follows. To prove the converse statement, let C' be a copula and
F1y, ..., Fy univariate distribution functions. Let U = (U, ..., Uy) have distribution function
C and define X; := F} (U;), X = (Xy,...,Xq). We know that X; ~ F;, so the marginal
distributions are correct. Also,

C(Fl(xl), ...,Fd(l'd)) = P(Ul S Fl(l'l), ...,Ud S Fd(l‘d))
(Ff_(Ul) S .131,...7Fl;_(Ud) S $d)

which shows that F(x1,...,zq4) := C(Fi(x1), ..., Fa(xq)) is the distribution function for X.
]

Sklar’s Theorem offers an explanation for why copulas are called copulas. The name stems
from the fact that a copula “couples” the marginal distributions to the joint distribution.
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We will see many examples of copulas shortly.

It is often the case that a copula is unique. So-called implicit copulas are constructed by
using the formula
C(u1,...yuqg) = F(F (u1), ..., Fy (uq))

provided in the proof of Sklar’s Theorem, valid for continuous F,..., F,;. The following
example illustrates how uniqueness may fail.

Example 4.1.3. Let (X7, X2) be bivariate Bernoulli distributed with

1
2’

1
L P =1X=1)=

1
P(X1=0,X;=0) = P(X1=17X2=0):§,

W ==

P(X;=0,X,=1) =

Clearly, P(X; =1) = P(X3 = 1) = 7/12 so the marginals are identical, X, X5 ~ F where

0, =<0
Flx)=¢5, 0<z<1
1, x2>1

From Sklar’s Theorem, we know that there exists a copula C' such that
P(X1 S Il,XQ S fEQ) = C(F(lEl),F(LCQ))

for all 1,22 € R. Because C is a copula, the cases where x; < 0 or z; > 1 for either
i =1 or i = 2 are already handled. The only additional restriction comes from the case
21,22 € [0,1) which yields the requirement C(5/12,5/12) = 1/12. We conclude that any
copula C' satisfying C'(5/12,5/12) = 1/12 is a copula of (X7, X3), and it is not difficult to
see that we may construct infinitely many copulas satisfying this relation.

0]

Sklar’s Theorem provides a recipe for constructing copulas using a known joint distribution
function. We call such copulas implicit copulas. Different examples of copulas will be given
in the next section. We first consider some more theoretical properties. We start with the
following useful characterisation of copulas.

Proposition 4.1.4. A function C :[0,1]¢ — [0,1] is a copula if and only if
(i) Cluy,...,uq) =0 ifu; =0 for anyi=1,...,d.
(ii) C(1,...,u;,1,....,1) =u; for anyi=1,....,d and u; € [0,1].

(iii) For all (ay,...,aq), (b1, ...,bq) € [0,1]¢ with a; < b;, we have

2 2
Z e Z (_1)il+"'+idC(U1i1, ooy Udiy) > 0
11=1 ig=1

where uj1 = a; and ujo = b; for allj=1,...,d.
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The first two properties are self-explanatory. The third property is called the rectangle
inequality and can be interpreted as follows: For uniform variables (U, ..., Uy), then P(a; <
Up <bi,y.eyaqg < Ug < bg) > 0.

Proposition 4.1.5 (Fréchet bounds). For cvery copula C, we have W(u) < C(u) <
M (u) where

d
W(u):max{Zui—i-l—dﬁ} and M(u) = min wu,.

: i=1,...,d
i=1

Proof. Let U have distribution function C. For every u; € [0, 1], we have
C(u) = P(Ul S ’U,17...7Ud S ’U,d) S P(Ul S ul) = Uj;.

The bound C(u) < M (u) now follows by minimising over all . Conversely, for u € [0,1]¢,

d
1-C(u)=1-PU; <uy,...,Us <ug) =P (U{Ui > ui}>

i=1

d d d

i=1

Thus —C(u) <d—-1-— Z;.izl u; implying C(u) > Z?Zl u; + 1 —d. Since C(u) > 0 always
holds, the lower bound follows. |

What kinds of random vectors produce these upper and lower bounds? It turns out that
for d > 2, W as given in the proposition is not a copula. This follows from Proposition
4.1.4, since the rectangle inequality does not hold in this case. Indeed, considering the set
[1/2,1]¢ C [0,1]? and letting U ~ W, we would have

PUe[1/2,1]Y) =max{l1+---+1—-d+1,0} —dmax{1/2+1+---+1—d+ 1,0}

d
+<2>Inax{l/2+l/2+l+-~~+1—d+1,0}—-~-

d

+max{1/24+---+1/2—-d+1,0} = 1—5.

And this is negative whenever d > 2. We can however produce M as a copula for any d

and W for d = 2. To do so, we introduce the concepts of comonotonicity and countermono-
tonicity.

Comonotonicity and countermonotonicity

Definition 4.1.6. We say that X1, ..., X4 are comonotone if (X1, ..., Xq) = (01(Z), ..., aq(Z))
for some univariate variable Z and non-decreasing functions aq, ..., ag. We say that (X7, Xo)

are countermonotonic if (X1, Xo) = (a(Z), 8(Z)) for some univariate variable Z, some non-

decreasing function o and some non-increasing function .

The following proposition shows that the lower and upper Fréchet bounds arise from coun-
termonotonic and comonotonic random vectors, respectively.
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Proposition 4.1.7. A comonotone bundle (X1, ..., X4) has M as a copula, and a counter-
monotonic bundle (X1, X2) in d = 2 dimensions has W as a copula.

Proof. Consider a comonotone bundle (X7, ..., X4) and assume for simplicity that the func-
tions a; are strictly increasing and continuous. If F' is the joint distribution function, we
have

F(zy,....zq) = P(X1 < 21,..., Xg < 2q) = P(1(Z2) < 21, ..., q(Z) < 24)

=P(Z <aj (z1),...Z <ay(zq)) =P (Z < ‘_r?inda;_(mi)>

= min P(Z; <af (z;)) = min P(a;(Z) < z;)

i=1,0d i=1,...,d
= ‘_r{lindP(Xi <uz) = A_r{lindFi(xi) = M(Fi(z1), ..., Fu(zaq))

so M is a copula for (Xi,...,X4). Now consider a countermonotonic bundle (X7, Xs) =
(a(2),8(Z)). Assume for simplicity that « is strictly increasing and continuous, S is strictly
decreasing and continuous and that Z is continuous. If F' is the distribution function of
(Xl,XQ), we have

F(z1,m2) = P(a(Z) < 21, 8(Z) < w2) = P(Z < a™ (1), 2 = BT (22))
=P(Z<a " (r1))—P(Z<a"(21),Z < B (x2))
= Fi(x1) — min{Fy(z1),1 — Fa(x2)}
= max{Fy(z1) — Fi(z1), F1(z1) — 1 4+ Fa(x)}
=max{0, F1(z1) + Fo(x2) + 1 — 2} = W(Fy(x1), Fa(x2))

so W is a copula for (X7, X5). [ |

Remark 4.1.8. The implications in the above proposition are biimplications, see the notes
and comments at the end of the chapter as well as the exercises afterwards.

In a risk management context, we can interpret comonotonicity as meaning that there is a
single source of risk that drives all movements in our portfolio. As the underlying risk varies,
all assets move in the same direction. In other words, a comonotone portfolio represents an
extreme scenario where risk cannot be diversified. Countermonotonicity has the opposite
interpretation. The two assets still depend entirely on the same source of risk, but instead
of moving together, whenever one asset decreases in value, the other increases.

Transformation of copulas
Monotone transformations

What happens when we take monotone transformations of a copula? While the distribution
itself may change, the copula does not change under strictly increasing transformations as
the following result shows.

Proposition 4.1.9. Consider a random vector (X, ..., Xq) with continuous marginal dis-

tributions F; and copula C. Let Ty, ..., Ty be strictly increasing continuous functions. Then
(T (X1), ..., Tu(Xa)) also has copula C.
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Proof. Let X; := Ti(Xi),Xi ~ F; and (Xl, ey Xd) ~ F. Let C be the copula of (X'l, ...,Xd).
By Sklar’s Theorem,

C(Fl(xl), ...,Fd(xd)) = F(l’l, ...,{Ed) = P(Tl(Xl) S T, ...,Td(Xd) S xd)
=P(X1 <T{ (21), .., Xa < T (24))
F(I{ (21), -, Tg (Xa)) = C(FL(TY (21)), s Fal(Ty (2a)))-

We now claim that F; = F} o T~. By definition,

Fi(z) = P(X; < 2) = P(Ty(X;) < z) = P(X; < T/ (2)) = F(T (x))

as claimed. F; is continuous by assumption and 7T}~ is continuous since T; is strictly in-
creasing. Hence F; is continuous. We have now proved that

C(Fy(x1), ..., Fa(xq)) = C(Fy(x1), ..., Fy(xq))
and so C = C by the uniqueness part of Sklar’s Theorem. ]

It is natural to ask how the copula changes under decreasing transformations or mixtures
of increasing and decreasing transformations on the entries of the vector. This is explored
in Exercise 4.16.

Survival copulas

Just like many distributions are nicer to work with when considering the tail, so is it more
natural to work with a survival copula for some multivariate distributions. From Sklar’s
Theorem, we know that the relationship between the joint distribution function F' of X =
(X1, ..., Xg4) and the copula C of X is

F(z1,...,zq) = C(Fi(21), ..., Fa(za))

with F1, ..., Fy the marginal distribution functions of X7, ..., X4. It is natural to ask whether
a similar connection exists between the multivariate tail

F(ﬂ?l, ...,:L‘d) = P(X1 > X1, ..., Xg > !Ed)

and the marginal tails F'1, ..., Fy. To answer this question, let us specialise to the case d = 2.
We see that (make a drawing!)

Fa,y) =1-Fi(2) = Fa(y) + F(z,y) = F1(z) + Fa(y) — 1+ C(Fi(x), F2(y))
=Fi(z) + Fa(y) - 1+ C(1 = Fi(x),1 = Fa(y)).

This leads us to the following definition.

Definition 4.1.10. If (X3, X5) is a random vector with copula C, we let

~

Clu,v) =u+v—-14+C(1l—u,1—0)
denote the survival copula of (X7, X3).

From Exercise 4.14, it follows that C is also a copula.
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Remark 4.1.11. A word of warning. The survival copula C is not the same as the survival

function for (U, Usz) with distribution function C. The precise relationship is given by
Clu,v) =1—u—v+C(u,v) = 6(1 —u,1—v).

This discrepancy also explains why we don’t use the overline notation to denote the survival

copula.

One can establish a Sklar’s Theorem for survival copulas. We state a simplified version in
a moment, but we first need to define what it means to compute the generalised inverse of
a non-increasing function. If h is non-increasing, we define

R (u) ;== inf{zx € R : h(z) < u}

which is just the definition for a non-decreasing function but with the inequality reversed.
Note that if F'is a distribution function and F' = 1 — F' the survival function, we have the
useful relation

F (u)=inf{z eR:F(z)<u} =inf{z e R: F(z) >1—u} = F< (1 —u).

Theorem 4.1.12 (Sklar’s Theorem for survival copulas). Let (X,Y) be a bivariate
random variable with continuous marginal distribution functions Fx and Fy and joint sur-
vival function F'. Then the unique survival copula C satisfies

o~

F(z,y) = C(Fx(z),Fy(y)).

This copula is given by

~ —_

C(ur,uz) = F(Fy (1), Fy (u2)).

Proof. We have for uj,us € [0,1] that

F(Fx (u1),Fy (u2)) = P(X > Fy (w1),Y > Fy (u2))
= Fx(F;(m)) + Fy(F;(uz)) -1
+C(1—Fx(Fx (w)),1 - Fy (Fy (u2))).

By continuity of Fx and Fy, it follows that Fx (F; (u1)) = uy and Fy (F; (u2)) = us.
Hence

F(Fyx (w1), Fy (u2)) = u1 +ug — 1+ C(1 = ug, 1 — ug) = C(uy, up).
|

As a final fact about survival copulas, we mention that if (Uy,Us) has uniform marginals
and copula C, then the survival copula C' is realised as the copula of (1 — Uy,1 — Us). The
proof is simple and is left to the reader.

Symmetry properties

Recall that a random variable X is symmetric about a € R if X —a and a — X have the
same distribution. If the distribution function F' of X is continuous, this is equivalent to

Fla+z)=F(a—2z),
for all © € R as is easily verified (do this!). A classic example is the normal distribution,
which is symmetric about its mean. How should we define symmetry for more variables?
We here focus on the concept of radial symmetry.
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Definition 4.1.13. Let a,b € R. The pair (X,Y") of random variables is said to be radially
symmetric about (a, b) if the pairs (X —a, Y —b) and (a— X, b—Y") have the same distribution.

Analogous to the univariate case, it holds that whenever X and Y are continuous, then
(X,Y) are radially symmetric about (a,b) if and only if the joint distribution function F
satisfies

Fla+x,b+y)=F(a—x,b—y) foralz,ycR.

<a—x,b—y>l Hla—ub—y)
e(ab)
(a+z,b+7y)
H(a+zb+y)

Figure 2: An illustration of radial symmetry for a pair of random variables. The two shaded
regions have the same probability mass.

Recall that F is the joint survival function of (X,Y) given by F(x,y) = P(X > z,Y > y).
Again the bivariate normal distribution is an example, where the point (a,b) is the mean
vector. Since copulas contain the joint information for the pair (X,Y), it is natural to
expect a criterion for radial symmetry in terms of the copula of (X,Y"). Such a criterion is
given in the following theorem.

Theorem 4.1.14. Let X and Y be continuous and symmetric around a and b, respectively.
Then (X,Y) is radially symmetric around (a,b) if and only if the copula C of (X,Y) satisfies

Cur,ug) =ur +ug — 1+ C(1 —ug, 1 —ug) for all uy,us € [0,1].
That is, the copula and survival copula of (X,Y) coincide, C = C.

Proof. The proof follows almost immediately by applying Sklar’s Theorem and Sklar’s The-
orem for survival copulas, Theorem 4.1.12. Let X have distribution function F}; and Y
distribution function Fy. The statement for the joint distribution function F

Fla+z,b+y)=F(a—x,b—y) forall z,y€R.

is equivalent to

~

C(Fi(a+z),Fa(b+y))=C(Fi(a—2z),Fa(b—y)) forall z,yecR.

Using the marginal symmetries, Fi(a + x) = Fi(a — z) and Fp(b+ y) = Fa(b —y), it

~

immediately follows that the above is equivalent to C' = C. ]
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1—us N

u N

~

T

1—u W

Figure 3: For a radially symmetric pair of random variables, the two areas shaded in grey
of the copula space will have same probability.

Different examples of radially symmetric pairs of random variables are scattered throughout
the exercises. In Exercise 4.31, a stronger symmetry concept is also explored. Another useful
type of symmetry we will not cover here is exchangeability. This concept will be explored
in Exercise 5.7 in the next chapter. We now present many examples of copulas.

4.2 Examples of copulas

In this section, we consider some examples of copulas with an emphasis on the fundamental
and implicit copulas. The two following sections concern a whole class of explicit copulas.
Fundamental copulas

Fundamental copulas arise from theoretical considerations. We have already seen two ex-
amples from the Fréchet bounds.

Definition 4.2.1. For any d > 1, we call

MW= i

the comonotonicity copula. For d = 2, we call
W (uy,u2) = max{u; + us — 1,0}
the countermonotonicity copula.
The Fréchet bound copulas are not the only “theoretical” copulas.

Example 4.2.2 (The independence copula). For any d > 1, the independence copula is
given by

d
(g, ..., uqg) = I—IuZ
i=1
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Unsurprisingly, II arises from independent variables. Suppose X7, ..., X4 are independent
with continuous distribution functions F;. Then

d d
(Fy (1), ..., Fy(zq)) = HFi(xi) =[[P(Xi <)

i=1

=P(X) <x1,...,Xqg <xq) = F(x1,...,2q)

so by the uniqueness from Sklar’s Theorem, II is the copula for Xi, ..., Xy.

Implicit copulas

Implicit copulas arise from known joint distribution functions. Let F' be a given joint
distribution function. If the marginal distribution functions F; are continuous, we can use
Sklar’s Theorem to construct a copula C' via

Clug,...,uq) = F(F (u1), ..., Fj (uq)).
We give a concrete example.

Example 4.2.3 (The Gaussian copula). Let X ~ N(0,X) be a d-dimensional normal
vector with distribution function ®s; where

1 pi2 - pua

P12 1 e
s=|"

pld P “ e 1

One can think of ¥ as a correlation matrix. Note that the marginals X; are standard normal,
so that they have common distribution function ®. We can then construct the Gaussian

copula
CS*(uy, oy uig) = (@ (uy), ..., @ (ug)).

What if we have a general mean and covariance matrix? Let Y = pu + BX be an affine
transformation of X where

or 0 -+ 0
0 o9 - 0
B=1 . . .
0 0 - oy

is a diagonal matrix with o; > 0 for all . Then Y ~ N(u, BEBT), and any desired
covariance matrix can be written in the form BXB”. Note that Y; = u; + 0;X; is a strictly
increasing and continuous transformation of X;, so Proposition 4.1.9 implies that Y and X
have the same copula, namely Cga. Simulating from this copula is easy. The trick is to
follow the construction in Sklar’s Theorem. To simulate a sample from CS?, follow these
steps:

(i) Simulate X from the multivariate Gaussian distribution N(0, X).

(i) Set U; = ®(X;) fori =1, ..., d.
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(iii) Now U = (Uy, ..., Uy) has the distribution function C§?.

Example 4.2.4 (Example 2.8 in [91]). Consider the distribution function

e U (2,y) € [-1,1] x [0, 00)
Flz,y)=31—¢¥,  (2,y) € (1,00) x [0,00)

0, otherwise

for the pair (X,Y). Letting « and y go to infinity, respectively, we obtain that the marginal
distribution functions are given by

xz+1
ol pe[o1,1
7o Tel-L] 0, y <0
Fx(z)=<1, x>1 . Fy(y) = l—e v, y>0
0, otherwise 7T

We see that X is uniform on [—1,1] while ¥ is standard exponential. It is easy to solve for
the inverses F'y L and Fy ! and we obtain

Fit(u)=2u—1, Fyl(v)=—log(l—v),
which yields that the unique copula for the pair (X,Y) is given by

(2uy — 1+ 1) (e loall—u2) _ 1)
2uy — 1+ 2e~log(l-u2) _ 7

o 2u(1/(1—up) —1) U U2

20 F1/(1—ug) — 1) w4 ug — ugug

Clur,uz) = F(Fx'(u1), Fy ' (ug)) =

[¢]

Example 4.2.5 (Bivariate Pareto distribution, Example 2.14 in [91]). Let (X,Y)
have the joint survival function

l1+z+y)~ % z,9y>0

Fla,y) = (14 z)~°, z>0,y<0
(1+y)~°, x<0,y>0
1, z,y <0

where a > 0 is a parameter. This distribution can be interpreted as a bivariate Pareto
distribution, and it is clear that the marginals are themselves Pareto,

_ (o) e20 A4y y>0
Fy(z) = Ty =
x(@) {1, o TYW=9y y <0

The generalised inverses of the marginals are equal to the ordinary inverses and are given

by
Fy (u)=TFy (u)=u*—1,
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Using the survival version of Sklar’s Theorem, Theorem 4.1.12, we obtain that the survival
copula is given by

~

Cur,u2) = (1 —|—u1_1/a -1 —|—u2_1/a -1 ¥ = (ul_l/o‘ +u2_1/a -1

Using the relation

~

C(ul,u2) = Uy + ug — 1—|—C(1 —u1, 1 —UQ),

one can obtain a (less nice) expression for the copula C. )

Explicit copulas

Explicit copulas are given by a concrete formula. Some well-known examples are the fol-
lowing.

Example 4.2.6 (Gumbel copula). The Gumbel copula is given by

1/6
C§" (u1,uz) = exp (— ((—logu)? + (—logus)?) / )
where 1 < 6 < 0o is a parameter. o

Example 4.2.7 (Clayton copula). The Clayton copula is given by
Cf' (ur,u2) = (up” +uz? — 1)~/

where 0 < 6 < 0o is a parameter. )

Simulation methods

Simulation from a copula can be done in the same way as for any multidimensional distri-
bution. Let us simplify to the case d = 2. Recall that if we want to simulate (X1, X3) ~ F,
where F' is known, we can follow these steps:

(i) Simulate X;.

(ii) Determine the conditional distribution X | X3 = 2. Then simulate X5 from this
distribution, plugging in the simulated X7 value for z.

(iii) The vector (X7, X3) then has distribution F'.
Let C be a two-dimensional copula and let (U, Us) ~ C. In the exercises, you are asked to

verify that the conditional distribution function of U, given Uy = uy is given by

0
Cu v, (u2 | ur) = Tulc(uhuz)

This partial derivative is usually not too hard to compute for explicit examples. An algo-
rithm to simulate from C then goes as follows:

Algorithm 4.2.1 (Simulation from general two-dimensional copula). For a two-
dimensional copula C"

1. Simulate independent Uy, V' ~ Unif(0, 1).
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2. Set
Us + C[<J_2|U1 (V ‘ U1)

with O, o, (- | u1) denoting the generalised inverse of Cy, v, (- | u1).
3. The pair (U1, Us) is now a sample from C.

Sampling from a copula yields another method to sample from any multidimensional dis-
tribution by using Sklar’s Theorem. If (X, ..., X4) has distribution function F', marginals
Fy, ..., Fy and copula C, we can simulate from F' as follows:

1. Simulate (Uy, ..., Uy) from C.
2. Set X; FZH(UZ) for i = 1, ,d
3. The vector (X7, ..., X4) then has distribution function F'.

Example 4.2.8. In Example 4.2.4, we introduced the copula

U1U2
C(ul, UQ) =

U1 + Uy — U U2

We see that

CUQ\U1 (ug | uy) = 0 ($)

Oup \uy + ug — uj s
U2 Ui1U
= — 1—u
up 4 ug —uruy  (ur +ug — U1U2)2( 2)
ug(ug + ug — ugug) — ugus(l — ug)

(u1 + ug — uqug)?

— ( U )2
u + U2 — ULTU2
and b()l\/lng f()l" the inVelbe yleldb

Cuyjp, (v | ) = 1_(?1_\/51)\@

Hence we may simulate from this copula by first simulating independent Uy, V' ~ Unif(0, 1)
and letting

_ UV
11U )WV

If we want to simulate from the distribution function F' in Example 4.2.4, we can then apply
the inverse transforms to U; and Us to obtain a sample (X,Y) via

2

X=2U,-1, Y =—log(l—Uy).



102

o

Figure 4: Left: A simulated sample (n = 1000) of the copula C(u,us) = uyus/(u1 + ug —
ujug) using the algorithm just described. Right: 1000 simulated samples of the distribution
presented in Example 4.2.4 based on the samples in the left plot.

4.3 Archimedean copulas

Basic properties and characterisation
Both of the above examples of explicit copulas are so-called Archimedean copulas.

Definition 4.3.1. Let ¢ : [0, 1] — [0, 0o] be continuous, strictly decreasing and convex with
©(0) = 0o and ¢(1) = 0. Then

Clur,uz) = ¢~ (p(ur) + p(uz))
is called the Archimedean copula with generator .
We see that by choosing ¢(t) = (—logt)? for > 1, we obtain the Gumbel copula. Choosing
o(t) = (t7% — 1) gives the Clayton copula. The notion “Archimedean” comes from the
fact that an Archimedean copula satisfies a type of Archimedean property analogous to the

one for the real numbers, namely that for any a,b > 0, there exists an integer n such that
na > b. See Exercise 4.30 for details.

Example 4.3.2 (Generalised Clayton copula). Choosing p(t) = 0=%(t=% —1)° for § > 0
and 6 > 1 gives the Generalised Clayton copula. The special case § = 1 corresponds to the
Clayton copula from above. o

Example 4.3.3 (Frank copula). The Frank copula is the Archimedean copula with gen-

erator o
e "t —1
t)=—1 _
o(t) 0g<691)
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where 0 € R\ {0} is a parameter. °

It should of course be verified that an Archimedean copula is a copula. The following result
characterises Archimedean copulas in two dimensions.

Theorem 4.3.4. Let ¢ : [0,1] — [0,00] be a continuous, strictly decreasing function such
that p(1) = 0, p(0) = co. The function C : [0,1]*> — [0,1] given by

Clur,uz) = o~ (p(ur) + p(uz))
is a copula if and only if ¢ is convex.

The proof of the theorem (which may be skipped at first reading) relies on Proposition 4.1.4.
To prove the theorem, the following somewhat technical lemma is required.

Lemma 4.3.5. Let ¢ : [0,1]2 — [0,00] be a continuous, strictly decreasing function with
(1) = 0 and ¢(0) = co. Then the function C : [0,1]*> — [0,1] defined by

Clur,ug) = ¢ (p(ur) + p(uz))

satisfies (i) and (ii) of Proposition 4.1.4. The rectangle inequality (iii) holds if and only if
whenever u; < ug,
C(u2,v) — C(uy,v) < ug —uy (4.2)

for all v € [0,1].

Proof. Letting C be the function defined in the lemma, we then have C'(u,0) = ¢~ (p(uy)+
©(0)) = ¢~ 1(c0) = 0 and similarly, C(0,uz) = 0. Also, C(u1,1) = ¢~ (p(u1) + ¢(1)) = us
and C(1,uz) = ug. This shows that (i) and (ii) of Proposition 4.1.4 are satisfied. As for the
second assertion of the lemma, we note that (4.2) is a special case of the rectangle inequality
(why?), so if the rectangle inequality holds, then certainly (4.2) also holds. Now assume
that (4.2) is true for all v € [0,1]. Choose v; < vy in [0,1] and note that C(0,v3) = 0 <
v1 < g = C(1,v2). Both ¢ and ¢ ~! are continuous, hence so is C. Thus there is a t € [0, 1]
such that C(t,v2) = v1, which means that ¢(v2) 4+ ¢(t) = ¢(v1). Hence

C(uz,v1) — Clug,v1) = ¢~ ( ) — @ M (p(u1) + (1))
“Ho(uz) + @(v2) + () + ¢~ (p(ur) + o(va2) + ©(t))

Rearrange this inequality to obtain the rectangle inequality. |

Proof of Theorem 4.3.4. Let C be of the form in the previous lemma. We have already
shown that (i) and (ii) of Proposition 4.1.4 hold. It remains to show that the rectangle
inequality holds if and only if ¢ is also convex. Assume that the rectangle inequality holds,
so that C is a copula. As was established in the previous lemma, the rectangle inequality
for Archimedean copulas is equivalent to (4.2). Setting a = (u1),b = p(uz) and ¢ = ¢(v)
for uy,ug,v € [0, 1] with u; < ug, (4.2) can be rewritten to

e Ha)+o (b+e) <o (b)) + o Hato) (4.3)
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for any a > b and ¢ > 0. Since ¢ is convex if and only if ¢! is (why?), it suffices to show

convexity of ¢ 1. To this end, let 0 < s < t. Setting a = (s +1)/2, b=sand c = (t — s)/2
and plugging into the inequality from before, we obtain

71(s+t) ¥+
2 /- 2

Thus ¢! is midconvex?, so by continuity, ¢! is convex as desired (see Exercise 4.29). To
prove the converse, assume ¢! is convex. Fix a > band ¢ > 0 and let v = (a—b)/(a—b+c).
We may then write a = (1—7)b+~(a+c¢) and b+c = vb+ (1 —y)(a+c¢), so from convexity,
it follows that
P Ha) < (1 =7)e ' (b) +r9 H(a+o)
and
b+ ) <997 (B) + (1 =) (a + o).

Adding these two inequalities yield (4.3). The proof is thus complete.
]

While the method of constructing Archimedean copulas is certainly practical, there are
some limitations worth mentioning. An Archimedean copula is seen to be symmetric in
the two arguments which is clearly a constraint in modelling. Furthermore, the structure
of an Archimedean copula is maybe too simple since it is two-dimensional but has a one-
dimensional generator.

Simulating from Archimedean copulas in two dimensions

We here present an algorithm ([41]) for simulating from Archimedean copulas in two dimen-
sions. While simple, it has the drawback that one must compute several quantities related
to the generator on a case-by-case basis.

Algorithm 4.3.1. For a two-dimensional Archimedean copula C' with generator ¢:

1. Simulate independent Uy, V' ~ Unif(0, 1).

2. Set

3. Set Uz = ¢~ (W) — ¢(U7)).
4. The pair (U1, Us) is then a sample from C.
We should of course verify that this algorithm works.

Proposition 4.3.6. The pair (Uy,Us) produced by the algorithm above is indeed distributed
according to C.

LA function f is midconvez if for every s,t in the domain of f, we have f(s/2 +t/2) < (f(s) + f(t))/2.
See also Exercise 4.29.
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Proof. Let uy,us € [0,1]. We are done once we have shown that

P(Ul S Uy, UQ S ’ZLQ) = C(Ul,’U,Q).
The strategy is to consider P(Us < up | U = u1). Recall that ¢ and ¢! are strictly
decreasing while ¢ is increasing by convexity of ¢. Using these facts as well as independence
of Uy and V yields

P(Uz Sz | Ur = u1) = P(e(W) — ¢(U1) 2 ¢(uz) | U = u1)
= P(e(W) 2 plur) + plua) | U = 1)
= P(o () (F0)) > ) + otus) | 01 = )
= Pt (FU) < o (o) + o))
= PPN < o o) + o))
_ ¢’ (u1)
=PV < ST o)

Now, by a conditioning argument
w1
P(Ulgul,UQSUQ):/ P(UQSU2|U1:’U,)d'LL
0

We want this to equal C(u,u2) = ¢~ (¢o(u1) + ¢(uz)). To see that this is indeed the case,
simply differentiate along u, to obtain

0

¢’ (u1)
—C(uy,ug) = .
5 ) = T ) + o (u)
The proof is now complete by the fundamental theorem of calculus. |

Example 4.3.7. Recall the Clayton family with generator
@(t) = 7(1"76 - 1)7 NS (0700)
The inverse of the generator is given by
o1 (s) = (1+65)"1/%,
The derivative is given by ¢'(t) = —t~9~1 with inverse (¢')~(s) = (—s)~ /149, Hence,
after a few tedious calculations, we obtain the following algorithm to simulate from this
copula:
1. Simulate independent Uy, V' ~ Unif(0, 1).

2. Set W « U, V1/(1+0)
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3. Set )
Us (1 +U* (V*"/U*") - 1)) -

4. The pair (Uy,Us) is now a sample from the Clayton copula with parameter 6.

1.004 - * L D T, L L Y
S : l}.' l'!",rurf.' h
= LRI A T 3 L A T
0.75 PR TS t-_,f,,-.r.-.' ?5:'-. 2
By gt
o . - "'..-.’ M e L
B
Sy I 0 £ L O PO
0.25 - B %?‘r"a{-"" .
i e ..  me .
DDD- T T T T T T .l ] T T T
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
1.00 1 - ':_"r" ‘p.’-':& -

' Ll Wty

0.75

Figure 5: Four simulated samples of size 1000 for the Clayton copula with § = 1 (upper
right), 8 = 2 (upper left), # = 4 (lower left) and § = 8 (lower right). Note how the samples
seem to become more and more “narrow” (dependent) for higher 6 values. This phenomenon
will be explained in the next chapter on dependence concepts.

In the following section, we will see yet another method to simulate from the Clayton copula,
one that works for an arbitrary dimension. In Exercise 4.43, another algorithm is outlined.
@]

Example 4.3.8. Consider the Joe copula ([71] and [70]) which has generator
p(t) = —log(1 - (1-1)")
for a parameter 6 > 1. In this case, the derivative is given by

) 0(1—1)7*
o) =-1r

and there is no explicit form for the inverse (¢’)~1(s). But this number satisfies the equation

s—s(1— (@) 1) + 01— (&) (s)" =0,

and one can use numeric methods to solve for (¢')71(s) in step 2 of the algorithm. o
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4.4 Archimedean copulas in higher dimensions

Characterisation and complete monotonicity

How can we generalise the Archimedean copula construction to higher dimensions? The
logical next step would be to propose

Clu,ua) = ¢~ (p(ur) + -+ p(ua)) (4.4)

where ¢ : [0,1] — [0, 00] has the same properties as in the two-dimensional case i.e. ¢ is
strictly decreasing, convex and satisfies ¢(0) = oo and (1) = 0. Is C as constructed above a
copula? The answer is no in general. One issue is that C' is not even a distribution function
in general for dimensions higher than two. In order to answer the question of when C' is a
copula, we need the following definition.

Definition 4.4.1. A decreasing function f is completely monotonic on [a,b] if

k
(*1)k%f(t) >0 for k=0,1,... and te€ (a,b).

It turns out that the property of being completely monotonic determines whether C' defined
by equation (4.4) is a copula.

Theorem 4.4.2. Let ¢ : [0,1] — [0,00] be a continuous strictly decreasing function such
that ©(0) = oo and ¢(1) = 0. C defined by (4.4) is a copula for all d > 2 if and only if ¢~ *
is completely monotonic on [0, 00).

Proof. We refer to [87] for a proof. [ |

Checking complete monotonicity for the inverse of a copula generator is often tedious, but
there are tools available. The following proposition summarises some of these. A function
f is called absolutely monotonic on [a, b] if

dk
ﬁf(t)z() for k=0,1,... and ¢€ (a,b).

Proposition 4.4.3. The following hold.

(i) If f is absolutely monotonic and g is completely monotonic, then f o g is completely
monotonic.

(i) If f and g are completely monotonic, so is fg.

(iii) If f is completely monotonic and g is positive with completely monotone derivative,
then f o g is completely monotonic.

Proof. Property (i) is covered in Chapter IV of [120]. Properties (ii) and (iii) are covered in
[33]. Note that an easy proof of (ii) follows by Leibniz’ formula for the the k’th derivative

of the product,
k

t®w =3 (5)roms .

=0
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Example 4.4.4. Consider the Gumbel copula with generator o(t) = (—logt)? for 6 > 1.
The inverse is given by

v~ (5) = exp(—s"").
The function z — e~* is clearly completely monotone, and s — s/? is positive with com-
pletely monotone derivative. It follows by (iii) of Proposition 4.4.3 that ¢! is completely
monotonic. We conclude that the Gumbel copula can be generalised to arbitrary dimensions.
Explicitly,

x

Co(uq, ..., uq) = exp ( — ((— logu1)? 4 - -+ + (—log Ud)9)1/9>

is a copula on [0,1]? for any d > 2. o

Simulation methods

While it is possible to check whether ¢! is completely monotonic, it is a tedious procedure.
As an alternative to verifying complete monotonicity, one can apply Laplace transforms of
distribution functions. We recall the definition.

Definition 4.4.5. Let G be a distribution function on [0, c0) with G(0) = 0. The Laplace
transform of G is

Y(t) = /OOO e "dG ().

Remark 4.4.6. Let G be a distribution function on [0,00) with G(0) = 0 and Y a random
variable distributed according to G. We then have the following relationship between the
Laplace transform v of G and the moment-generating function xy given by

P(t) = ry (—t).

Lemma 4.4.7. A function v on [0,00) is the Laplace transform of a distribution function
G if and only if ¥ is completely monotonic and ¥(0) = 1.

Proof. See Chapter XIII.4 in [33]. ]
The above results provide a strategy to verify that ¢! is completely monotonic. It suffices
to show that ¢~! is a Laplace transform of some distribution function G.

Example 4.4.8. Consider the Clayton copula with generator ¢(t) = (=% — 1)/6. We can
solve for ¢! and get

(/0"
(t+1/0)1/9°

Now recall that the gamma distribution with parameters o, 8 > 0 has the moment-generating

function 8 N
0= (52)

so if we let @« = 8 = 1/6, we have that the Laplace transform of this distribution is given
by ¢~ 1(t). Explicitly,

e tt) = (0t +1)70 =

CSM ury ooy ua) = (ui? 4ug® 4+ -+ uy? —d41)71°0

is a copula on [0, 1]¢ for any d > 2.
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Archimedean copulas constructed using Laplace transforms of distributions deserve their
own name.

Definition 4.4.9. An LT-Archimedean copula is an Archimedean copula where the gener-

ator  satisfies p~! = 1), with v the Laplace transform of some distribution function G' on
[0,00) with G(0) =0

How do we simulate random vectors with a given copula? If we have an LT-Archimedean
copula, the following proposition provides a recipe.

Proposition 4.4.10. Let G be a distribution function on [0,00) and V ~ G. Let p =
o~ denote the Laplace transform of V. Suppose we have variables Wy, ..., W4 which are
conditionally independent given V with conditional distribution function

FW@|V:U(U) = e—vga(u).
Then the distribution function of W satisfies Fyw(u) = C(u).

Proof. The proof is a straightforward computation using a conditioning argument and con-
ditional independence:

Fw(u) = P(Wy <wy, ., Wy < ug) = / PWy <uy, ..., Wy <ug |V =v)dG(v)

/ HP (Wi <ui |V =0)dG(v / He*w(uﬂda(v)
=1

_ / —v(ap(m)+"'+<P(“d))dG(U) = ¢(¢(U1) + -+ gO(Ud))
0

= ¢ (p(ur) + -+ p(uq)) = C(u).

The proposition tells us that if we want to simulate from the copula C(u) = ¢~ !(p(u1) +
-+ 4+ ¢(uq)), we should apply the following steps:

1. Identify the distribution G having the Laplace transform ¢ = o~!.
2. Simulate V ~ G.

3. Generate iid Uy, ..., Ug ~ Unif(0, 1) and apply the inverse transform method i.e. W; =
Fyy. v =, (Us) with v equal to the simulated value of V' from step 2.

4. Wy, ...,Wy is then a sample from C.

We can actually be more specific in step 3. Fyy, |y =, has a proper inverse which we solve for
as follows:

_ — 1
) 0 e logu= vl Fiy— ) & R = o7 (<)),

Hence W; in step 3 should be set to

W, = w (_10%/0}) )
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To exemplify, let us consider the Clayton copula again. We know that the distribution G in
the algorithm is the I'(1/6,1/8) distribution. We computed

e () = (0t + 1)V,
and so an algorithm for simulating from the d-dimensional Clayton copula is as follows.

Algorithm 4.4.1. To generate a sample from the d-dimensional Clayton copula with pa-
rameter 6 > 0, do the following:

1. Simulate V ~ I'(1/6,1/6).
2. Simulate independent Uy, ..., Uy ~ Unif(0, 1).

3. Set

log U; -1/
v .

4. Wy, ..., Wy is then a sample from the Clayton copula.

Figure 6: A simulated sample of size 1000 from the four-dimensional Clayton copula with
0=3.

4.5 Extreme value copulas*

In this supplementary section, we introduce a certain type of copula which arises naturally
in the modelling of correlation of extreme events. Extreme events often move together. In a
financial context, a large fluctuation in one stock often spills over to other stocks of the same
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type, and in nature, extreme events are often caused by a number of factors which reinforce
each other. Hence it is vital to be able to capture the dependence structure of exceptional
events. We first introduce the concept of a maz-stable copula, and then we present the
definition of an extreme value copula. The remainder of the section is devoted to examples
and some essential properties of such copulas. To see the connections to classical extreme
value theory, the reader is encouraged to first take a look at the supplementary section in
Chapter 2 on maximal domains of attraction if they have not already done so.

Definitions and essential properties

Definition 4.5.1. A copula C i maz-stable if for all @ > 0 and wuy,...,uq € [0, 1], it holds
that
C(uy,...,uq) = C“(u}/a, ...,ucl/a).

What is the motivation for this definition? The following result (which you are asked to
prove in Exercise 4.36) shows how a max-stable copula occurs.

Proposition 4.5.2. Let {Xy;,..., Xq,:}l; be iid random vectors. Assume (X11,...,Xq1)
has joint distribution function F', copula C' and continuous marginals Fy, ..., Fq. Let X 1., 1=
max{Xj1,..,X;,} be the mazimum of the observations in the j’th coordinate, j =1, ...,d.
Then the copula Ch., of X1 1:n, ..., Xd,1:n 15 given by

Ol:n(ula ~"7ud) = Cm(u}/nv 7,“(1/")

In other words, a copula is max-stable if and only if the random vector consisting of the
componentwise maxima have the same copula as the original joint distribution.

Example 4.5.3. The independence copula IT(uq, ..., uq) = ug - - - ugq is trivially a max-stable
copula. The interpretation of this is that if the sequences {X1 ;}}"{,...,{Xa.}/, are inde-
pendent, then so are their running maxima. This fact was already clear. o

Example 4.5.4. If the random vectors {X1 ;, ..., X4}, are comonotonic, then so are the
componentwise maxima. Indeed, the comonotonicity copula M (uy, ..., uq) = min{uy, ..., uq}
is clearly max-stable. o

Example 4.5.5. Consider the Gumbel copula

1/6
CS" (ug,uz) = exp ( — ((—log u1)? + (= log uz)e) )
for 8 > 1. Letting a > 0, we have
Guyay, 1/a 1/a 1/a\0 1/a\0 1/6
(C5) (w05 = exp (= a((~Toguy/)? + (~logug/*)?) )

1 1/6
= exp ( - a(a—e ((— loguy)? + (— logug)(’)) )
= C@Gu(ul,UQ).
Hence the Gumbel family is max-stable. o

We can now introduce the main definition of this section.
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Definition 4.5.6. A copula C, is called an extreme value copula if there exists a copula C
such that
Cy(u1,...;uq) = lim C’”(u}/n7 sy u(l/n)
n—oo

for all uy,...,uq € [0,1]. In this case, we say that C' belongs to the domain of attraction of
Cs.

The following result is analogous to the result from classical extreme value theory which
states that a distribution is an extreme value distribution if and only if it is max-stable (see
Theorem 2.5.2).

Theorem 4.5.7. A copula is an extreme value copula if and only if it is maz-stable.

Proof. If C is max-stable, it is obviously an extreme value copula (and it lies in the domain
of attraction of itself). Conversely, if C, is an extreme value copula which lies in the domain
of attraction of C, we have for any a > 0 that

Cf(u}/a, ...,utli/a) = nh—>120 Ca"(u%/an, ...ui/an) = Ci(u1, ..., uq),

showing that C, is indeed max-stable. |

The following theorem provides a constructive procedure to generate extreme value copulas.
At the same time, we get another characterisation of extreme value copulas. For simplicity,
we only present the result in two dimensions. For a higher-dimensional statement, see [49]
and the references therein.

Theorem 4.5.8. The two-dimensional copula C is an extreme value copula if and only if
there exists a function A : [0,1] — [1/2,1] (called the dependence function) such that

B log us
C(ug,uz) = exp (log(ulm)A(log(ulm)))'
Given C, A is given by
A(t) = —log C(e= (179 e7),

and a function A : [0,1] — [1/2,1] is a valid dependence function (that is, it generates an
extreme value copula) if and only if it is convex and satisfies A(0) = A(1) = 1, max{t,1 —
1< A(t) < 1.

Proof. Let C be a two-dimensional extreme value copula. Let X and Y be standard expo-
nential with survival copula C. Then the joint survival function of (X,Y") is given by

F(z,y) = P(X >z,Y >y) =C(e ", e7Y).
Using that C' is max-stable, we get for any a > 0 that

Flaz,ay) = C*(e™",e¥) = F" (z,y).

Now define A : [0,1] — [1/2,1] as in the theorem, i.e. A(t) = —logC(e~(*=% e~*). Then
Ce= (171 e~t) = exp(—A(t)). Now make the change of variables for a > 0,¢ € (0,1)

(.9) = (a(l—t),at) & (a,1) = (w+y, f)
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Then the joint survival distribution may be written as
F(z,y) = F(a(1 —t),at) = F*(1 — t,t)
— C7(e=070, ™) = exp(—aA(t)

o (- s 0a(=L)),

Tty

Now use that C(u1,us) = F(—loguy, —logus), we have

C(Ula u2) = exp (10g(U1UZ)A(IOIgO(i7?;2)>)

as desired. For the converse, we refer to [70]. [ ]

Examples of extreme value copulas

We have already seen some examples of extreme value copulas above. For the independence
copula, it is clear that A(t) = 1 for all ¢, while for the comonotonicity copula, A(t) =
max{l — ¢,t}. We shall study the Gumbel family in more depth, but before doing so, we
introduce a new family of copulas.

The Marshall-Olkin family of copulas

The Marshall-Olkin family (see [85] and [86]) is a multivariate distribution with uniform
marginals that are all exponential. We here consider the bivariate version, where one can
think of the distribution as modelling a two-component system susceptible to three types
of independent shocks, namely one which knocks out one component, the other component
or both at the same time. The time until a shock happens is modelled by an exponential
distribution. To make this precise, denote by T; the time until the shock of type 7 happens,
i =1,2,3. Then we assume that 7,75 and T3 are independent and exponentially distributed
with parameters A1, A2 and )3, respectively. The joint survival function F for the lifetime
of the two components X7 := min{7T}, T3}, X5 := min{75, T3} is thus given by

F(z,y) =P(X1 >z, X2 >y) = P(T1 > z,Ts > x,T5 > max{z,y})
= exp(—A1T — Aoy — Az max{z,y}).
The lifetime of the components are both exponential with rates A1 + Az and Az + As, re-
spectively, since the survival functions F'; and F'5 of X; and X, are easily seen to be given
by
Fi(z) = e MitA)2 and Fy(z) = e~ Petra)z,
We wish to determine the survival copula of (X3, X2). To do so, rewrite max{x,y} =

x +y — min{z,y}. Then

F(z,y) = exp(=(A1 + Az)z — (A2 + A3)y + Asmin{z, y})
= F1(x)Fy(y) min{exp(A32), exp(A3y)}.
Recall that in order to find the survival copula, we need to plug in Fl_l(ul) and Fo 1(U2)
for x and y. Before doing so, it makes sense to reparametrise the problem. Let

o A 5= A2
A+ A3 A+ Az
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Then with a bit of algebra, we obtain that the survival copula C of (X1, X5) is
~ : —a ,,—B : 11—« 1-8
C(u1,u2) = ugug min{uj *, uy " } = min{u; ™ “ug, uguy~ " }.

While o, 8 € (0,1) by construction, one can show that this function is still a copula for
a, 8 € {0,1}, see Exercise 4.38.

Definition 4.5.9. The Marshall-Olkin family of copulas is the two-parameter family of
copulas given by

w Ty, u > Ul

: 11—« 1-8 2
Co.p(u1,us) = minf{u; ™ “ug, ugu; "} = 1-5 . 5
Uiy T, uy < uy,

where a, 5 € [0, 1].

Note that this family is a generalisation of the Cuadras—Augé family of copulas considered
in Exercise 4.4. Note that the function A : [0,1] — [1/2,1] given by

A(t) =1 — min{ft,a(l —t)}

is a valid dependence function and that it gives rise to the Marshall-Olkin copula. That the
Marshall-Olkin family is an extreme value copula family can also be verified directly. Below
is an illustration of how samples from this copula and the bivariate exponential distribution
above look like.

1.00 4

. . 0.75 1

=' 050+

0.25 4

LI D00 =+

Figure 7: A simulated sample of size 1000 from the Marshall-Olkin copula (right) and the
corresponding sample of (X7, X3) (left). Here the parameters are chosen to be Ay = 2, \y =4
and A3 = 1, that is, « = 2/3 and 8 = 4/5.

Note that the copula sample has a curve through the plot. This is due to the fact that the
Marshall-Olkin copula has a singular component, see Exercise 4.38 for details. For more
information on singular and continuous components of copulas in general, consult [91].
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Which extreme value copulas are Archimedean?

We saw above that the Gumbel copula is an extreme value copula. The dependence function
is given by

At) = (t9 + (1 - t)")l/e.

It is natural to ask if there are other Archimedean copulas which are extreme value copulas.
The answer turns out to be no ([43]).

Theorem 4.5.10. The Gumbel copula is the only Archimedean extreme value copula.

Proof. Assume ¢ generates an Archimedean extreme value copula C. Fix s > 0. For any
t € [0,1], we claim that ¢(t*) = cs¢(t) for a constant ¢, only depending on s. To verify this
claim, it helps to introduce the function hy : [0, 00] — [0, 00] given by hs(z) = @(o~(x)®).
We claim that hg is linear. Let x,y € [0, 00]. Since ¢ is surjective, we may find uy,us € [0, 1]
such that x = p(u1) and y = p(uz). Using that C is max-stable, we obtain

hs(z) + hs(y) = p(ui) + p(uz) = 9(C(uf, u3))
= 0(C(u1,u2)®) = (e (plur) + p(uz))®)
ol Mz +y)*) = he(z+y),

which shows that hg is additive. Since h is also continuous, being composed of continuous
functions, we have that hg is linear, i.e. hs(xz) = csxz. Translating back to ¢, if we let
t = ¢~ 1(x) (again possible by surjectivity), we get ¢(t*) = csp(t) as desired. As you will
show in an exercise, cyp is also a generator for C' for any constant ¢ > 0, so we may normalise
© in such a way that ¢(1/e) = 1. Letting s = —logt, then p(e™*%) = csp(e™*). Hence,
if we let g(x) = p(e™?), then g(sx) = csg(x). Because g(1) = 1, ¢s = g(s), which shows
that ¢ satisfies the functional equation g(xy) = g(x)g(y) for ,y > 0. By continuity of g, it
holds that g is of the form g(z) = 2% (see Exercise 4.41). Translating back to the generator,
this means that o(t) = g(—logt) = (—logt)? which is the generator for the Gumbel copula.
This completes the proof. |

4.6 Constructing new copulas®

There exists a variety of methods to construct copulas. These vary in nature from purely
geometric methods, where one attempts to construct copulas based on certain geometric
restrictions (diagonal structure, quadratic or cubic sections etc.) to algebraic methods,
where certain probabilistic properties are satisfied. We refer to Sections 3.2 and 3.3 in [91],
respectively, for a comprehensive introduction. In this supplementary section, we present
a few of these results. Other examples can be found in Exercises 4.33, 4.34 and 4.39. For
background on the examples and methods presented shortly, see the notes and comments
at the end of the chapter.

Constructing new copulas from existing ones

In this short subsection, we present a general method for constructing a new copula given
an existing one.
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Theorem 4.6.1. Let v : [0,1] — [0, 1] be a continuous and strictly increasing function with
v(0) = 0 and ¥(1) = 1. Let C be an arbitrary two-dimensional copula. Then the function
C, :[0,1]* = [0,1] given by

Cy (1, uz) = 771 (C(y(ur), ¥(u2)))

1

is a copula if and only if v is concave (equivalently: if v~ is convez).

Proof. Assume first that y~! is convex. We will show that C., is a copula by verifying (i),
(i) and (iii) of Proposition 4.1.4. Since v(0) = 0 = y~1(0) and (1) = 1 = v~1(1), it follows
that C, satisfies (i) and (ii). For the rectangle inequality, assume a1, az, b1, b2 € [0, 1] with
a1 < by and as < by. Define

s:=C(v(a1),v(a2)), = C(v(a1),v(b2)),

t
(v(b1),7(az)), w = C(y(b1),7(b2))-

Since v is increasing, y(a1) < y(b1) and y(az) < y(b2), and because C' is a copula, we have
s—t—wv+w >0 by (iii) of Proposition 4.1.4. It remains to show that

7 ) =) =T () T (w) 2 0.

Since C' is increasing in both arguments, we have either s <t <v<wors<v <t <w. If
the four numbers are distinct, then from [104],

Il
Q

v

7 =) T w) =)
t—s - w— v

because y~! is convex. But we know that t — s < w — v, and so v~ 1(t) — v~ 1(s) <

v Hw) — v~ (v) as desired. The proof is similar for the case where two or three of the
numbers s,¢,v,w are equal. Conversely, assume C, is a copula for any copula C. Let
a,b € [0,1] with a < b and define u; = v; =y }((a +1)/2) and up = vo =y~ 1((b+1)/2)
so that y(u1) = y(v1) = (e +1)/2 and vy(u2) = y(v2) = (b+ 1)/2. Now consider the special
case C' = W. Then

a+1+a+1
2 2

W (1), y(v1)) :max{ 1,0} —a

and similarly, W (y(u1), 7(v3)) = W (7(u2),7(01)) = (a + b)/2 and W (y(u2),7(v3)) = b. By
assumption W, is a copula and thus

7 Ha) -2 (T) +771(0) 20

which is readily rearranged to

() < St ),

1 -1

that is, v~ is midconvex. By continuity, v~ ' is convex as desired (Exercise 4.29). |

One may generalise the theorem to also include the case where v(0) is not necessarily zero,
and y~! is defined on [0,1] as a pseudo-inverse instead (see Exercise 4.27). This can be
found in [26].
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Example 4.6.2. In Proposition 4.5.2, we saw that the copula of the componentwise maxima
for a sequence {X; 1, X; 2} ; was given by

C(u1,u9) = C”(u}/" ui/")
That this is a copula is a special case of the above theorem with the function v(z) = '/,

which is readily seen to satisfy the requirements in the theorem. o

Generating two-parameter families via Archimedean copulas

All Archimedean copula families presented in this chapter depend on a single parameter.
We here present a simple method for extending these families to one with two parameters.
The theoretical machinery lies in the following theorem.

Theorem 4.6.3. Let ¢ be a generator for a two-dimensional Archimedean copula, and let
a, 8> 0 be fizred. Define the functions

@a,l(t) = (p(ta)’ (pl,ﬁ(t) = w(t)ﬂ'

Then the following assertions hold:
1. If B > 1, then @1 3 is a valid generator.
2. If a <1, then 4,1 is a valid generator.

3. If ¢ is twice differentiable and t¢'(t) is non-decreasing on (0,1), then vqa1 is a valid
generator for all a > 0.

The proof of this theorem is left to the reader, see Exercise 4.40. The result leads to the
following definition ([93]).

Definition 4.6.4. Let A5 denote the set of valid generators for a two-dimensional Archimedean
copula. For a fixed ¢ € As, we call the family

{(poz,l €Ay <Pa71(t) = @(ta)}

the interior power family associated with ¢. We call

{p1,8 € Az 1 p15(t) = (1)}
the exterior power family associated with (.

Example 4.6.5. The exterior power family of ¢(t) = —logt is the Gumbel family. The
interior power family of p(¢) = 1/t — 1 is the Clayton family. o

Example 4.6.6. Choosing 6 € [—1, 1] and defining p(t) = log((1—6(1 —t))/t) generates an
Archimedean copula, the Ali-Mikhail-Haq family. This family will be considered throughout
several exercises, e.g. Exercise 4.6. We have

’ _ (971)/152 = -1
WO =ta ga o - 1oea =’
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and since
/ / 9(1 B 0)
(19 ®) = =g~y 20

whenever 6 > 0, we obtain that for 6 € [0, 1], the interior power family associated with ¢ is
given by the collection of functions

1—-6(1—1t~
©a,1(t) = log (%

The copulas in this family are explicitly given by

), a > 0.

U1U
(1= 0(1 —uy/*)(1 —uy/ )

Ce;a,l(ula u?) =

[¢]

By combining the interior and exterior power families, one can obtain valid Archimedean
copula generators on the form

Pa,p(t) = (p(t*))".
The range of « will of course depend on the starting generator ¢, see points 2. and 3. in
Theorem 4.6.3.

Example 4.6.7. We know that the Clayton generator for § = 1, ¢(t) = 1/t — 1, generates
the copula

U1Ul
C(up,ug) = ————————.
(1, uz) Up + Uz — ULU2
Clearly, t¢'(t) = —1/t is non-decreasing for ¢ € (0,1), and so we may construct the two-

parameter family with generator
Pap(t) = (=17 a>0p8>1

One can verify that the copula family is explicitly given by

Ca,pur,uz) = (1 + ((ufa —1)8 4 (uy® — 1)5>1/ﬁ)*1/a.

4.7 Additional proofs and results*

In this section, we provide additional proofs and technicalities that didn’t fit the theme
of the main text. We start by providing a general proof of Sklar’s Theorem without any
continuity restrictions on the marginals. An elegant general proof is provided by [107] who
uses the distributional transform as the main tool.

Definition 4.7.1. Let X be a random variable with distribution function F'. The modified
distribution function F(x,t) is defined by

F(z,t) = P(X < z)+tP(X = z) = F(z—) +tAF(z), tel0,1].
The distributional transform of X is given by
U:=F(X,V)

where V is a Unif]0, 1] random variable independent of X.
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If F is continuous, then F(z,t) = F(z), and in particular, F does not depend on the ¢
parameter. In this case, it is well-known (see the appendix for details) that U as defined
above is Unif[0, 1]. This turns out to hold more generally as the following lemma shows.

Lemma 4.7.2. Let U = 1:“(X7 V) denote the distributional transform of X ~ F. Then U
is uniform on [0,1] and X = F<(U) a.s.

Proof. Let u € [0,1] and define ¢(u) := P(X < F*(u)) and p(u) := P(X = F* (u)).
Consider the event

{U<u} ={F(X=)+ V(F(X) - F(X-)) <u}.

For this event to hold, we need either X < F* (u) or X = F'* (u). In the former case, the
event clearly holds. If X = F* (u), we also need that

FF(u)=) + V(F(F (u) = F(F7 (u)-)) < u.

But since F(F< (u)) = P(X < F<(u)) = p(u) +¢(u) and F(F* (u)—) = P(X < F< (u)) =
q(u), we can rewrite the event to

(U < u} = {X < F ()} U{X = F* (u), q(w) + Vp(u) < u}.

Now divide into two cases. If F' is continuous at F* (u), then p(u) = 0 and ¢(u) = u,
implying
P(U <u)=P(X < F~(u)) =q(u) = u.

If F is discontinuous at F* (u), F' has a jump in this quantile, and thus p(u) > 0 and

— — u—q(u)
P(U < u) = P(X < F~(w) + P(X = F~(u),V < W)

u—q(u)
a(w) +p(wP(V < ) =
This shows that U is distributed according to Unif[0, 1]. We now prove the second assertion,
namely that X = F'*(U) a.s. Fix an w € Q (the background space) and consider z = X (w)
and v = U(w) = F(X(w),V(w)). By definition, we have F(z—) < u < F(x). If F(z—) <
u < F(z), then x = F(u). If F(x—) = u, it may occur that F* (u) < x, but since
the values of w where this occurs constitute a null set, we may conclude that the second
assertion holds. |

Proof of Theorem 4.1.2. Let X = (X1, ..., X4) have marginal distribution functions F1, ..., Fy
and joint distribution function F. Let V be independent of X and uniformly distributed
on [0,1]. Define U; := F;(X;,V). By the lemma above, we know that each U; is uniformly
distributed on [0, 1], and we let C' be the distribution function of U = (Uy,...,Uy). Then C
is a copula and

C(Fl(ﬁt‘l),...,Fd([Ed)) = P(U1 S Fl(xl), ...,Ud S Fd(.’L’d))
= P(Ff_(Ul) S Il,...,F;l_(Ud) S .’I}d)
= P(Xl § 1, ...,Xd S {L‘d) = F(l‘l, ...,{L‘d),

which shows that C' is a copula of X as desired. The rest of the proof is identical to the one
presented above. |
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Remark 4.7.3. The full proof of Sklar’s Theorem presented here offers some intuition for
why uniqueness fails in general for non-continuous marginals. There is a lot of freedom in
how V is chosen when defining the distributional transform of X;. We could for example
choose the same V for every X;, or every X; could get its own V. This of course influences
the dependence structure between the U; and therefore the copula C.

Notes and comments

The book by Nelsen, [91], contains all the information about copulas that we use in this
course. The interested reader can find many supplementary examples there, and most of
the proofs of the results in this chapter can be found there as well, and if not, references are
given. Chapter 2 describes additional properties of copulas, including ordering which was
not covered here. Chapter 3 covers a wide range of methods to construct copulas with both
geometric and purely algebraic methods. Chapter 4 contains all the theoretical details on
Archimedean copulas as well as a table of copulas with corresponding generators, see pages
116-119. Quite a few of the exercises below are also borrowed from [91]. Chapter 7 in [88]
covers copulas in more generality than here. In particular, see section 7.2.1 for a complete
characterisation of the copulas of countermonotonic and comonotonic random vectors. If
the reader reads the section on Archimedean copulas (section 7.4), they should be aware
that ¢ and ¢! are switched. For a more detailed survery on extreme value copulas, see
[49]. For more on statistics of multivariate extremes, see chapter 7-9 in [67]. For more on
bivariate extremes, consult [6]. The construction of the dependence function for extreme
value copulas presented above is due to [97]. The method of transforming a copula to obtain
a new copula presented in Theorem 4.6.1 is due to [75] and [44].
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4.8 Exercises

Theoretical exercises

Exercise 4.1:

Consider the random vector (X7, X3) where X is Bernoulli with success probability p €
(0,1) and X5 | Xy =z ~ N (2z,1).

1)Determine the marginal distributions Fy, Fy of X; and X5.

2)Determine the joint distribution of (X7, X3).

3)Find a copula of (X7, X3). Is there a unique copula?

Exercise 4.2:
Let X ~ N(0,1). Determine the copula of (X,|X|).

Exercise 4.3:
Write out the rectangle inequality (see Proposition 4.1.4) in the case where d = 2. Use it to
verify that the Morgenstern copula given by

C(uy,uz) = ugua(1+6(1 —up)(1 — ug)),
for 6 € [—1,1] a parameter, is indeed a copula.

Exercise 4.4:
Verify that the Cuadras—Augé copula (see [16]) given by

Co(uy,uz) = min{uy, us}? (ugug)*=? 1

Ulué_e, u < U
uj U2, Ul = U

for a parameter 6 € [0,1] is indeed a copula. We will see this copula again in Exercise 4.32.

Exercise 4.5:

Let C and C be copulas and 6 € [0, 1].

1) Verify that 6C + (1 — #)C is also a copula.

2)Say (U, Uz) and (U1, Us) are pairs of random variables with uniform marginals and cop-

ulas C' and C, respectively. Explain in detail how to construct a pair of random variables
with copula 0C + (1 — 0)C.

We have shown that any convex combination of copulas is also a copula. One such example
is the two-parameter Fréchet family of copulas ([36]): If a,b € [0,1] with a + b < 1, these
copulas are given by

Cop(ur,uz) = aM(u1,u2) + (1 — a — b)II(u1, ug) + bW (u1, uz),

where II is the independence copula and M, W the upper and lower Fréchet bounds, re-
spectively. A family of copulas that includes M, W and II is called comprehensive. Another
example is the one-parameter family

0%(1+6)
2

0%(1 — 0)

Co(ur,u2) = 5

M(ul, UQ) + (1 — 92)H(U1,UQ) + W(ul,u2)
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from [84].

Exercise 4.6:
Let (X,Y) have joint distribution function

1

Coy) = e re

for all (x,y) € R?. This distribution is called Gumbel’s bivariate logistic distribution ([51]).
1) Verify that X and Y both have the logistic distribution i.e.

Fx(z)=(1+e™)™, Fy(y)=1+e¥)"

2)Show that (X,Y") has the copula

U1U2
C(ul, UQ) =

U1 + U2 — UTU2

This distribution can be generalised by adding a parameter 6 € [—1, 1] by defining ([79] and
[15])

1
F = .
o(@,9) I1+e @ +e ¥4 (1-0e v

It is easy to verify that the marginals still have the logistic distribution and that § = 1
yields Gumbels bivariate logistic distribution.

3)Show that the copula of Fy is

- U1U2
Colun ) = TG A =)

Comment on the case § = 0.
The family of copulas {Cp}gec[—1,1) is called the Ali-Mikhail-Haq family ([2]).

Exercise 4.7:
In this exercise, we consider Gumbel’s bivariate exponential distribution ([50]) given by

l—e @ —e V4o @tytooy) 20 >0

0, otherwise

Fe(l’ay) = {

where 0 € [0,1] is a parameter.
1)Determine the marginal distributions.

2)Verify that the copula of Fy is given by
Co(ur,ug) =ug +ug — 1+ (1 —uq)(l — uQ)efelog(lful)log(lfw).

Comment on the case § = 0.

3)Determine the survival copula of Fj.
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Exercise 4.8:
Let (X,Y) be a pair of non-negative random variables with joint survival function

— 1
Fov) = oo

1)Determine the marginal distributions of X and Y.
2)Show that the survival copula of (X,Y) is

p~ U1u2
C(Ul,UQ) = -
Uy + ug — urug

Compare with Exercise 4.6.

Exercise 4.9:
Consider the so-called Type B bivariate extreme value distribution (see [73]) defined by the
distribution function

Fy(z,y) = exp ( _ (efez + efgy)l/e)’

where 6 > 1 is a parameter. Show that the copula Cy of (X7, X5) is the Gumbel copula,

Co(u1,u2) = exp ( - ((—log ul)e + (—log uz)9> 1/0>.

Exercise 4.10:

In this exercise, we consider Raftery’s bivariate exponential distribution ([99] and [100]). The
distribution is constructed by letting 71, Zs, Z3 be iid exponential variables with parameter
A > 0 and letting I be Bernoulli with success probability 8 € (0, 1) independent of Z;, Zs
and Z3. Then let

X1=(1—0)Z1 +IZ3 and X2=(1—9)Z2+IZ3

1)Let z,y > 0. Show that the joint survival function F' of (X7, X2) is

F(z,y) = exp(—Amax{z,y}) + % exp ( 1 i 0(95 + y)) (1 — exp (A% min{x,y})).

2)Prove that X; and X5 are both exponential with parameter A > 0.
3)Show that the survival copula of (X7, X3) is given by

. 1—

Co(ur,uz) = M(uy,uz) + T30

(uyug)/ (1=9) (1 — max{uy, ug}_(1+9)/(1_9)).
Comment on the cases where 6§ 71 and 6 | 0.
Exercise 4.11:

Let (X,Y") be random variables with copula C' and marginal distribution functions Fx and
Fy.
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1) Verify that P({X < 2z} U{Y < y}) = C(Fx(z), Fy(y)) where C(uy,us) = u1 + us —
C(u1,uz) is called the dual copula of (X,Y).

2)Verify that P({X > 2z} U{Y > y}) = C*(Fx(z), Fy(y)) where C*(u1,us) =1 — C(1 —
u1, 1 — ug) is called the co-copula of (X,Y).

It is important to remark that neither the dual copula or the co-copula are copulas.

Exercise 4.12: Exercise 2.8 in [91]
For a two-dimensional copula C, the function dc(t) = C(t,t) for ¢t € [0,1] is called the
diagonal section of C.

1)Prove that max{2t — 1,0} < d¢(t) <t for all ¢t € [0,1].
2)Show that d¢(t) = dar(¢) for all ¢ € [0,1] implies C' = M.

3)Show that dc(t) = dw (t) for all ¢ € [0, 1] does not necessarily imply that C = W. Hint:
Consider a pair (Uy, Uz) uniformly distributed on

{(v,u+1/2) :we0,1/2]} U{(u,u—1/2):u € [1/2,1]}.

Exercise 4.13:

For a copula C, the function t — C(t,1 —t) for t € [0,1] is called the secondary diagonal
section of C. In this exercise, we show that C(¢,1 —t) = 0 for all ¢ holds if and only if
C = W, the lower Fréchet bound given by W (uy,us) = max{u; + us — 1,0}.

1)Show that W(t,1 —t) =0 for all ¢ € [0, 1].

Now let C be a copula such that C(t,1 —¢) = 0 for all ¢ € [0, 1].
2)Assume u; + ug < 1. Show that C'(uq,uz) = 0.

3)Now assume u; + ug > 1. Show that C'(uy,us) < uy +ug — 1. Hint: Use the rectangle
inequality from Proposition 4.1.4.

4)Collect the pieces and show that C' = W.

Exercise 4.14:
For any function H : R? — R, we define the H-volume Vi of a box [a, b] x [c,d] to be

Vu([a,b] X [c,d]) :== H(b,d) — H(b,c) — H(a,d) + H(a,c).

If H is a distribution function for (X7, X2), this would be the probability P(X; € [a,b], X2 €
[¢,d]) which can be seen by making a drawing. Now suppose that C' is a two-dimensional
copula, and let a,b € [0, 1] be fixed. Define the function K, ; on [0,1]* by

Kop(u,v) =Vo(la(l —u),u+a(l —u)] x [b(1 —v),v+b(1 —v)]).

Show that K, ; is a copula. Comment on the special cases a,b € {0,1}. Hint: If (Uy,Us)
has copula C, consider the transformed variables

a=U b=U.
1 2 b
Vl _ { a Ul <a ‘/2 _ { b U2 <

Ui—a Uzx—b
11,(1 ’ Ul > a, 12,() ) U2 > b.
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Exercise 4.15:
In this exercise, we explore the concept of comonotonicity further.

1)Prove the following converse of the first part of Proposition 4.1.7: If (X1, ..., X4) has M
as a copula, then we may write

(X1, .0, Xa) = (01(2), ..., aq(2))

for a univariate variable Z and non-decreasing functions «sq,...,aq. Hint: Let Z = U ~
Unif(0, 1).

2)Assume that X7, ..., X4 are continuous. Show that (X, ..., X4) is comonotone if and only
if for every pair (7,7), we have X; = «;;(X;) a.s. for some non-decreasing function aj;.
Hint: Start by arguing why it holds (in general) that

P(F(F(X)) = X) =1

whenever X ~ F'. Use the proof from the previous subproblem.
3)Show that if (X7, ..., X4) is comonotone with marginal distribution functions Fi, ..., Fy,
then

F gy x,(0) = FT () + -+ Fi (p), pe(0,1).

Hint: Use Lemma 1.3.13.

Exercise 4.16:

Let X and Y be random variables with continuous distribution functions F'x and Fy. Let
a, B be functions, C' the copula of (X,Y) and C' the copula of (a(X), 8(Y)).

DIf « is strictly increasing and S strictly decreasing, prove that

C(ul,u2) = Uy — C(Ul, 1-— ’U,Q).

2)If « is strictly decreasing and S is strictly increasing, prove that

C(Ul,UQ) = Ug — C(]. - uhuz).

3)If « and  are strictly decreasing, prove that

C(ul,ug) = U1 + U9 —1—|—C(1 — U1, 1 —’LLQ).

Exercise 4.17:

Let X4,..., X4 be random variables with continuous distribution functions Fi,..., F;. Let
X1, = max{Xy,..., X4} and X,, , = min{X4,..., X4}. Let F; , and F, , denote the distri-
bution function of X, , and X, ,, respectively.

1)Prove that

max{Fy(z),...,Fa(x)} < F,n(z) < min{ ‘

d
j=

Fj(x),l}.

1
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2)Prove that

max { N Fi(w) —d+ 1, o} < Fyo(z) < min{F (@), ..., Fa(2)}.

j=1

Exercise 4.18:
In this exercise, we consider some further properties of copulas.

1)Let (Uy,Us) have uniform marginals and copula C and consider the conditional distribu-
tion function Cy, |y, (uz | u1) = P(Us < up | Uy = up). Show that

0
—C(uy,uz).

CU2|U1 (uQ | ul) = ouy

You should also argue why this derivative exists (at least almost everywhere).

2)Recall that if we have a multivariate distribution function F(z1,...,z4) with density f,

then ; ( )
_ 0F(x1,...,24
f(x1, . ma) = T Omy - Omg

Use this to verify that if C' is the (implicit) copula for the variables (X, ..., X4) with con-
tinuous and strictly increasing marginal distribution functions F;, and f is the joint density,
then the density of C' is

_ f(Fl_l(ul), ...,Fd_l(ud)) .
AT (w)) -+ fa(Fy (ua))

Here the f; are the marginal densities.

C(ulv "'7ud)

Exercise 4.19:
Let (U1, Usz) be a pair of uniform variables on [0, 1].

1)Say the distribution function of (U, Uz) is the copula M (uq,us) = min{ui, us} from the
upper Fréchet bound. Prove that P(U; = Uy) = 1 in at least two different ways.

2)Say the distribution function is instead given by W (uy,us) = max{u; + us — 1,0}, the
lower Fréchet bound. Prove in at least two different ways that P(U; + Uy = 1) = 1.

Exercise 4.20:
In this exercise, we fill the small gaps in the subsection on symmetry.

1)Let X have continuous distribution function F'. Show that X is symmetric about a if and
only if -

Fla+z)=F(a—x)
for all z € R.

2)Let X and Y be continuous with joint distribution function F. Show that (X,Y) is
radially symmetric about (a,b) if and only if

Fla+z,b+y)=F(a—x,b—y) forall z,y€R.
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Exercise 4.21:
In this exercise, we establish some basic properties of Archimedean copulas. Let C be a
two-dimensional Archimedean copula with generator (.

1)Show that C is symmetric i.e. C(u1,uz) = C(uz,uy) for all uj,us € [0,1].

2)Show that C' is associative i.e. C(C(uy,us2),uz) = C(uy,C(uz,us)) for all uy,us,us €
[0, 1].

3)If ¢ > 0 is any constant, then cy is also a generator of C.

4)Say C is Archimedean with generator . Assume ¢~ ! is d times differentiable and that
@ is differentiable. Show that the density is

d d

(un, ua) = (™) (D lu)) [T ' (wy),

j=1 j=1
where (¢ 1)@ denotes the d’th derivative of ¢~

Exercise 4.22:
Recall that the Frank copula has generator

—ot
et -1
t)=-—1 B E—
o(t) og < P )

with 8 € R\ {0} a parameter.
1) Verify that ¢ generates a two-dimensional copula by using Theorem 4.3.4.
2)Write the Frank copula in explicit form.
3)Now assume that 6 > 0. By using that o=1(¢) = f(g(t)) for

fla) = ~gloga, gle) =1+ (™~ De ™,

show that ¢! is completely monotonic and conclude by Theorem 4.4.2 that ¢ generates an

Archimedean copula in any dimension.

Exercise 4.23:
This exercise is a continuation of the previous. Let Cy denote the Frank copula.

1)Show that the Frank copula satisfies C_g(u1,u2) = u; —Cp(u1, 1—ug) = ua—Cy(1—uq, ug).

2)Use the previous subproblem to verify that Cy satisfies the requirement Cy = 59 for radial
symmetry.

Exercise 4.24:
Consider the function ¢ : [0, 1] — [0, 00] given by

©o(t) =log(1 — flogt)

for 6 € (0,1] a parameter.
1) Verify that ¢ is a valid generator for a two-dimensional Archimedean copula.

2)Write the corresponding copula in explicit form.
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3)Does ¢ generate an Archimedean copula of arbitrary dimension d > 27 Hint: Show that

_ -0 +30—1
(e~ 1)"(0) = T R

4)In the rest of the exercise, we let § = 1. For which values of « € (0,00) is the interior
power family generator ¢, 1(t) = p(t*) valid?

5)Write out the two-parameter family parametrised by «, 8 (defined where?) via the gen-
erator ¢, (t) = @(t*)P.

Exercise 4.25:
Consider the function ¢ : [0, 1] — [0, 0c] given by

o) = (5 -1)"

t

where 6 € [1,00) is a parameter.
1) Verify that ¢ is a valid generator for a two-dimensional Archimedean copula.
2)Show that ¢ in fact generates an Archimedean copula of any dimension d > 2.

3)Write the copula in explicit form for any d > 2.

Exercise 4.26:
Consider the discrete random variable N with probabilities

1— —0\k
P(N:k:):%, k=1,2,..

for 6 > 0 a fixed parameter.
1) Verify that

iP(N =k =1
k=1

so that the point probabilities do indeed specify a valid distribution. Hint: Recall the Taylor
expansion for log(1l — z) when = < 1.

2)Compute the Laplace transform (t) = E[e~*V].

3)Invert ¢(t). From Lemma 4.4.7, we know that ¢~!(¢) is a valid generator for a d-
dimensional Archimedean copula. Which one?

4)Implement a function to simulate from this copula. You can use the following algorithms
in your code:

Algorithm. Let N be a discrete variable with point probabilities {p }xen and distribution
function F. To simulate from N, do the following:

1. Simulate U ~ Unif(0,1). Set k = 1.
2. While F(k) < U, let k « k + 1.

3. N =k is then a sample from the distribution of V.
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Algorithm. Let N be a discrete variable with point probabilities {py}ren, distribution
function F and upper bound? M. To simulate from NN, do the following:

1. Simulate U ~ Unif(0,1). Set L «+ 0, U + M.
2. While L < U — 1, do the following:

(i) Set k< [(L+U)/2] (here [z] denotes the integer closest to x).
(ii) f U > F(k), then L < k. Else U < k.

3. N =k is then a sample from the distribution of V.

If you want, you can provide an explanation for why these algorithms work. What is the
rationale for choosing the second algorithm over the first? For more background, consult
chapter 3.3 of [103].

Exercise 4.27: Non-strict Archimedean copulas

In this book, we only consider strict Archimedean copulas. An Archimedean copula is called
strict if the generator ¢ satisfies ¢(0) = oo. This assumption can however be relaxed in the
following way. If ¢ : [0,1] — [0,00] is a continuous and strictly decreasing function with
©(1) = 0, we define the pseudo-inverse pl=1 by

1)Check that @[~ (¢ (u)) = u for all u € [0, 1] and that ¢(p!=1(¢)) = min{t, p(0)}.

You can verify that Theorem 4.3.4 still applies to this generalised construction. Just replace
the inverse of ¢ with the pseudo-inverse.

2)Show that W is an Archimedean copula in the non-strict sense by finding the generator
explicitly.

3)Show that an Archimedean copula C' is strict if and only if C'(u1,u2) > 0 for all (uy,uz2) €
(0, 1]2.

4)Show that ¢(t) = (1—t)? for § € [1,00) generates a non-strict two-dimensional Archimedean
copula. Write down this copula explicitly.

Many results presented for Archimedean copulas in this text can be extended to non-strict
Archimedean copulas. [91] a priori presents all Archimedean copula results in the more
general setting of non-strictness.

Exercise 4.28:

In the previous exercise, we showed that the lower Fréchet bound W is an Archimedean
copula in a slightly more general sense than presented in this book. In this exercise, we
investigate the remaining theoretical copulas.

1)Show that the independence copula II is an Archimedean copula.

2In practice, this M will have to be chosen very large for unbounded distributions.
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Now consider the upper Fréchet bound M (uj,us) = min{uj,us}. The following exercises
will show that M is not an Archimedean copula.

2)Recall that the diagonal section for a two-dimensional copula is given by d¢(t) = C(t,t),
see Exercise 4.12. Show that for a general two-dimensional Archimedean copula C' with
generator ¢, it holds that dc(t) = ¢~ 1(2p(¢)). Show that this implies that 6c(t) < ¢ for all
t € [0,1] when C is Archimedean.

3)Show that M is not Archimedean.

Exercise 4.29:
In this exercise, we fill in the blanks of the proof of Theorem 4.3.4.

1)Let f be continuous and strictly decreasing. Show that f is convex if and only if f~? is.

2)Recall that a function g is midconvez if for all s, ¢ in the domain of g,

s t 1
o)< £).
9(5+3) < 500 +90)
Show that if g is midconvex and continuous, then g is convex. Hint: Show and use that
every real number can be approximated by rational numbers of the form m/2" for m € Z
and n € Ng.

Exercise 4.30:
In this exercise, we provide the details for why an Archimedean copula is called “Archimedean”.
Let u € [0,1] and let C be a copula. The C-powers ug of u are defined recursively by

ug =u and ult = C(u,ul).
The Archimedean property of an Archimedean copula then states that for any u,v € (0,1),
there exists a positive integer n such that ug < v. Prove this property.

Exercise 4.31: Joint symmetry
In this exercise, we explore a stronger symmetry concept than radial symmetry, namely
joint symmetry. A pair of random variables (X,Y) is said to be jointly symmetric about
(a,b) if the four pairs of random variables (X —a,Y —b),(X —a,b—Y),(a— X, Y —b) and
(a — X,b—Y) all have the same distribution.
1)Let X and Y have continuous distribution functions F; and Fb, and let F' denote the
joint distribution function of (X,Y"). Show that (X,Y") is jointly symmetric about (a,b) if
and only if

Fla+z,b+y)=Fi(a+z)—Fla+x,b—1y)
and

Fla+z,b+y)=F(b+y) - Fla—z,b+y)
for all z,y € RU {oco}. This establishes a criterion similar in spirit to the one for radial
symmetry.

2)Let X and Y be as in the previous exercise and assume further that X is symmetric about
a and that Y is symmetric about b. Prove that (X,Y) is jointly symmetric about (a,b) if
and only if the copula C of (X,Y) satisfies

C(ur,ug) =ug — C(ur, 1 —ug) and C(ug,ug) = us — C(1 — uy,us)
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for all ug,ug € [0, 1].

Exercise 4.32: Homogeneous copulas
We say that a copula C is homogeneous of degree a € R if for every A, uy,us € [0, 1], it holds
that

C()\ul, )\UQ) = )\aC(ul, Uz).

1)Show that M and IT are homogeneous and determine their degrees.

2)Consider the Cuadras—Augé family from Exercise 4.4. Show that this family is homoge-
neous. What is the degree?

3)It turns out that we have already exhausted all homogeneous copulas:

Theorem 4.8.1. Suppose C' is a homogeneous copula of degree a. Then a € [1,2], and C
is a member of the Cuadras—Augé family with 0 =2 — a.

Prove this theorem. Hint: Use Exercise 4.12.

Exercise 4.33: Convex sums of copulas
Let {Cp} be a family of copulas indexed by a parameter §. We know from Exercise 4.5 that
if the family is finite, then a convex sum of copulas from {Cy} is again a copula.

Now let {Cy} be any family of copulas indexed by 6. Say 6 is a realisation of a random
variable © with distribution function Fg (called the mizing distribution). We then define
the convexr sum of {Cp} by

C(ut,...,uq) = /C’g(ul,...,ud)dF@(G).

1)Prove that C' is again a copula.

2)Let (Uy, Us) be a pair of uniform variables jointly uniformly distributed on the rectangle
in [0,1]? with vertices (6,0),(0,6), (1 —6,1),(1,1 — 6). Sketch the support of (U;,Us;) and
show that the copula of (Uy, Us) is given by

M(ul,uz), \ul—uQ\zﬁ
Co(ur,uz) = ¢ Wiuy,uz), lug +ug —1]>1-6
(u1 +ug —0)/2, otherwise.

3)Let Fo(f) = 6« for 6 € [0,1] and o > 0 a fixed parameter. Show that the convex sum,
denoted C,, of the copula family from the previous subexercise is given by

1

C’a(ul,u2) = W(ul,UQ) + m

((1 - |U1 + uo — 1|)o¢+1 - |U1 — UQ|(X+1).

~

4)Show that C,, obtained in the previous subexercise is radially symmetric, i.e. Co = Cl.

For more convex sums of {Cy}, see [34].
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5)Consider now the family of copulas

— 1,6}, ,uz) € [6,1)2
Cylun, up) = 4 mxten Tz = 1,65, (w,ua) €16, 1]
min{uy, us}, otherwise
where 6 € [0,1] a parameter. Let Fg(f) = 0% for a > 0 a parameter. Show that the convex
sum of {Cy} for this mixing distribution is given by

1

Co(ur,ug) = M(ui,us) — Py

(M(ul, UQ)OH_l — W(ul, UQ)a+1) .
Comment on the cases a | 0 and o — 0.

Exercise 4.34: Ordinal sums

Let {C;}icz be an arbitrary family of copulas and {I; };cz a collection of subsets I; = [a;, b;]
(b; # a;) which only overlap at common endpoints such that U;ezI; = [0,1]. The ordinal
sum of {C;} with respect to {I;} is the copula given by

bi —a;’ brL —Qj

a; + (bi — ai)Ci("l_‘” u>7 (u1,u9) € I}
C(uy,uz) =
M (uy,us2), otherwise.

One can think of C' as being pasted together of appropriately scaled copies of {C;}ie7.
1)Let 6 € (0,1). Show that the ordinal sum of {W, W} with respect to {[0,0], [0, 1]} is

max{0,u; +ug — 0}, (u1,us) € [0,0]?
Cg(ul,UQ) = max{@,ul + ug — 1}7 (u1,u2) S (9, 1]2
M (u,us), otherwise.

2)Determine the ordinal sum of {II, W} with respect to {[0,6], [0, 1]} where 6 € (0,1).
3)Prove the following result: A copula C' is an ordinal sum if and only if C(¢,t) = t for
some t € (0,1). Hint: For the non-trivial direction, consider the functions

C(tu1 5 tUQ)
t )

Cafur ug) = CEHA= 0= thua =)

Cl(uhu?) =

4)Let (U1, Usz) be a pair of Unif[0, 1] variables. Show that the following are equivalent:

(i) C(t,t) =t for some t € (0, 1),
(i) P(max{U;,Us} <t) =t for some ¢t € (0,1),
(iii) P(min{Uy,Us} < t) =t for some t € (0,1),
(iv) P(max{U;,Us} <t) = P(min{U;,Us} < t) for some ¢ € (0,1),

(v) P((Uy —t)(Uz —t) > t) = 1 for some ¢ € (0,1).
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Exercise 4.35: Vaswani’s bivariate normal distribution
Let V be a Unif[0, 1] variable and define

—d 1V +1/2), Vel0,1/2]

X, = <1>—1(V), Xo = {_@_1(‘/ —1/2), Ve (1/2,1].

1)Show that X; and X, are both standard normal.
2)Show that P(®(X;) ® ®(X2) = 1/2) = 1 where & denotes addition modulo 1.

3)Show that the copula C of (X7, X2) is equal to Cy of the previous exercise for § = 1/2,
ie.
max{0, u1 +uz —1/2}, (u1,u2) € [0,1/2]?
C(uy,uz) = ¢ max{1/2,uy +ug — 1}, (ug,us) € (1/2,1]2
M (uy,us), otherwise.

This copula is from [119].

Exercise 4.36: The copula of the componentwise maxima
Prove Proposition 4.5.2.

Exercise 4.37: The copula of the extreme value statistics
The goal of this exercise is to determine the copula of the minimal and maximal value of an

iid sample, following along the lines of [108]. Let X3, ..., X;, be an iid sample with X; ~ F
for F' continuous. Let X4 , = max{Xy,..., X} and X,, ,, = min{Xy, ..., X,, }.

1)Show that the joint distribution function F® of (—=Xn.n, X1n) is given by

FA(tl,tQ) = max{F(tQ) — F(—tl),O}".

2)Show that the copula C* of (—Xn.ny X1.5) is the Clayton copula?

C (uy,up) = max{u}/n + ué/n —1,0}™

3)Conclude that the copula C of (X, ., X1,,) is given by

C(uy,ug) = ug — max{(1 —uy)*/™ + ué/n —1,0}"™.

4)Show that X, , and X ,, are asymptotically independent.

Exercise 4.38: The Marshall-Olkin family
In this exercise, we investigate further the Marshall-Olkin family of copulas

11—« « B

o 1-a -8y _ Juy “u2, uf > ug

Co p(ur,uz) = min{u;” “ug, usuy "} = 1-8 N 3
uiuy U, uf < ug,

3The Clayton copula as given in e.g. [91] is equal to C’HCI(ul,UQ) = max{u;e + u;e -1, 0}’1/9 which
allows the domain of 6 to be extended to [—1,00) \ {0}.
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for a, 8 € [0, 1].
1)Consider the construction of the Marshall-Olkin copula in the text and recall that
A
P J—
A1+ A3 Ao+ Az

If Zy ~ Exp(\) and Z; ~ Exp()\') are independent, verify that

)\/

Use this to provide an interpretation of the o and 8 parameters.

2)In the text, we only derived this copula for «, 8 € (0,1). Show that C, g still defines a
copula for a, 8 € {0,1}.

3)As presented in the text, the Marshall-Olkin copula is an extreme value copula with
dependence function

A(t) =1 — min{St, a(1 — t)}.

Verify that this is indeed a valid dependence function, and that it is the dependence function
for the Marshall-Olkin copula. Verify also that the Marshall-Olkin copula is an extreme
value copula by showing directly that it is max-stable.
4)The figures in the text illustrated that the Marshall-Olkin copula has a singular compo-
nent. In this subproblem, we investigate why. Let (U, Usz) have distribution function equal
to Cy,p. Start by computing P(Us < ug | Uy = uq) in all points such that uf # ug Then
show that

af

a+B—af’
and explain what we saw in the plots. Hint: Depending on your approach, you may need to

compute P(Us = u?/ A | Uy = uq). To do so, consider the difference of two limits, one from
above, the other from below.

PUY =UY) =

5)Derive an algorithm to simulate from the Marshall-Olkin copula. Then reproduce the
plots in the text.

Exercise 4.39: The Plackett family
In this exercise we consider the Plackett family of copulas given by

1+ (0 — 1)(U1 + UQ> — \/(1 + ((9 — 1)(U1 + ’U,Q))2 — 4U1UQ9(9 — 1)
20— 1)

Cy(uy,uz) =

for a parameter § € (0,00) \ {1}. We may extend to all § > 0 by letting C; = II. This
family arises by considering a continuous extension of the odds ratio for 2 x 2 contingency
tables and letting this odds ratio be constant and equal to 8. We refer to Section 3.3.1 of
[91] and [98] for details.

1)Show that
lim C@(ul,UQ) = W(ul,ug).

6—0+t

2)Show that
lim Cy(uy,us) = M(uy,uz).

60— 00
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3)Prove that
Cryo(ur,ug) = up — Co(ur, 1 —ug) = ug — Co(1 — uy, uz).

Use this to conclude that the Plackett family satisfies the requirement Cy = 69 for radial
symmetry, see Theorem 4.1.14.
4)Prove that the following algorithm is correct.

Algorithm 4.8.1. To simulate a sample from the Plackett family with parameter 8 > 0,
do the following:

1. Generate independent Uy, V' ~ Unif(0, 1).

2. Set
Zy+—V(1-V),
Zo 0+ Z1(0 —1)2,
Z3 < 27Z1(U10* +1 - Uy) +0(1 —27y),
Zy 00 +42,U,(1 —Up)(1 — 0)2).
3. Set

Zy—(1-2V)Z
— 3 ( )4.

U 27,

4. Now (Up,Us) is a sample from the Plackett copula.

5)Simulate some samples using this algorithm and plot them for different values of §. We
will revisit this copula in the exercises in the next chapter on dependence concepts.

Exercise 4.40:
Prove Theorem 4.6.3. Hint: The requirements in Theorem 4.3.4 can be checked directly.

Exercise 4.41:
In this exercise, we provide the details of the claims in the proof of Theorem 4.5.10 involving
functional equations. A function f satisfies Cauchy’s functional equation if

flx+y) = fx)+ f(y)

for all z,y in the domain of f. Such a function is also called additive.
1)Show that if f is additive, then it is Q-linear, i.e. f is linear when restricted to Q.
2)Show that if f is additive and continuous, then it is linear.

3)Assume f > 0 satisfies the multiplicative Cauchy equation f(zy) = f(z)f(y). If f is also
continuous, show that f(z) = z® for some a.

In fact, if f is additive and continuous at just a single point, then it is continuous ev-
erywhere on its domain. A list of interesting properties of additive functions can be
found at https://math.stackexchange.com/questions/423492/overview-of-basic-facts-about-
cauchy-functional-equation. A standard reference for functional equations is [1].


https://math.stackexchange.com/questions/423492/overview-of-basic-facts-about-cauchy-functional-equation
https://math.stackexchange.com/questions/423492/overview-of-basic-facts-about-cauchy-functional-equation
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Practical exercises

Exercise 4.42:
Prove that the following algorithm (from [72]) indeed produces a sample from the Ali-
Mikhail-Haq family

o U U2
Cou,uz) = 1—60(1—u)(l—usg)

with parameter 6 € [—1, 1] as given in Exercise 4.6

Algorithm. To simulate a sample from the Ali-Mikhail-Haq copula, do the following:
1. Generate independent Uy, V' ~ Unif(0, 1).

2. Set
W1 +—1- U1,
Wy —02W1V + 1) + 20 W2V + 1,
W3 < 02(AWEV — AW,V + 1) — 0(4W,V — 4V +2) + 1.
3. Set SV (TG 112
b, « 2V 0 —1)7

Wo + VW3
4. (Uy,U;) is then a sample from the Ali-Mikhail-Haq copula.

Implement this algorithm and simulate some samples.

Exercise 4.43:
Prove that the algorithm below (from [25]) does indeed produce a sample from the two-
dimensional Clayton copula.

Algorithm. To sample from the two-dimensional Clayton copula with parameter 8 > 0,
do the following:

1. Simulate two independent standard exponential variables X7, X>. Also simulate a
I'(0,1) distributed variable Z independent of X; and Xs.

2. Set Xyr -0 Xyn 0
U (1+7) and Uy <1+7) .

3. The pair (U, Us) is then a sample from the Clayton copula.
Then implement the algorithm and produce some samples.

Exercise 4.44:
The d-dimensional ¢ copula is given by

0572(111, ...,Ud) = th(t;l(ul)a [y t;l(ud))

with ¢, 5 the distribution function of ¢(v,0,X) and ¢, the univariate ¢ distribution function
with v degrees of freedom.
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1)Describe a procedure to simulate from the ¢ copula.

2)Simulate 1000 samples from the ¢ copula with v = 3 and
(1 1/2
X = (1 /2 1 ) '

3)Simulate 1000 samples from the Gaussian copula with ¥ above. Plot the two simulated
samples and compare. Try choosing different marginal distributions for these two copulas
and see what happens.

Exercise 4.45:

In this exercise we consider the problem of simulating from the Gumbel copula.

1)Read the part of subsection B.3 in the appendix about stable distributions.

2)Let 6 > 1. Show that the moment-generating function of the S(1/6,1,+,0) distribution

for .
v = cos (219)

is exp(—t1/?), the inverse of the Gumbel generator. Hint: Use the relation between the

characteristic function and the moment-generating functon. It may be useful to recall the
formulas , , . ,
ezt + efzt ezt _ efzt
cost = ——, sint= ——

2 2

3)Describe an explicit algorithm to simulate samples from the d-dimensional Gumbel copula.

4)Implement the algorithm, you derived in the previous subproblem. Simulate some samples
for different values of 6.



Chapter 5

Dependence concepts and fitting
copulas to data

5.1 Introduction

This chapter is about measures of dependence between random variables. Such measures
can take many forms, but a desirable property for such measures is that they should be
invariant under strictly increasing transformations. This means that copulas are a vital
component in the computation of such measures, and we shall indeed see that most of the
results in this section are framed in terms of the copula of the variables involved.

The motivation for studying dependence concepts is clear. Understanding how one risk
factor behaves in comparison to another is vital in financial modelling, and the ability to
compress such information into a single number is efficient both from a statistical perspec-
tive, but also when it comes to communicating risk in layman’s terms. The first sections of
this chapter study different dependence concepts with an emphasis on Kendall’s 7, Spear-
man’s p and tail dependence. We establish the most important mathematical properties of
these measures of dependence with a strong emphasis on how they are computed in different
contexts, in particular for interesting special cases such as Archimedean copulas and implicit
copulas like the normal and ¢ distributions. After covering these dependence concepts, we
explain how they may be used to choose a certain copula for real data and how to do es-
timation in practice. The chapter ends with supplementary material containing additional
proofs.

5.2 Kendall’s 7

Definition and basic properties
Definition 5.2.1. Kendall’s 7 for (X7, X2) is defined as

pr(X1,X2) =P((X; —Y1)(X2—Ys2) >0)— P((X; —Y1)(X2 —Y2) <0)
where (Y1, Y3) is independent of (X7, X5) with (Y7,Y53) 4 (X1, X5).

Kendall’s 7 gives an indication of whether X; and X5 get large together or if one tends
to get larger when the other gets smaller. If X; and Xy tend to move together, the event

138
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{(X1 — Y1)(X2 — Y2) > 0} has high probability, resulting in a value of p, (X7, X2) close
to 1, and if X; and X3 move in opposite directions, {(X; — ¥1)(X2 — Y2) < 0} will have
high probability so that p, (X7, X53) is close to -1. To make this precise, we can make the
following definition.

Definition 5.2.2. Consider two points (x1,2), (y1,y2) € R%. We say that (x1,73) and
(y1,y2) are concordant if (x1 — y1)(x2 — y2) > 0 and discordant if (x1 — y1)(x2 — y2) < 0.

Writing out the definition, we see that (z1,22) and (y1,y2) are concordant if x; > y; and
To > yo or X < yp and xo < yo. In other words, if and only if the line connecting the two
points has positive slope. The situation is of course reversed for a discordant pair.

) Y

x > T

Figure 1: An illustration of the concepts of concordance (left) and discordance (right) for a
pair of points (z1,22) and (y1,y2).

Intuitively, p-(X1,X2) = 1 should correspond to comonotonicity while p, (X7, X3) = —1
should correspond to countermonotonicity. This is indeed the case as you are asked to show
in Exercise 5.4. We have the following results on Kendall’s 7 for copulas.

Theorem 5.2.3. The following hold:

(i) Let (X1, X2) and (Y1,Y3) be two independent pairs of continuous variables with copulas
C1 and Cs, respectively. Assume that the marginal distribution of the two pairs are
the same. Then the difference in the concordance and discordance probability of the
pairs is given by

P((Xl—Yl)(XQ—Yé) > 0)—P((X1—Y1)(X2—Y2) < 0) =4 CQ(Ul,UQ)dCl(Ul,Ug).
[0,1]

In particular, we have the formula for Kendall’s T given by

pT(Xl,XQ) = 4 ) C(U17U2)dC(U1,U2) — ].
(0,1]7

where C' is the copula of (X1, X3).

(i) Let (X1, X2) be random variables with Archimedean copula with generator @. Then

1
pr(X1, X) = 1+4/0 j/((tt))dt.
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Proof. To prove (i), let Fy and Fy denote the distribution functions of X7,Y; and X, Y5,
respectively. By continuity, we have that the difference in the two probabilities equals

2P((X1 —Y1)(X2—Y2) >0) — L.
It thus remains to compute P((X; — Y1)(X3 — Ya2) > 0). But we have
P((Xl — Yl)(XQ — YQ) > 0) = P(X1 > Yy, Xo > YQ) +P(X1 <Y, Xs < Yg),

and so we compute each of these two probabilities. As for P(X; > Y1, Xs > Y3), we have
by Sklar’s Theorem that the joint distribution function of (X7, X3) is given by Cy(Fy, F3).
Hence by independence and another application of Sklar’s Theorem,

P(X1>Y1, X >Y,) = . PY1 <y, Ys < y2)dCi(Fi(y1), Fa(y2))
R

= R2Cz(Fl(y1)7Fz(y2))d01(F1(y1)»F2(3/2))

- Ca(uy,uz)dCy (uy, uz),
[0,1]>

where the last step follows by the substitution w1 = Fy(y1),us = F(y2). The probability
P(X; <Y1, X2 <Y3) is calculated similarly as

P(X1 <Y1, X <Y2)= | P(Y1>y1,Ys > y2)dCi(Fi(y1), Fa(y2))
R2

= /Rz(l = Fi(y1) — Fa(y2) + Ca(F1(y1), Fa(y2)))dC1 (Fi(y1), F2(y2))

= / (1 — w1 —ug + Ca(ur, u2))dCi (ur, ug)
[0,1]2

1 1
—1—=-_—-4 Co(uy,u2)dCh(uy,us)
22 Joap

= Cg(ul,UQ)d01<ul,UQ),
[0,1]

where the second to last equality follows because the marginal distributions of C; are uniform
on [0,1] and thus have expectation 1/2 each. Hence

P((Xl — Yl)(XQ — Yé) > O) =2 Cz(ul,’uQ)dCl(ul,UQ).
[0,1]2

Substituting back into the first equation of the argument finishes the proof of (i). The proof
of (ii) relies on certain geometric properties of Archimedean copulas. All details may be
found in the supplementary section. ]

We leave it as an exercise for the reader to verify that if (X7, X2) has the Clayton copula,
pr (X1, X5) = 0/(6+2) while for the Gumbel copula, p,(X1,X2) = 1—1/6. Other examples
for Archimedean copulas are outlined in the exercises. The following result provides a
general formula for Kendall’s 7 for an elliptical distribution in terms of its ordinary linear
correlation, the only requirement being no point mass at the origin.
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Theorem 5.2.4. Let (X1, X5) ~ E5(0,%,4) where ¥ is a correlation matriz,

= (: 9

and assume P((X1,X2) = (0,0)) =0. Then
2
pr(X1,X2) = — arcsin p.
T

The proof builds on the following lemma, which is interesting in itself.

Lemma 5.2.5. Let (X1, X2) ~ E2(0,%,4) be as in Theorem 5.2.4. Then

1 arcsinp

P(X1>O,X2>0):Z 9
s

Proof. We claim that
(X1, X2) = (Z1,pZ1 + /1 — p*Zs)

for (Z1,Zs) ~ Sa(1), a spherical pair of variables with generator ¢. To see why, simply
compute the characteristic function of the right hand side as follows:

] (ZapZ —, )( ) E[ t1Z1+t2(pZ1++/1— P2Z2} _ |: (t1+pt2)Z1+t24/ 1—/7222]
1,pZ1+\/1=p=2Z2

= ((t1 + pta)? + 1577 = (2 + £ + 2pt1ts)
_ ¢(tT (/1) fl)) t) — W(x, x) (b)-

Since the characteristic functions coincide, the claim follows. Recall that we may write
(Z1,Z2) = RS where S is uniformly distributed on the unit circle. Hence we can write
S = (cos ©,sin O) for © ~ Unif[—n, w). Thus,
(X1, X2) £ R(cos©, pcos© + /1 — p?sin ©).

Let ¢ = arcsinp. Then sin¢g = p and cos¢ = /1 — p2. Since P(R = 0) = P((X1,X2) =
(0,0)) = 0, we have (recall that ¢ € [—7/2,7/2])

P(X;>0,X3>0)=P(cos© > 0,sin ¢pcos © + cos ¢sin © > 0)
(cos© > 0,sin(0 + ¢) > 0)
(©
(©

|
w1 "U “U"U

€ (—m/2,7/2), @+¢e (0, 7))
€ (~6,m/2)) = 5= (5 +9)

arcsin p
2T

+
]

Proof of Theorem 5.2.4. The proof relies on the convolution property of Elliptical distri-
butions, see Theorem 3.2.4 (iii). Let X = (X3, X5) and let Y = (Y1,Y2). We know that
Z := X —Y is again elliptical. We have

pT(Xl,XQ) = 2P((X1 _Yl)(X2 —YQ) > 0) —1= 2P(leg > 0) —1
:2(P(Z1 > 0,72, >0)+P(Z1 < 0,7, <0))*1:4P(Z1 > 0,25 >0)71.

Now plug in the result from the lemma and conclude. |
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Estimation

We want to be able to estimate Kendall’s 7 from data {(X;1,X;2) :t =1,...,n}. To do so,
we need to compare all pairs (X; 1, Xy 2) and (X, 1, X5 2) with one another. In the case of
concordance, the pair should yield the value 1 (indicating a positive sign) and -1 in the case
of discordance. Since there are (g) pairs in total, we obtain the estimator

~1
6= (5) X s - X)Xz - X))

1<t<s<n
where
1, x>0
sign(z) =<0, zx=0.
-1, <0

If (X1, X>2) has an elliptical distribution, we can estimate the correlation as usual by

Zt 1(Xt 1 XI)(Xt 2 — X2)

(X17X2
Vo (X = X2 /E0 (X - Xo)?

and then apply Theorem 5.2.4 to obtain the natural estimator

2
pr (X1, X2) = — arcsin p( X1, Xa).
7r

5.3 Spearman’s p

Definition and basic properties

Another measure of rank correlation is Spearman’s p defined as follows.

Deﬁnition 5.3.1. Counsider a pair of variables (X, X5) and introduce independent copies
(Y1,Ya) £ (21, Z5) £ (X1, Xy). Spearman’s p of (X1, X5) is given by

ps(Xl,Xg) = 3(P((X1 — Yi)(XQ — ZQ) > 0) — P((X1 — le)(Xg — ZQ) < O))

The intuition for Spearman’s p is the same as for Kendall’s 7. Spearman’s p is proportional
to the difference in the probability of concordance and the probability of discordance between
the pairs (X3, X3) and (Y7, Z2). In other words, this means that Spearman’s p of (X1, X32)
is given by 3 times the difference in the probability of concordance and discordance of the
pairs (X7, X3) and (f(l, )2'2), where the latter pair has the independence copula II but the
same marginal distributions as (X1, X5). We will use this observation several times in the
following. Why is there a “3” in the definition? We can provide an answer after presenting
the following theorem.

Theorem 5.3.2. Let X; and X2 be continuous variables with copula C. Then

1 1
ps(Xl,XQ) = 12/ U1U2dC(U1,’LL2) —-3= ].2/ / C(ul,u2)du1du2 —3.
0 0

[0,1]?
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Proof. Let the pair (Xl,ffg) have the same marginal distributions as (X, X3) but copula
II. Using Theorem 5.2.3 (i), the difference in the concordance and discordance probability
equals

4/ H(ul,uQ)dC(ul,uQ) —1= 4/ Ul’LLQdCl(U1,U2) — 1.
[0,1]

[0,1]2

Multiplying by 3 and using the observation in the paragraph above completes the proof of
the first equality. The second follows immediately by symmetry. |

Corollary 5.3.3. For a pair (X1,Xs2) of continuous random variables with copula C, we
have

1 1
ps(Xl,XQ) = 12/ / (C(ul,u2) — U1UQ)dU1dUQ.
0 JO

We can now provide an answer to why we multiply by 3 in the definition of Spearman’s p.

Consider the integral
1,1
/ / C(ul,u2)du1du2
o Jo

which appears in the theorem just presented. Using the Fréchet bounds, we have that a
lower bound for the integral is

/ / (u1, ug)duidug > / / max{uj + uz — 1,0}duidusg
/ / ug + ug — lduidug =
1 U

which means that pg > —1. Similarly, by plugging in the upper Fréchet bound,

1,1 1,1
/ / C(uy,ug)duydus < / / min{uy, us fduydus = -
o Jo o Jo

so that ps < 1. This means that with the multiplication by 3, ps becomes a proper corre-
lation coefficient. This is also clear from the following result, which states that Spearman’s
p for (X1, X5) equals the classical correlation coefficent for their copula (at least when X;
and X5 are continuous).

Proposition 5.3.4. Let (X1, X2) be a pair of continuous random variables with marginal
distribution functions Fy and Fy. Then

ps(X1, X2) = p(F1(X1), F2(X2)).

Proof. Define U; = Fi(X;) and Uy = F3(X3). From continuity and Sklar’s Theorem,
(U1, Us) has distribution function C, the copula of (X7, X5). Using Theorem 5.3.2, we see
that ps(X1,X2) = 12E[U,1Us] — 3. But E[Uy] = E[Us] = 1/2 since Uy, Us are standard
uniform, and so

Cov(Uy, U
VUL _ oy, u),

X1, X)) = 12Cov(Uy, Up) = B
ps(X1, X2) ov(U, U2) Var[U;] Var[Us]

where we recall that Var[U;] = Var[Us] = 1/12. [ ]
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The following formula, which is an immediate consequence of the result just presented, is
often useful for computations.

Corollary 5.3.5. Let (X1,X2) be a pair of continuous random variables with marginal
distribution functions Fy and Fy. If Uy = F1(X1) and Us = F5(X3), then

ps(Xl,Xg) = E[C(Ul, Uz)] - 3

Unfortunately, we do not have a nice general formula for Spearman’s p in terms of the
ordinary linear correlation p which applies to any elliptical distribution. But for the special
case of the Gaussian copula, a closed formula exists.

Proposition 5.3.6. Let X = (X1, X2) have the Gaussian copula CS® and continuous
marginal distributions. Then

X, X
ps(X1, Xo) = §arcsin w
m

Proof. Let (Y1,Y2) be a vector of independent standard Gaussian variables independent of
(X1, X2). We then compute

ps(X1, X3)

3(2P((X1 — Y1)(X2 — Y2) > 0) — 1)
3(AP(X; - Y1 > 0, Xy — Y3 > 0) — 1)
3(4P(Zy > 0,25 > 0) — 1)

where Z = X —Y ~ N (0,X + I5). Now use the fact that p(Z1, Z2) = p/2 and Lemma 5.2.5

to conclude ) ) ) 6
ps(X1,X2) = 3(4(7 + M) — 1) — 2 arcsin 2.
4 2 T 2

The figure below illustrates the three discussed dependence concepts for the Gaussian copula.

1 | Measure '
0.5 |
e p
-1 —0.5 ./ 0.5 1
7 05
II/ - p
! --- pr
-1+ ps

Figure 2: An illustration of the linear correlation p, Kendall’s 7, p,, and Spearman’s p, pg,
for the Gaussian copula.



145

From the figure, one can see that p and pg are very close, and one may thus approximate
ps by p for the Gaussian copula. One way to see this mathematically is to do a Taylor
expansion of arcsin, which yields

3

3
ps(X1, X2) = g <g + (p/62) + O(p5)> = %p—i— g—w +0(p°).

While no general closed formula for Spearman’s p in terms of the linear correlation p exists,
we do have a useful result for normal variance mixture models.

Theorem 5.3.7. Let X = (X1, X3) follow a normal variance mizture model with mean zero

of the form
X =VWZ

where W > 0 is a univariate random variable and Z ~ N(0,13). Write p = p(X;, X5)
for the linear correlation and assume P(X = 0) = 0. Then Spearman’s p can be computed
according to

oW
VOV W)W+ )

6
ps(X1,X5) = —F |arcsin
7r

where W and W are independent copies of W.
Proof. Let Z and Z be standard Gaussian variables and assume Z, Z LZW, W and W are
all independent. Define X := \/WZ and X := VW Z and
Vi=X; - X, Yo:i=X,—X.
Then the vector Y = (Y1, Y3) is normal distributed conditional on W, W and W. Specifically,

- W+W W
Y | W, W, W N(o,( W W+W>>.

We may now compute using the tower property

ps(X1, Xz) = 3(2P((X1 — X)(X2 — X) > 0) - 1)
=3(2E[P(V1Y2 > 0| W, W, W)] — 1)
=3E[4P(Y, >0,y > 0| W, W, W) — 1].

Now apply Lemma 5.2.5 and use that conditionally on W, W, W, we have
pW

p(Yh}/Q) = = -
VOV W)W W)
to obtain
ps(X1, Xz) = 3B [4 (1 N WY)) B 1]
4 2T
ZQE arcsin p~W _
' VOV + W)W+ 77)
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Estimation and computational methods

Proposition 5.3.4 suggests a method for estimating Spearman’s p when (X7, X5) is continu-

ous. Assume we are given data {(X;1,X;2) :t=1,...,n} and let FT(LI) and F,SQ) denote the
empirical distribution functions based on the marginal samples {X; 1} and {X; 2}, respec-

tively. We can then consider the transformed variables U; ; := F,(Lj )(Xi,j) for j = 1,2 and
i =1,...,n and construct the estimator

IS UinUio — UL U
\/ i Uin = U1)2 5 X0 (Uig — Us)?

(X17X2

where
1 — — 1 —
= E,ZUM’ Usp = EZUi’Q
1=1 i=1

are the empirical means of the transformed variables. The quantity R;; := nFT(Lj )(Xi,j) =
nU; ; is called the rank of X; ; in the sample X j,..., X, ;. With this definition, letting

1« 1<
:E;Ri’j, 0" EZ i,

i=1

we may rewrite the estimator above to

IS i Ri1Ri2 — RiR,

0102

ps (X1, X2) = (5.1)

With a bit more work (see Exercise 5.16), one can show the following.

Proposition 5.3.8. The estimator for Spearman’s p given by (5.1) can in the case of no
ties in the two samples {X; 1} and {X;2} be written as

631 d}
Ps(X1, Xz) =1 n(n2 —1) 1)

where d; = R;1 — Ry 2 is the difference in rank for observation i in the two samples.

This estimator is very popular and can be found in several places.

In the case where we have chosen a normal variance mixture model, we may compute
ps using Monte Carlo methods via Theorem 5.3.7. Indeed, choose a high number N and

simulate independent iid sequences {W;} X, {W;} N, and {W N |, all distributed according
to W. The Monte Carlo estimate for Spearman’s p is then
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Comparison of Kendall’s 7 and Spearman’s p

We now present some results on the relationship between Kendall’s 7 and Spearman’s p.
The proofs can be found in a supplementary section below. For the background on these
results, consult the notes and comments at the end of the chapter.

Theorem 5.3.9. Let (X1, X2) be a pair of continuous random variables. Then
-1< 3pT(X1aX2) - QPS(X17X2) <1
The next theorem provides a different set of inequalities.

Theorem 5.3.10. Let (X1, X3) be a pair of continuous random variables. Then

1+ ps(Xl,Xg) > <]. + pq—(Xl,Xg))2

2 - 2

and

L—ps(X1,Xo) _ (1= pr(X1, X2)\’
2 - 2 '

We may now combine the inequalities in the two preceding theorems to obtain the following

result.

Corollary 5.3.11. Let (X, X32) be a pair of continuous random variables. Then

_ _ 2
3p- (X1, Xp) —1 < ps(X1, Xs) < L+ 2p- (X1, X2) — pr (X3, Xo)

p‘r(XlaXQ) Z 0

2 2 ’
and
(X1, X2)?2 4+ 2p-(X1, Xo) — 1 14+ 3p,(X1, X
pr(X1, X2) +2p (X3, Xo) < ps(X1, Xo) < wv pr(X1, X2) <0.
The following figure illustrates these bounds.
Ps
1%%
pr

—_

Figure 3: The shaded area contains the possible values of (p-, ps) for a pair of continuous
random variables. The exact bounds are presented in Corollary 5.3.11.
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In the exercises below, we investigate how tight these bounds are by considering some
concrete copulas.

5.4 Tail dependence

Definition 5.4.1. The coefficient of upper tail dependence of X1 and X5 is given by
)\U(Xl,Xg) = h?llp(X2 > Fﬁ_(u) ‘ X1 > Ff_(u))
u

where F; denotes the distribution function of X;, ¢ =1, 2.

Ay essentially measures how Xs behaves when X, gets large. We leave it as an exercise
for the reader to verify that in the extreme case where X; and X5 are comonotone, then
Au (X7, X2) = 1. To compute the coefficient of upper tail dependence, the following result
is often useful.

Proposition 5.4.2. Assume X1 and X5 have continuous distribution functions Fy and Fy
and unique copula C. Then

. 1 —2u+C(u,u)
Av (X1, Xo) = lim ———————.
U( 1 2) ul;:[ll 1—u

Proof. Since F} and F5 are continuous, we have

)\U(Xl,XQ) = h?llP(FZ(XQ) >u | Fl(X1) > U) = II%P(UQ >u | U > ’LL)

Note that we have the following:
P(U; >u)+ P(Us >u)+ P(Uy <u,Us <) =1+ P(Uy > u, Uy > u).
To see this, it may help to draw a figure. The equation can be rewritten as
I-uw)+(1—-u)+Clu,u) =14+ PUs > u,Us > u)

so that
P(U; >u,Uy>u) 1—2u+C(u,u)
P(U; > u) B 1—u

from which the claim follows. |

P(U2>u\U1>u):

In the exercises below and in the mandatory assignments, we will see examples of computing
the coeflicient of upper tail dependence. We now introduce the corresponding notion for the
lower tail.

Definition 5.4.3. The coefficient of lower tail dependence of X; and X5 is given by

We have an analogous result to the one above for continuous marginal distribution functions.

Proposition 5.4.4. Assume X1 and Xo have continuous distribution functions Fy and Fy
and unique copula C. Then

Ap(X1, Xo) = lim S0
ul0 u
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Proof. The proof is essentially a simpler version of the one given for the coefficient of upper
tail dependence. We compute

P(U; <u,U; <u) lim C(u,u)
P(U; <u) T ulo

=limP(U; <wu|U; <u)=lim
ul0 ul0

as desired. [
Example 5.4.5. Let (X7, X2) ~ N(0,%) with

- (t 1)

Assume p € (—1,1). We want to show that the coefficient of upper tail dependence
Au(Xy, X2) is zero. Consider a ¢t > 1 such that tp < 1 and make the bound

P(Xy > Fy (u) | X1 > F(u)) < P(Xy > Fy (u), X1 <tF (u) | X1 > F™ (u))
+P(Xy > tF(u) | X1 > FE ().

Consider the second term first and let v := Ff (u). We have by L’Hospital’s rule that

00 2
. _ P(Xy>tw) L [e™/2da
< — _ — tv
II},ITIIIP(Xl > tFl ('LL) ‘ X1 > Fl (u)) - vhﬁrgo 1,:)()(1 > U) vlggo fUOO —22/2 ]y
—(tv)?2/2
— lim & =0.

vooo e~ v?/2

We now consider the limit of the first term i.e.

tv
) ) , P(X2>v| Xy =x)dd(x)
i P> 0 X0 S 080 0> B ) = Jim ot

We now use that X | X1 = 2 ~ N(pz,1 — p?). Letting Y ~ N(pz,1 — p?) and setting
Z = (Y — px)/\/1—p? ~N(0,1), we can rewrite

P(Xy>v| X =2)=P| 2> L2 |,
V1= p?
Consider z € [v,tv]. If x = v, then v — pz = v — pv > 0. Similarly, if z = tv, we have (due
to the assumption tp < 1) that v — px = v — tpv > 0. We conclude that

hmp(2>”ﬂt)_o
V—00 1 _ p2

uniformly for € [v, tv]. It follows that the limit of the first term goes to zero as well which
establishes A\ (X1, X2) = 0. We refer to this property as asymptotic independence in the
tails. No matter how large the correlation p is in the range (—1, 1), if we go far enough into
the tails, extreme events occur independently in X; and Xs. This illustrates a potential
problem with the Gaussian copula for modelling financial data. In such data, large losses in
different variables are often correlated, and the normal copula may fail to capture this. o
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5.5 Fitting copulas to data

In this section, we discuss different approaches to fitting a copula to data. We start by
discussing some of the considerations one should make in choosing a particular copula, and
we then move on to the more technical aspect of fitting a particular copula using maximum
likelihood.

The problem

Let us set the stage. We are given continuous multivariate iid observations X; = (X 1, ..., X¢,4)
for t = 1,...,n, and the goal is to find a suitable model for the distribution of X (we use
X = (Xy,..., X4) to denote a generic observation with the distribution of one X;). This is
a very difficult task, since the complexity in choosing the marginal distributions and the
possible dependence structure explodes as the dimension d increases. Nevertheless, we have
developed copulas as a tool to make this easier by separating the modelling of the depen-
dence structure from the marginals. The general approach to multivariate modelling in this
chapter can be outlined as follows:

1. Determine the marginal distributions of X, either through a parametric model, non-
parametrically or a mix of the two (a semiparametric aproach). Call the fitted distri-
bution functions Fj ,,, ..., Fqn.

2. Let Uy = (Ugn, ..y Urg) = (Fin(Xe1), ooy Fan(Xe,q)) for t = 1,...,d. We refer to U,
as a pseudo-sample.

3. Choose a copula C' by some method. While it is possible to proceed completely
nonparametrically, we choose to let C' depend on a parameter 6§ and determine 6 by
either maximum likelihood or calibration based on dependence concepts.

Points 1 and 3 deserve elaboration.

Generating the pseudo-sample - choosing the marginal distributions

For modelling the marginal distributions, several choices are available. In line with [88], we
highlight the following three options.

(i) Parametric models: Based on some criterion such as the value of the log-likelihood,
AIC or something entirely different, we choose parametric models for each X;, i =
1,...,d. The distribution functions are then estimated via maximum likelihood, a
moment estimator or by other means. In a financial context, we may choose e.g.
Student’s ¢ distribution or a Pareto distribution for heavy-tailed quantities or a gamma,
truncated normal etc. for light-tailed losses.

(i) Nonparametric estimation by (a variant of) the empirical distribution func-
tion: We could estimate the marginal distribution functions Fi, ..., Fy; purely nonpara-
metrically by

1 ,
Fjn(x) = T Z Lix, ;<ay, J=1,..,d
t=1

The reason for choosing n + 1 instead of n in the denominator is to avoid boundary
issues. The density of a copula is often infinite at the boundary, and we avoid this
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problem entirely by having Uy ; < 1 for all ¢t and j. Of course, this makes little to no
difference asymptotically.

(ili) Semiparametric tail estimation: As discussed in Chapter 2, the empirical tail
often fails to capture the tail behaviour properly. An alternative to (ii) is therefore
to choose a sufficiently high threshold u (as in the POT method) and letting Fj(x)
for < u be modelled by the empirical distribution function, while F;(z) for > u is
modelled using a Generalised Pareto Distribution.

Choosing a particular copula

To determine a proper copula for a data set, we should think of properties like correlation,
tail dependence and symmetry. The tail behaviour is especially relevant in a risk manage-
ment context since we want to model large losses. Large losses also tend to move together.
When one loss is large, the other losses tend to be large as well. This can for example
happen in a portfolio with stocks in similar companies. A concrete approach to choosing a
copula is therefore to first consider the problem from a top-down perspective. For example,
if we are interested in modelling large financial losses via e.g. Value at Risk, we should
choose a copula which does not exhibit asymptotic independence in the tails, so that we
don’t get too optimistic estimates for the loss. A simple model-driven choice is to fit sev-
eral copulas to the pseudo-samples with maximum likelihood and choose the one with the
highest log-likelihood.

Maximum likelihood and calibration

If a copula C has been chosen for the data, one can apply maximum likelihood methods in
the case where C' depends on a parameter 6. If ¢y denotes the density (assuming this exists)
of C, then the maximum likelihood estimator # would maximise the log-likelihood

log L(0; Uy, ..., Uy) = > logcg(Uy)
i=1

for the pseudo-sample Uy, ...,U,. An entirely different approach would be to compute
a nonparametric estimate for e.g. Kendall’s 7 or Spearman’s p, when these are given as
explicit invertible functions of 6, and then apply the inverse to get an estimator for 8. We
refer to this method as calibration. We start by discussing the Gaussian and ¢ copulas in
detail, since these are widely used. We follow the presentation in [88].

Example 5.5.1 (Fitting the Gaussian copula). Say (X7, ..., X;) has the Gaussian copula
with correlation matrix P. Recall from earlier (Proposition 5.3.6) that for the Gaussian
copula, we have the very precise approximation

X, X;
ps(Xi, X;) = 6 arcsin X, X5)
T

There are two advantages to this approximation, the first being simplicity. Simply compute
an estimate for Spearman’s p for each pair of variables in X to estimate the correlation
matrix P in C§*. The second advantage is that the resulting estimated correlation matrix
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is actually (very close to) an actual correlation matrix. If we choose not to rely on the
approximation and instead estimate p(X;, X;) via

ps(Xi, X;)
6 )
we run into the potential problem that the resulting estimator may not be a valid correlation

matrix (it may not be positive definite). This problem can be addressed by the eigenvalue
method, which we present shortly.

ﬁ(XZ,Xj) = sin

Let us turn to maximum likelihood estimation. Let ¢&* denote the density of a Gaussian
copula with correlation matrix P. Using Exercise 4.18 and letting fp denote the density of
N(0, P) and ¢ the density of N'(0,1), we have

log ¢3*(Uy, ..., U, Zlogfp (U)o @7 (Una) = 3 3 Tog 6@ (Unz).
The last part plays no role in determining P, and we thus have

P= argmaleog fP( @7 (Usn), ... @ (Ura))

pPeCc T

where C denotes the set of all possible correlation matrices. Since the number of parameters
is O(d?), an exhaustive search over this set does not scale well when increasing the dimension.
An approximate solution can instead be to compute the MLE for the covariance matrix X

which is given by
1 n d
SIS
n- ;
=1 j=1
where Yy := (8~ 1(U;1), ..., ' (Uy.q)). One can then normalise ¥ to obtain an approxima-
tion to the desired correlation matrix P. o

Example 5.5.2 (Fitting the ¢ copula). Say (X3, ..., X4) has the ¢ copula with correlation
matrix P and degree of freedom v, C, . From Theorem 5.2.4, we have

2
pr(Xi, X;j) = — arcsin p(X;, X;)
™

and so we can compute a nonparametric estimate for p,(X;, X;) and then approximate the
correlation matrix by

ﬂﬁT (Xla X])

—

But as we already alluded to in the previous example, this may not be positive definite. If
this is the case, we can fix it by applying the algorithm after the example.

p(X;, X;) = sin

Letting g, p denote the density of the ¢ distribution with v degrees of freedom and covariance
matrix P. The log-likelihood of the ¢ copula is then given by

log ¢}, p(Uy, ..., U, Zloggyp YU,y ot Y (Ura)) ZZloggV YU ))
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where g, denotes the density of the one-dimensional ¢ distribution #(v,0,1). A method of
maximising this equation is to first maximise the first term over all correlation matrices P.
To do so, we can use the method of calibrating via Kendall’s 7 as described above or do
an exhaustive search in low dimensions. The degrees of freedom v may then be estimated
using maximum likelihood. o

If one has a matrix, which should be close to a correlation matrix, but is not positive
definite, the following algorithm is useful for transforming the matrix slightly to become
positive definite.

Algorithm 5.5.1 (Eigenvalue method). Let R* be a symmetric matrix of pairwise cor-
relation estimates with unit diagonal entries and off-diagonal entries in [—1, 1] which is not
positive semi-definite. The following procedure constructs a valid correlation matrix R.

1. Compute the eigenvalue decomposition B* = ADAT where D is a diagonal matrix of
the eigenvalues of R*, and A is a matrix with columns equal to the eigenvectors of R*.
This decomposition is always possible by the spectral theorems from linear algebra.

2. Replace the negative eigenvalues in D by small strictly positive numbers. Call the
new matrix D.

3. Calculate R = ADAT. This matrix will be positive definite, but not necessarily a
correlation matrix, since the diagonal elements will not necessarily all equal one.

4. If R = {#;}, define AR := diag(\/711, ..., v/7aq). Normalising R via
R=(AR)"'R(AR)!,
then R is the desired output.

We now provide some examples of Archimedean copulas. Since these copulas are explicitly
given, the densities can be derived in a straightforward, albeit somewhat tedious manner.
From Exercise 4.18, we immediately get that if C' is Archimedean with differentiable gener-
ator ¢, where ! is d times differentiable, then

n d n d
loge(Us, .., Un) = > log(e™ ) (3 w(U1)) + > 10g [T ' (Urs).
t=1 j=1 t=1 j=1

Hence the difficult part boils down to computing (by hand or using a CAS tool) the d’th
derivative of ¢ ™!, if this is even possible. When it is, this is the most straightforward and
robust method of fitting a copula. Often one is interested in the special case of d = 2, where
we get

log ¢(Uy, ..., Up) = log(e™ ) (¢(U1) + ¢(Us2)) + > log(¢'(Ur1)¢' (Uy 2)-

Example 5.5.3 (Fitting the Clayton copula). Let Cy denote the Clayton copula with
generator ¢(t) = (¢t~ — 1)/ for § > 0. We have ¢/(t) = —t?~! and

e M (s)=(1+0s)"% andthus (¢ ")"(s) = (1+6)(1+0s)" ),
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Plugging into the formula for the log-likelihood in two dimensions, we obtain

1 n
log co(Uy, ..., U,) = nlog(1 + 6) — (2 + 5) > log(U{ + Uy — 1)
t=1

n

—(1+90) Z(log U1 +1ogUs 2).

t=1

In the exercises, you are asked to derive the log-likelihood for more copulas.

Some tips and tricks for fitting copulas in practice
When fitting copulas in practice, the following things are worth considering.

e What is the dependence structure in the data? If Kendall’s 7, Spearman’s p or the
tail dependence coefficients are far from zero, it is important to choose a copula which
captures this dependence.

e What is the purpose of the analysis? In a risk management context where we are
interested in estimating risk measures such as Value at Risk and Expected Shortfall for
financial data, it is essential to choose a copula which provides sufficiently conservative
estimates.

e Always fit several copulas. An easy metric for choosing the best fit is to compare
the values of the log-likelihood in the optimal parameters (when using the maximum
likelihood approach).

As for the implementation aspect, the R Package copula ([74] and [66]) contains a plethora
of useful functions for fitting different copulas. It also contains functions for estimating
Kendall’s 7 and Spearman’s p. For a manual, see [59]. Many of the essential functions are
also showcased in the following case study.

Case study: Novo Nordisk, Pfizer and Eli Lilly
Data exploration and pseudo-samples

To showcase the methods discussed in this section, we analyse stock prices for three large
medicine companies, namely Novo Nordisk, Pfizer and Eli Lilly from the period 2020-11-01
to 2025-11-01 (1256 observations in total, yielding 1255 log returns). Such financial data
can easily be imported into R with the quantmod package (see [106]) as follows.

library (quantmod)
stocks_env <- new.env ()

getSymbols ("NVO", env = stocks_env, src = "yahoo", from = as.Date ("
2020-11-01"), to = as.Date("2025-11-01"), warnings = FALSE)
novo <- stocks_env$NVO

We start by defining an environment into which the different stocks are put. They are then
extracted using $. We can repeat for Pfizer (“PFE”) and Eli Lilly (“LLY”). Below are two
exploratory plots of the data.
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Figure 4: Closing prices (USD) of three medicine companies (left) and the corresponding
log returns (right) in the period 2020-11-01 to 2025-11-01.

Say we are interested in portfolios consisting of pairs of these stocks, and we wish to choose
a fitting copula for each pair. We therefore work with the log returns as displayed in the
right plot. We start by choosing a model for the marginal distributions. For simplicity, we
choose the nonparametric approach where each marginal distribution is simply modelled by
its empirical distribution function, corresponding to (ii) above. The following code snippet
illustrates this for Novo Nordisk.

# collect the data in a data. frame
df <- data.frame(date = index(mnovo), NVO
LLY = el$LLY.Close, PFE

novo$NV0.Close,
pf$PFE.Close)

# compute data.frame of log returns
n <- length(df$NVO.Close)
df _returns <- data.frame(date = df$date[1:(n - 1)],
NVD = df$NVO0.Close[1:(n - 1)] / df$NVO.Close

[2:n],

LLY = df$LLY.Close[1:(n - 1)] / df$LLY.Close
[2:n],

PFE = df$PFE.Close[1:(n - 1)] / df$PFE.Close
[2:n])

df _log_returns <- data.frame(date = df_returns$date, NVO = log(df_
returns$NVO) ,
LLY = log(df _returns$LLY), PFE = log(df_
returns$PFE))
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# define the empirical distribution function as in (%13)
edf _NVO <- function(x) {
n * mean(df_log_returns$NV0 <= x) / (n + 1)
}
edf _NVO <- Vectorize (edf_NVO)

# similarly for LLY and PFE...

# generate (completely mnonparametric) pseudo-samples

df _pseudo <- data.frame (NVO edf _NVO(df _log_returns$NVO0),
LLY = edf _LLY(df_log_returns$LLY),
PFE = edf _PFE(df_log_returns$PFE))

The Vectorize function transforms a function to be able to take vectors as input and
compute function values entry-wise. The following plot displays the pseudo-samples in a
grid.
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Figure 5: Pairwise scatterplots of pseudo-samples from a copula for trivariate Novo Nordisk,
Eli Lilly and Pfizer log returns.

Fitting copulas

We choose to consider four different copulas, namely
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e The Gaussian copula,
e the t copula,

e the Clayton copula and
e the Gumbel copula.

We fit the copulas using the copula package and maximum likelihood and compare to the
method of calibrating via Kendall’s 7 and Spearman’s p. We of course consider each of the
three pairs of stocks, but we only showcase the code for Novo Nordisk and Eli Lilly, the
other pairs being treated in the same way. We start by computing the different notions of
correlation as follows:

# extract relevant pseudo-samples
U <- df _pseudo[,1:2]

# compute dependence statistics

kendall <- cor (U, method = "kendall") [1,2] # 0.3257994
spearman <- cor(U, method = "spearman")[1,2] # 0.4608413
cor (U) [1,2] # 0.4608476

We see that p; ~ 0.3258, ps ~ 0.4608 and the ordinary correlation p is estimated to be
~ 0.4608. The Gaussian copula is then fitted as follows.

fit_norm <- fitCopula(normalCopula(), data = U, method = "ml")
# rTho: 0.479, log-likelihood: 161.3

# calibrate via Spearman’s Tho and ordinary correlation
spearman # 0.4608413
2 * sin(pi * spearman / 6) # 0.477922/

Note how the fitCopula function returns the estimate p ~ 0.4790 which is close to the value
obtained by calibrating via Spearman’s p, but the estimated value of Spearman’s p (0.4608)
is not very close to the maximum likelihood estimate for the correlation. This means that
the Gaussian copula is likely not a very good fit as per Proposition 5.3.6. The t copula is
fitted in the following way.

fit_t <- fitCopula(tCopula(), data = U, method = "ml")
# rTho: 0.4911, df: 4.1512, log-likelihood: 198.2

Here we have simply used maximum likelihood directly to obtain the model parameters. If
we want to calibrate with Kendall’s 7, we can do so with the following code.

# calibrate via Kendall’s tau
rho_K <- sin(pi * kendall/2) # 0.4897164 (very close to 0.4911)

We obtain an estimate of the correlation very close to the one obtained from maximum
likelihood. Fitting the Clayton copula is done in the following code snippet.

# Clayton copula
fit_clayton <- fitCopula(claytonCopula(), data = U, method = "ml")
fit_clayton # theta = 0.9665, log-likelihood = 114.1

# calibration via Kendall’s tau
2*xkendall/ (1 - kendall) # theta = 0.966476 (very close)
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We can repeat for Gumbel, using the gumbelCopula function instead and obtain an estimate
of § ~ 1.468 from maximum likelihood and 6 = 1.483 from calibration via Kendall’s 7. The
log-likelihood is 177.9 for the Gumbel copula. So far, we can conclude that the Gaussian and
Clayton copulas fit the worst. This can be explained from the plot of the pseudo-samples
above. There definitely seems to be quite strong dependence in the tails for Novo Nordisk
and Eli Lilly. We know that Ay = A = 0 for the Gaussian copula, and as you will verify
in the exercises, Ay = 0 for the Clayton copula and Ay = 2 — 2/¢ for the Gumbel copula.
Hence the poor fit from the Clayton and Gaussian copulas can be explained by a lack of
ability to capture tail behaviour. On the other hand, the ¢ copula and the Gumbel copula
seem to fit much better with the ¢ copula having the highest log-likelihood.

Conclusions

Repeating all of the above for the two other pairs of stocks, we can summarise our findings
in the following tables.

Pair Gaussian (p) t (p,0) Clayton (§) Gumbel (6)
NVO/LLY 0.479 (0.4911, 4.1512) 0.9665 1.468
NVO/PFE 0.2392 (0.2613, 8.1575) 0.4253 1.181
LLY/PFE 0.301 (0.3229, 5.7620) 0.5352 1.252

Table 5.1: Fitted values for each of the pairs of medicine stocks. All values are obtained via
maximum likelihood using the fitCopula function from the copula package.

Pair Gaussian t Clayton  Gumbel

NVO/LLY 161.3 198.2 114.1 177.9
NVO/PFE 36.31 44.76 17.06 40.39
LLY/PFE 58.57 74.14 28.1 71.29

Table 5.2: The log-likelihood at the maximum likelihood estimates for each of the pairs of
medicine stocks.

Across all the different copulas, we see that the ¢ copula gives the best fit, although the
Gumbel copula comes quite close to the ¢ copula. It also seems that Novo Nordisk and
Eli Lilly are the most strongly correlated stocks and Novo Nordisk and Pfizer the least
correlated.

Further considerations

The presented analysis can be extended considerably. The following questions come to mind:
e Is there a copula which fits better than the ¢ copula?

e Do the results of the analysis change if we work with other marginal distributions?

e What is the estimated VaR and ES for a portfolio of the different stocks? And how
do the estimates change when using different copulas and marginal distributions.



159

e How would the results of the analysis look if we just fit a single three-dimensional
copula and consider a single portfolio consisting of all three stocks?

All these questions are addressed in some of the practical exercises below.

5.6 Geometric properties of Archimedean copulas®

In this supplementary section, we investigate geometric properties of Archimedean copu-
las. Geometric properties for copulas include level sets and curves and their probabilistic
interpretations. Ultimately, these considerations will allow us to prove part (ii) of Theorem
5.2.3.

Level curves and C-measure
Definition 5.6.1. The level set of a copula C' is the set of points
{(u1, .oy uq) €[0,1]%: C(uy, ..., uq) = t}
for t € [0,1]. When ¢t = 0, the set is called the zero set of C' and is denoted by Z(C).

Now consider a two-dimensional Archimedean copula C with generator ¢. In that case, the
level set for ¢ € [0,1) consists of the uy, us € [0,1] such that ¢(u1) + p(u2) = ¢(t). We see
that this set can be realised as the level curve parametrised by the map

up = Li(ur) = ¢ (p(t) — o(uq)).

When t = 0, this map is called the zero curve of C'. The following result shows that the
level curve of an Archimedean copula in two dimensions is convex. This is not the case for
all copulas, see Exercise 5.17.

Proposition 5.6.2. An Archimedean copula in two dimensions has convex level curves.

Proof. Let C be an Archimedean copula with generator ¢ and consider the level curve L,
given above, where ¢t € [0,1). By Exercise 4.29, it suffices to show that L; is midconvex,
since L; is continuous. Since ¢ is convex,

pt) —¢ <ul;u2> > p(t) — w
_ (1) = p(ur)) + (p(t) — p(uz))
2

)

1

and as ¢~ is convex and decreasing, we get

n () e (0o (257))

<yl ((w(t) — ¢(u1)) ;L (o(t) — w(w)))
< (67 (p(0) — plun) + 67 (p(8) — o(u12)
_ Li(uy) + Li(uz)

2 )
completing the proof. |
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Another geometric property with a nice probabilistic interpretation is the concept of the
C-measure.

Definition 5.6.3. For a d-dimensional copula C', we define the C-measure of C' as the
measure V¢ defined on subsets of [0, 1]¢ by

Ve([0,u] % - x [0, ug]) = Clur, ..., ug).

The collection of subsets of the form [0, u;] X - -+ x [0, uq] for uq,...,uq € [0,1] is clearly an
intersection stable class, and so the set function Vo extends uniquely to a measure on all
Borel subsets of [0,1]¢. If A € B([0,1]¢), the probabilistic interpretation of Vi (A) is the
following: If (Ui, ...,Uy) is distributed according to C, then Vo (A) = P((Uy,...,Uq) € A).
We will in the following focus on the case d = 2. As with all measures, theorems are usually
proven by showing properties on members of a class generating the relevant sigma-algebra
and then applying general properties of measures. The following theorem provides a formula
for the C-measure of the level curve of an Archimedean copula. Recall that we denote by
f(z—) and f(z+) the left and right limits, respectively, of the function f in x,

flz—) =1lim f(y), f(z+) = lim f(y).

ylz ylx

Theorem 5.6.4. For an Archimedean copula C with generator ¢, the C-measure of the
level curve o(ui) + @(u2) = p(t) fort € (0,1) is given by

0 (7w~ 76m),

In particular, in every point t where ¢'(t) exists, the C-measure of the level curve at t is
zero. This is the case for all but a countable number of t.

Proof. Since ¢ is convex, the one-sided derivatives ¢'(t—) and ¢'(t+) exist in (0, 1] and
[0,1), respectively (see [104] for details). Let n € N, t € (0,1) and w = ¢(t). Now consider
the following partition. First make the equidistant partition 0, w/n,2w/n, ...,w of [0, w] and
let the corresponding partition of [¢, 1], ¢ = to, t1, ..., t, = 1 be defined by

k
b =t (:) . k=0,1,..,n.

We then have

Note that C(tj,t,—;) = ¢~ *(w) =t, and let Ry := [tp—1, k] X [tn—k, tn—t+1], Sn = UZ_, Ry.
Then S,, is an approximation to the level curve as the following figure illustrates.
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Figure 6: The rectangles Ry in the proof. The grey area is the set S,, which approximates
the curve.

Since ¢! is convex, it holds that

0<ti—tg<to—t1 < <tp—tp1=1—1p 1,

and lim,, ,oo(1 —t,_1) = 1 —¢~1(0) = 0. This shows that S,, actually approximates the
level curve, so using continuity from above, the C-measure of the level curve is given by
lim,, 00 Vo (Sy,). We compute the C-measure of each rectangle Ry to be

VC(Rk) = C(tk,tn k+1) + Ctk Titnen — C(tkutnfk) - C(tk*htn*’“rl)
=C(tp—1,tn—1) + Chyty_ryr — 2t

(57 (o ) - (o7 (o ).

Using that the Ry are disjoint, the C-volume of S,, is then

— ZVC(Rk) = w <§0—1(UJ+U)/TL) - 4,0_1(’LU) 90_1(10) — (p—l(w—w/n)> .

w/n w/n
Now take the limit n — oo to obtain the result of the theorem. |
Example 5.6.5. Many Archimedean copulas have a generator which is C' (Gumbel, Clay-
ton etc.). For all these copulas, the result shows that the C-measure of their level curves

are zero. o

Example 5.6.6 (Example 4.5 in [91] ). Consider the Archimedean copula C with generator

© given by
—220t 499, tel0,0/2
1—t tel/2,1]
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for a parameter 6 € (0,1]. The astute reader will see that this generator does not satisfy
the usual requirements. Specifically, we do not have ¢(0) = co. A generator which satisfies
all the requirements for an Archimedean copula generator except for ¢(0) = oo is called
non-strict. See Exercise 4.27 for more details. The generator is drawn in the figure below.

o(t)
204
10
1-6/21
; vt
0 6/2 1

Figure 7: The graph of the generator.

We see that ¢ is the piecewise linear function which connects (0,2 — 6) to (/2,1 —60/2) to
(1,0). Clearly, the generator is not C' in ¢t = §/2, and we get that the C-measure of the
level curve at this point is

The following theorem provides a formula for the C-measure to the left of a level curve. The
proof is very similar to the one for Theorem 5.6.4.

Theorem 5.6.7. Let C be an Archimedean copula with generator ¢, and let Ko (t) denote
the C-measure of the set {(u1,us) € [0,1]2 : C(uy,us) < t}. It holds for any t € [0,1] that

(5.2)

Proof. Let t € (0,1) and w = ¢(t). Let n € N and define the partition t = tg,t1,....,t, = 1
in the same way as in the proof of Theorem 5.6.4. Define the rectangle R} = [tx—1, k] X
[0,t,—k+1] and set S), = Up_ R}
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Figure 8: The rectangles R}, in the proof. The grey area is the set S, which we use to

/
n
approximate the C-measure of the set below the level curve C'(uy,ug) = t.

From the figure, it is clear that K¢(t) is given by the sum of ¢ (the probability mass to the
left of ¢) and lim,_,« Ve (S,) (again by continuity from above). We compute

Vo(By) = Cltitaiin) =t = 97" (w =) =7 (w).

From this, it follows that

Vo(S,) = 3 Vo) = —wE )= o luou),
k=1

and taking the limit n — oo completes the proof. |

Corollary 5.6.8. Let (U, Us) be a pair of variables, each uniform on [0, 1], with distribution
function C, an Archimedean copula with generator @. The function Ko given by (5.2) is
the distribution function of C(Uy,Us).

This corollary will allow us to prove Theorem 5.2.3 (ii).

The proof of Theorem 5.2.3 (ii)

Proof of Theorem 5.2.3 (ii). Let (X1, X2) have copula C, assumed to be Archimedean with
generator . Let (U, Us) be distributed according to C. By (i) and Corollary 5.6.8, we
have

pT(XhXQ) = 4E[C(U17 Ug)] —1= 4/0 tch(t) —1.

Now apply integration by parts to obtain

1 1 1
4/0 tdKo(t) — 1 = 4[tKo(t)]§ — 4/0 Ko(t)dt —1=3— 4/0 Kc(t)dt.
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Using the result of Theorem 5.6.7, we get
1 1
o(t) o(t)
pr( X1, X :374/ (t )dt1+4/ dt,
2 o U2 0 P

where we may replace ¢'(t+) by ¢'(t) in the denominator since concave functions are dif-
ferentiable almost everywhere. |

5.7 Additional proofs*

Proof of Theorem 5.3.9. Let (X1,X5),(Y1,Y2) and (Z;, Z2) be independent random vari-
ables with the same distribution. Due to continuity,

pT(Xl,XQ) = QP((Xl — Yl)(XQ — YQ) > O) - 1,
ps(Xl,Xg) = 6P((X1 — Yl)(XQ — ZQ) > O) - 3.

By symmetry of the three pairs, we may write
pr (X1, %) = 2 (P((X1 = ¥1)(Xa = Y2) > 0) 4 P((Yi ~ Z1)(¥s — 7) > 0)
Y P((Zy — X1)(Zo — X2) > 0)) 1
and
ps(X1, X2) =(P((X1 = V1)(Xz = Z2) > 0) + P((X1 = Z1)(Xz ~ Ya) > 0)
+ P((Y1 — X1)(Ya — Z3) > 0) + P((Z1 — Y1)(Z2 — X2) > 0)
+ P((Yy — Z1)(Ya — X2) > 0) + P((Z1 — X1)(Za — Y2) > 0)) _3.

Both expressions above are now invariant under permutations of the subscripts, and thus
both expressions may be evaluated under the assumption X; < Y; < Zy. For p- (X1, X2),
this yields

2
pT(Xl,Xg) = g(P(XQ < }/2) + P(Y2 < ZQ) +P(X2 < ZQ)) — 1.

We provide a formal justification for this identity for p, (X7, X3). The argument for ps(X1, X2)
is analogous. Using the tower property, we may write

pr (X1, Xo) = %E[f(X1,Y1,Z1)] -1

where

F(X1,Y1,71) = Lix svip P(Xo > Yo | X, Y1) + 1ix, vy P(X2 < Yo | X4, V1)
—+ 1{Y1<Z1}P(}/2 < g | Zl,Yl) + 1{y1>Zl}P(Y2 > o | Yl,Zl)
—+ 1{Z1>X1}P(ZQ > X5 | Xl,Zl) =+ 1{Zl<X1}P(Z2 < X5 ‘ Xl,Zl).

Note that f(X1,Y1,71) is invariant under the ordering of (Xi,Y1, 7). Hence we may
compute f(X7,Y7,Z;) under the assumption that Xy < Y; < Z; which yields

f(X1,Y1,2,) = P(Xo < Yo | X0, Y1)+ P(Ya < Z2 | Y1, 21) + P(Z2 > Xo | X4, Z1).
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Plugging this expression into the one for p, (X7, X») yields the desired identity. For pg(X1, X2),
the corresponding identity reads

ps( X1, Xa) :(P(X2 < Zo)+ P(Xo < Ya) + P(Ya > Zs) + P(Zs > X)

+P(Y2<X2)+P(ZQ>Y2))—3

Now let PXyz ‘= P(X2 <Yy < Z | X1 <Y1 < Zl), Pxzy ‘= P(Xg < ZJy <Yy | X1 <
Y1 < Z) etc. (note that the order on the variables in the condition doesn’t change). The
six p’s sum to one, and we get

2
pr(X1,X2) = 3 (pXYZ +pxzy +pzxy) + (Pxvz +pyxz +Pyzx)
+ (pxvz +pxzy + pYXZ)) -1

1 1
=pxyz + g(pxzy +pyxz) — g(pYZX +pzxy) —Pzyx

and

ps(X1, X2) =2(pxyz +Pxzy +Pvxz) — 1

=Ppxyz +Pxzy tDPyxz —Pvzi —PZyX —DPZYX,
and a little rearranging yields
~1 < 3p, (X1, X2) — 2ps(X1, X2) < 1.

Proof of Theorem 5.3.10. Let again (X1, X2), (Y1,Y2) and (Z1, Z3) be independent copies
of each other with common distribution function F. Let p denote the probability that two
of the pairs are concordant with the third, i.e.

pi=P((Y1 — X1)(Ya — X2) > 0,(Z1 — X1)(Y2 — X2) > 0).

Then we may compute using independence,
p= / / P((Y1 —21)(Y2 — 22) > 0)P((Z1 — 21)(Y2 — x2) > 0)dF (21, 22)
R JR
_ / / P((Y1 — 21)(Ya — 23) > 0)dF (21, 22).
R JR
Now apply the conditional Jensen’s inequality, the tower property and continuity to obtain

p> </R/RP((Y1 — 1) (Yo — x2) > O)dF(zla@))Q

1 +PT(X17X2)>2

=P((V1 - X1)(Ys — X») >0)2=( 5
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Again by symmetry of the variables, we have

p= %(p((yl - X1)(Ya — X3) > 0,(Z1 — X1)(Z2 — X3) > 0)

+ P((X1 — Yl)(X2 — }/2) > 0, (Zl — Yl)(ZQ — }/2) > O)
+ P((X1 — Z0)(Xa — Z2) > 0,(Y1 — Z1)(Ya — Za) > 0)).

Now define the probabilities pxy 7, pxzy etc. as in the proof of Theorem 5.3.9. Then

1

P=3 ((prz +pxzy) +pxvz + (Pxyz +pyxz))

1 1
=Dpxyz + gpxzy + ngXZ-

Recall that we in the proof of Theorem 5.3.9 proved the identity

ps(X1, Xo) =2(pxyz +pxzy +pyxz) — L.

Combine with what we have just shown to obtain

1+ ps(Xi, Xo)

2

1+pT(X1,Xz))2
: .

=pxvyz +tPxzy +Pyxz =2 p = (

This shows the first inequality. To prove the other, replace “concordant” with “discordant”
in the beginning of the proof and make similar calculations. |

Notes and comments

An early treatment of dependence concepts is due to Hoeffding, see [56] and [57]. For mod-
ern books treating dependence concepts, consult e.g. [107] and [24]. References for rank
correlations include [78] and [69], while [109] discusses the relation between rank correlation
and copulas. The formula for Kendall’s 7 presented in Theorem 5.2.3 (ii) was proved in [40].
The results presented in the text on the relationship between Kendall’s 7 and Spearman’s
p are all from [91]. Theorem 5.3.9 is originally from [17], while Theorem 5.3.10 is from [27].
The proofs presented are both from [78].

As for estimation and statistical inference using the presented dependence concepts, the
estimators for Kendall’s 7 and Spearman’s p are both examples of so-called U -statistics.
More background on such estimators and their asymptotic properties can be found in [81].
The method of calibrating the Gaussian copula using Spearman’s p can be found in [65].
The eigenvalue method as presented above is due to [105]. Approach (i) of generating
pseudo-samples from a copula is described in [70] who also provides asymptotic theory.
Approach (ii) (which was used in the case study above) is described by [42] who also prove
asymptotic results. Goodness-of-fit was barely discussed above, but several methods exist.
A survey article on the subject is [45]. For examples of applications of copulas in actuarial
and financial contexts, see [35], [76], [13] and [12].
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5.8 Exercises

Theoretical exercises
Exercise 5.1:

Recall that the Clayton copula has generator

plt) = 2 (t70 1)

S

and that the copula is explicitly given by

C§Mur,u9) = (7 +uy? —1)7Y% 0<6 < 0.

1) Verify that p, = 0/(6 + 2).
2)Show that Ay = 0.
3)Show that Aj =271/,

Exercise 5.2:
Recall that the Gumbel copula has generator

p(t) = (~logt)’,

and that the copula is explicitly given by

C§(uy,ug) = exp (— ((—1ogu1)0 + (—1oqu)9)l/9) , 1<6< .

1) Verify that p, =1 —1/8.
2)Show that \yy = 2 — 2179,
3)Show that Ay = 0.

Exercise 5.3:
Prove the following formula ([70]) for Kendall’s 7 for an Archimedean copula with generator

©:
oo d ) 2
r=1—14 —p ds.
/ [ (Geie) as
Exercise 5.4:

In this exercise, we verify the claims in the text on concordance and discordance. Let
(X1, X>) be a pair of continuous random variables.

1)Show that p, (X7, X3) =1 if and only if (X7, X5) is comonotonic.
2)Show that p. (X1, X2) = —1 if and only if (X7, X3) is countermonotonic.

Exercise 5.5:
Let (X1, Xs) be comonotone. Show that Ay(Xp,X2) = 1. What is Ay (X, X2) when
(X1, X2) is countermonotonic?
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Exercise 5.6:
In this exercise, we consider the Morgenstern copula introduced in Exercise 4.3,

Co(ur,uz) = ugug(1 + 01 — uy)(1 — uz)),

where 6 € [—1,1] is a parameter.
1)Show that
ng(ul,’U,Q) = (]. + 0(1 - 2’&1)(1 - 2u2))du1du2.

Hint: We have
8209 (Ul, UQ)

dC, = duydusg.
o(u1, u2) Dy Oy Upadu
2)Show that Kendall’s 7 is
2
Pr = 9"
3)Show that Spearman’s p is
0
ps = 3

4)Compute Ay and Ay, for this copula.

Exercise 5.7:

A collection of random variables (X7, ..., X4) is said to be exchangeable if for every permu-
tation IT of 1,...,d, we have (X1,..., X4) 4 (Xni(1ys - X11a))-

1)Assume (Uy, Us) is exchangeable. Verify that

Now assume (Uy,Us) has distribution function equal to a copula for a pair of continuous
exchangeable random variables (X, X2). Show that the coefficient of lower tail dependence
AL, satisfies

)\L(Xl,XQ) = QE%P(UQ S u | U1 = u)

2)Let X; and X5 be continuous random variables with distribution functions F; and Fb.
Prove that (X7, X2) is exchangeable if and only if F; = F5 and the copula C of (X7, X52)
satisfies

C’(ul, ’LL2) = C(UQ, ul)

for all uy,us € [0,1]. Such a copula is called symmetric.

3)Provide an example which shows that it does not suffice to have F; = F5 in order to
conclude that (X7, X5) is exchangeable.

4)Assume (X7, X2) has identical marginal distributions and has an Archimedean copula.
Show that (X7, X2) is exchangeable.

5)Show that (Xi,...,X4) is exchangeable if and only if the characteristic function @ is
symmetric in its input: ®(t1,...,tq) = ®(tr(), ..., trq)) for any permutation IT of 1, ..., d.
6)Show that any elliptical distribution with ¥;; = p for all i # j and 0;; = 0% and p,; = p
for all ¢ is exchangeable.
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Exercise 5.8: Exercise 3.7 in [91]
Consider the copula

Ui, 0SU1§U2/2§1/2
Cug,uz) = < uz/2, 0<ug/2<wu; <1—uy/2
uptus—1, 1/2<1—wug/2<wu; <1.

Assume (Uy, Us) has distribution function C.

1)Show that P(Uy =1 — |2U; — 1|) = 1 and Cov(U;,Uz) = 0. Hence two random variables
can be uncorrelated, even though one of them can be perfectly determined as a function of
the other.

2)Show that C is not symmetric. Hence two random variables can be identically distributed
and uncorrelated but not exchangeable.

3)Show that P(Uz — Uy > 0) = 2/3. Hence two random variables can be identically
distributed, even though their difference is not symmetric about zero.

4)Let Xy =2U; — 1 and X = 2Us — 1. Then X; and X, are both Unif(—1,1). Show that
P(X; + X2 > 0) = 2/3. Hence two random variables can both be symmetric about zero,
even though their sum is not.

Exercise 5.9:
Consider again the Frank copula with generator

e -1
o(t) = —log (6_9_1) ;
where 0 € R\ {0}.

1)Compute Ay.
2)Compute Ap,.

It is possible to obtain almost explicit expressions for Kendall’s 7 and Spearman’s p for the
Frank copula. These are

4 12

PT=1—§(1—D1(9)) and pg=1- 9(D1(9)—D2(0)),

where Dy, is the Debye function given by

x k
Dy(z) = k/ LA
0

Tk et —1
These formulas are provided in [39] and [90].

Exercise 5.10: The log-copula
Consider the function ¢ : [0, 1] — [0, 00] given by

olt) = (1 B 12%)04—1 .

where 6,1 € (0,00) are parameters.
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1)Show that ¢ is a valid generator for a two-dimensional Archimedean copula family. Denote
the copula by Cp .

2)Show that

Co,y(u1,u2) = exp (eqp(l _ ((1 _ k)ggTul)eH N (1 B loegq;LQ)eﬂ - 1>1/(1+9)>)'

3)Show that Ap = 0.

One can show that also A\y = 0. You are welcome to try and verify this. In the remaining
exercises, we compute Kendall’s 7 for this copula as explicitly as possible.

4)Show that

pl) _ 0y (, tlogt t
sa’(t)__0+1( o _(17(10gt)/9w)‘9)'

5)Show that

t?logt t2
/tlogtdt: ;)g - —

4
1
1
tlogtdt = ——.
/0 Og 4

1
L) T Gt = @020 - 0.200)

where T'(z,y) is the upper incomplete gamma function given by

and conclude that

6)Show that

I‘(x,y):/ t*le~tat.
y

Hint: Use substitution several times. It is easiest to start with s = —(logt)/0%.

7)Combine the pieces and show that

e20¥ 201 (9)0FIT (1 — 6, 200) + 0 — 200

Pr= 0+1

This copula is sometimes referred to as the log-copula and is considered in e.g. [61], [42]
and [60].

Exercise 5.11:
Consider the function ¢ : [0, 1] — [0, 0o] given by

o(t) = log <16(t1t))

for 6 € [-1,1).
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1)Prove that ¢ is a valid generator for a two-dimensional Archimedean copula. We denote
this copula by Cy.
2)Show that

- U1U2
Colun,uz) = 74— A = w)

This is the Ali-Mikhail-Haq copula from Exercise 4.6.
3)Compute the coefficients of lower and upper tail dependence Ay, and Ay for Cy.

4)Show that Kendall’s 7 for this copula is given by

L 30-2  2(1-0)

5)[Bonus| Show that Spearman’s p for this copula is given by

12(1 + 0)

. 24(1 -6
ps = lelog(l —0) — 211-96)

02

30 4 12)

log(1—0) — 7

where dilog is the dilogarithm function given by

* logt
dilog(x) = / dt.

In the next exercise, we show that this copula extends to arbitrary dimensions.

Exercise 5.12:
Consider again the Ali-Mikhail-Haq copula generator from the previous exercise,

o(t) = log (“"f}‘“)

where 6 € [—1,1). In this exercise, we show that the Ali-Mikhail-Haq copula extends to
any dimension in two different ways for appropriate restrictions on 6.

1)The inverse ¢~ 1(t) can be realised as a Laplace transform of a certain well-known discrete
distribution. Which one? And for which 6 is this distribution well-defined?

2)Describe and implement an algorithm for simulating from the d-dimensional Ali-Mikhail-
Haq copula.

1 1

3)One can also prove directly that ¢ =1 is completely monotonic. Do so. Hint: Write ¢~
as an infinite series. Think geometric series!

Exercise 5.13:
In the text, we proved that if (X7, X2) ~ N(0,X) with

_(1l »
Y= <p 1>a pe(flvl)v

then Ay (X1, X2) = 0. In this exercise, we go through a different proof. Due to the symmetry
of the Gaussian copula, it holds that Ay (X1, X2) = Ap(Xy,X2). Now use the result of
Exercise 5.7 to verify that Ay (X1, X2) = 0.
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Exercise 5.14:
Suppose that (X7, Xs5) ~ t2(v, 0, %) where

= (t 1)

AL(X1, Xo) = Av (X1, Xo) =2t (-

Verify that

(v+1)(1—p)
1+p ’

Recall that ¢, denotes the distribution function of the Student ¢-distribution with v degrees
of freedom. Hint: You may use without proof that conditional on X; = z,

v+1 1/2 Xo—2xp
v+ a? 1—p?

~tyqq.

Also, the t distribution is symmetric. Use Exercise 5.7.

Exercise 5.15:
Let Ar(C) and Ay (C) denote the coefficients of lower and upper tail dependence for a copula
C, and recall that C' denotes the survival copula of C' given by

a(ul,ug) =u; +ug — 1 +C(1 — Ui, 1-— UQ).
Show that Az(C) = Ay (C) and A\y(C) = AL(C).

Exercise 5.16:
Recall the estimator for Spearman’s p given in (5.1),

Ly Ri1Ri» — RiR,
PS(Xl,XQ) _n =1 "%, T, .
0109
In this exercise, we prove Proposition 5.3.8 in the following steps.

1)Argue why we may think of R;; as being distributed like a discrete uniform random
variable U on the set {1,...,n}. Argue that R; = E[U] and o7 = Var[U] for j = 1,2.
2)Show that

n+1 n?—1

ElU] = and Var[U] = 5

3)Show the identity
lzn:R'lR'Q —Elﬁg = 0109 — izn:dz
nia o n i=1 v
where we recall that d; := R; 1 — R; 2.
4)Finish the proof of the proposition.

Exercise 5.17:
Consider the copula C = (M + W)/2. Show that this copula does not have convex level
curves. Is C' Archimedean?
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Exercise 5.18:
Show that for a non-strict Archimedean copula with generator ¢ (see Exercise 4.27), the
C-measure of the zero curve ¢(u1) + p(uz) = ¢(0) equals

_»(0)
¢'(04)
In particular, if ¢’(0+) = —o0, the C-measure is zero. What is the C-measure of the zero

curve when C' is the copula in Example 5.6.67 Hint: Study the proof of Theorem 5.6.4.
What changes when ¢ is not strict?

In the following four exercises (all taken from [91]), we investigate the bounds presented in
Corollary 5.3.11, describing the relation between Kendall’s 7 and Spearman’s p.

Exercise 5.19:
Let U; ~ Unif(0,1) and Us := Uy @ 6, where @ denotes addition modulo 1. Here 6 € (0,1)
is a parameter.

1)Show that the copula of (Uy,Us) is

min{uy, us — 0}, (u1,uz) €[0,1 0] x [0,1]
O@(ul,UQ) = min{u1 + 60— 1,UQ}7 (ul,u2) S [1 -0, ].] X [079]
W (uq, uz), otherwise

and illustrate the support of Cy.

2)Prove that for this copula,
pr=(1- 20)2

3)Show that
pPs = 1-— 69(1 - 0)

4)Conclude that

3pr — 1
2 )

so that the left linear segment in Figure 5.3 is actually attainable for some pair of random

variables.

ps = pr =0,

Exercise 5.20:
Let 6 € (0,1) and consider the copula

max{0,u; +ug — 0}, (u1,u2) € [0,0)?
Cg(ul,UQ) = max{@,ul + ug — ].}7 (ul, U2) € (97 1]2
M (uq,uz), otherwise.

This copula is constructed in Example 3.4 in [91] and was also considered in Exercise 4.34.
It has the interpretation that (Uy,Us) is uniformly distributed on the two line segments
joining (0,0) to (#,0) with mass 6 and (6,1) to (1,0) with mass 1 — #. One can verify that
Uy ® Uy = 0, @ denoting addition modulo 1.
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1)Show that
pr = —(1—20)%

2)Show that
ps = 60(1—0) — 1.

3)Verify that
1+3
ps=—50 pr <0,
so that the right linear segment in Figure 5.3 is actually attainable for some pair of random
variables.

Exercise 5.21:
Let n € N and define the copula C), as the ordinal sum (see Exercise 4.34) of n copies of W
with respect to the equidistant partition of [0, 1] into n subintervals, that is,

2
k—1 k k=1 k
maX{T,UI‘FUQ—%}, (u1,uz) € [T?E] , k=1,2,...,n

Cn(ula 7.L2) -

minf{uy, us}, otherwise.

The support of C), consists of n line segments connecting the points ((k — 1)/n,k/n) and
(k/n,(k —1)/n) for k =1,2,...,n. This is illustrated in the figure below for n = 4.

AN
AN

1

Figure 9: The support of the copula C4 in Exercise 5.21.

1)Show that Kendall’s 7 for this copula is given by

2
pr=1——
n

2)Show that Spearman’s p for this copula is given by

ps = 2
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3) Verify that

. 1+ QPT - P72-

N 2

and conclude that the upper bound in Corollary 5.3.11 for p, > 0 is attainable for some
pair of random variables.

pPs

Exercise 5.22:
Let n € N and define the copula C,, by

: - - k=1 k —k —k
mm{“l—%vw—%k}a (u1,u2) € [Tlﬁ} X {HTHnT}
Cr(u1,ug) = k=1,2,...,n
max{u; + uz — 1,0}, otherwise.

The support of C,, consists of n line segments connecting the points ((k — 1)/n, (n — k)/n)
and (k/n,(n —k+1)/n), k=1,2,...,n. This is illustrated in the figure below for n = 4.

/
/

1

Figure 10: The support of the copula Cy in Exercise 5.22.

1)Show that Kendall’s 7 for this copula is given by

2

p‘rzf_l-
n

2)Show that Spearman’s p for this copula is given by

3)Verify that
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and conclude that the lower bound of Corollary 5.3.11 for p, < 0 is attainable for some pair
of random variables.

Exercise 5.23:
Recall from Exercise 4.39 the Plackett copula

1+ (9 - 1)(U1 + U2) — \/(1 + (9 — 1)(U1 + ’LLQ))2 — 4U1UQ9(9 — 1)
20— 1)

Cy(ur,uz) =

for 6 € (0,00) \ {1} and C; =1II. Show that Spearman’s p for Cy is

6+l 29
PS=9 17 (9-1)7

log 6.

According to [91], no closed form expression for Kendall’s 7 exists for this family.

Exercise 5.24:

In this exercise, we derive expressions for Kendall’s 7 and Spearman’s p for ordinal sums
of copulas. It is highly recommended that you take a look at Exercise 4.34 if you have not
done so yet.

Let ¢y and Cy be copulas and let p(Tl),p(f),pg),p(Sg) denote Kendall’s 7 and Spearman’s p

for these. Let Cy be the ordinal sum of {Cy, C1} with respect to {[0, 6], [¢,1]} for § € [0,1]
(note the ordering!). Let p, and pgs denote Kendall’s 7 and Spearman’s p for Cy.

1)Show that
pr =02 + (1= 0)*p) +20(1 - 0).

2)Show that
ps =0°pS +(1-0)*pg) +30(1—0).

Exercise 5.25:
Consider a copula of the form

C(ul, UQ) = u1u2+u1u2(1—u1)(1—u2) (A1u2(1—u1)+A2(1—u1)(1—u2)+Blu1u2+BQu1(1—u2)>

for suitable constants A1, Ay, By, Bs satisfying certain constraints. A copula of this form is
called a copula with cubic sections, see Section 3.2.5 in [91] for details.

1)Prove that Kendall’s 7 for such a copula satisfies

. Ay + Ay + By + Bs n AsBy — A1Bs
Pr= 18 450

2)Prove that Spearman’s p for such a copula satisfies

A+ A+ B+ B
= 5 )

ps
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The following two exercises concern another measure of concordance.

Exercise 5.26: Blomgqvist’s

In this exercise we introduce another concordance concept known as the medial correlation
coefficient or Blomquist’s B, see [10]. For a pair (X1, X5) of random variables, it is defined
by

B(X1, X2) == P((X1 — M[X1])(X2 — M[X3]) > 0) — P((X1 — M[X1])(X2 — M[X2]) <0)

where M[X;] is a median of X;. Assume in the following that (X1, Xs) is continuous with
joint distribution function F'.

1)Show that
B(X1, Xo) = AF(M[X4], M[X5]) — 1.

2)If the copula of (X1, X32) is C, show that
11
X1, Xy) = 4 (7,7) 1
B(X1, Xo) =4C 55
A strength of Blomqvist’s 3 is that it can be used to approximate Kendall’s 7 and Spearman’s
p.
3)Consider the Ali-Mikhail-Haq copula from Exercise 5.11 above,

U1U
1-— 9(1 — ul)(l - UQ)

Coy(ur,uz) =

where 6 € [—1,1). Show that for this copula,
0 11
s=r¢l-53)
and that we may reparametrise the copula in terms of 3 via § = 43/(1 + j3).

Using this reparametrisation along with some Taylor calculations, one can show using the
expressions for p, and pg in Exercise 5.11 above that

8, 8 . 16,
0779ﬂ+15ﬂ +456+ )
4

- 44 3 8
ps =3B+ B+ 5B+

Since Blomqvist’s 8 is very easy to compute for this copula and is in [-1/5,1/3], these
formulas provide very precise approximations to p, and pg.

Exercise 5.27:
Consider again the Plackett family from Exercise 4.39 and Exercise 5.23 above,

14 (0 - 1)(U1 + UQ) — \/(1 + (9 — 1)(U1 + UQ))2 — 4U1’LL20(0 - 1)

Colur, uz) = 20— 1)
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for 6 € (0,00) \ {1} and C; =1L
1)Show that Blomqvist’s 8 for this copula is given by

Vo -1

v

2)Show that a second-order approximation to ps (see the result of Exercise 5.23) in terms
of B is given by
~ 3P

3

Note: When 6 is considered as an odds ratio for a 2 x 2 contingency table as in the construc-
tion of this copula, the expression for 3 is called Yule’s Y or Yule’s coefficient of colligation.

pPs

Exercise 5.28: Dependence concepts for jointly symmetric copulas

Recall the concept of joint symmetry for a pair of random variables from Exercise 4.31.
Show that if (X1, X2) is a pair of continuous random variables whose copula C satisfies
either of the two identities for joint symmetry (Exercise 4.31 2)), then

Pr = pPs = p=0.
This shows that joint symmetry is indeed a very strong requirement!

Exercise 5.29:
Let C be an extreme value copula with dependence function A (see Theorem 4.5.8).

1)Prove that

L Joo A >
T, A@)2) =1)2.

2)Prove that
v =2(1 - A(1/2)).

Exercise 5.30:
Let C7 and C5 be copulas that are both absolutely continuous, so that

3201(U1,U2) and 8202(u1,u2)
Ouq0us Ou10us

both exist. Using integration by parts, prove the result

1 0 0
/[0’1]2 Cl(Ul,ug)dcz(Ul,UQ) = 5 — /[0’1]2 a—UIC’l(ul,uz)a—wcz(ul,uQ)dulduQ.

This result is useful for computing Kendall’s 7 as is illustrated in the following exercise.

Note: The right hand side of the formula only involves first derivatives of the two copulas,
which may lead one to conjecture that the formula should still hold even when the two
copulas are not absolutely continuous. This is indeed true. We refer to [83] for a proof.
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Exercise 5.31:
Consider the Marshall-Olkin family of copulas

11—«
Uy usg,

u > uﬁ
C U, Ug) = _ L=
a’ﬁ( 7 ) ’U,llé ﬁv U? S uga

where 0 < «, f < 1 are parameters. For background on this copula, consult the supplemen-
tary section of the previous chapter along with Exercise 4.38.

1) Verify that

(1—a)ul 2y, ug > uf

(1 - Buus ™, wg <uf.

0 0
871 a,ﬁ(ulau2)87wca,ﬁ(ulau2) = {

2)Prove that Kendall’s 7 is given by

___ op
AT B ap
by using the result of the previous exercise.
3)Show that Spearman’s p is given by
B 3af
Ps = 200+ 28 — afB’

4)Compute Ay, and Ay for this copula. Hint: Use the result of Exercise 5.29.

Practical exercises

Exercise 5.32:
Consider the Frank copula Cy with generator

e 1

p(t) = —log (ﬁ

), 0 # 0.
1)Show that the log-likelihood for d = 2 based on the sample Uy, ..., U, is given by

n

log cp(U1, ..., U,) = nlog(f(1 — %)) — QZ(UM +Us2)

t=1

_ Zlog ((e—e(UerUt,Q) e Ut _ o=0Ua 6_9>2)
t=1

2)Show that the following algorithm for simulating from the Frank copula is correct.

Algorithm 5.8.1. To simulate a sample from the two-dimensional Frank copula with 6 £ 0,
do the following.
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1. Simulate independent Uy, V ~ Unif(0, 1).

2. Set

V(e ? —1) )

1
g (1
U2 = 9°g< Ty i

3. The pair (U, Us) is then a sample from the two-dimensional Frank copula.

Hint: Write the copula Cy explicitly and use Algorithm 4.2.1.

3)Now simulate some samples of the Frank copula and maximise the resulting log-likelihood
to obtain an estimator for 8. Compare with the true value. Try varying 6 and the number
of samples. Compare with the estimates from an R package such as copula.

Exercise 5.33:
Consider the Gumbel copula Cy with generator

o(t) = (—logt)?,

where 6 > 1 is a parameter. We have considered this copula many times already.

1)Show that the log-likelihood for the two-dimensional Gumbel copula based on the sample
Uy,...,U, is given by

log cy(Uy,...,U Z —logU;1)" + (—log Ut,2)9)1/0

t=1

log (0= 1)((~10g Up1)” + (= log Up,2)") /72 + ((~ log Us,1)’ + (~log Uy,2)")*"~2)

M:

+

H
Il
—

(logUsq +1ogU2) + (60 — 1) Z log((log Uz 1) (log Uy 2)).
t=1

M:

-
Il
—

2)Use your algorithm from Exercise 4.45 to simulate some samples from the Gumbel copula
for different values of 6 and different sample sizes. Compute the maximum likelihood esti-
mate of § and compare with the true value. Compare with the estimates from an R package
such as copula.

Exercise 5.34:

Suppose (X1, ..., X50) are the daily log-returns for 50 different stocks and suppose that
today’s stock prices are given by (S, ..., S50) = (100, ...,100). We hold one share of each
stock. Hence the portfolio loss over one day is

50
DILCE
=1

Suppose p-(X;, X;) = 0.4 for all ¢ # j. We also assume that, for every 1,

a 1

X< - 7
" 1003

for Z ~ t3.
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1)Estimate VaRg.g9(L) and ESg.g9(L) under the assumption that (X7, ..., X50) has a Gaus-
sian copula.

2)Repeat under the assumption that (X7, ..., X50) has a Clayton copula. Hint: Recall that
pr=0/(0+2).
3)Do you see differences in your estimates? If so, explain why.

The following exercises expand upon the case study on Novo Nordisk, Eli Lilly and Pfizer
stocks presented in the text.

Exercise 5.35:
We first investigate other copulas than the four used above (Gaussian, ¢, Clayton and
Gumbel).

1)Start by using the code in the case study to load the raw data and compute the log
returns.

2)Now fit, using maximum likelihood and the copula package, the Frank, Joe, Ali-Mikhail-
Haq and the Plackett (see Exercise 4.39) copulas to the three pairs of stocks. Hint: Use the
functions frankCopula, joeCopula, amhCopula and plackettCopula.

3)Compare the model fits to the results in the text. Can you beat the ¢t copula?

Exercise 5.36:

We now investigate the impact of different marginal distributions. In the case study in
the text, we only considered the purely nonparametric approach (ii). Here we consider the
alternatives (i) and (iii).

1)Suggest parametric distributions for each of the three log returns. Try to be creative!

2)Using your parametric distributions from 1), redo the analysis from the text. Do the
results and conclusions change?

3)If you have done the previous exercise, redo the analysis with these new marginal distri-
butions.

We are now done investigating option (i). For the rest of the exercise, we consider approach

(ii).

4)Using methods from extreme value theory, for each of the three stocks, determine an
upper limit u such that the excesses above this threshold are approximately Generalised
Pareto distributed. Let the “body” of the distributions be modelled nonparametrically.

5)Using these semiparametric distributions, redo the analysis from the texts. Do the results
and conclusions change compared to the two previous approaches?

6)Again, if you have done the previous exercise, redo the analysis there with the new
semiparametric distributions.

Exercise 5.37:
We again build on top of the case study in the text and the previous exercises. Let S
denote Novo Nordisk, Sy Eli Lilly and S3 Pfizer. For any pair (S;,S;), i # j, of stocks, we
consider a portfolio where we invest 1000$ in each stock. The portfolio loss over one day is
thus

L = —1000(e®* — 1) — 1000(e™7 — 1) (5.3)
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with X; and X; denoting the corresponding log returns. Estimate the VaR and ES for as
many combinations of copulas and marginal distributions as you want from the case study
and the previous exercises. Summarise your findings.

Hint: To simulate from a copula using the copula package, see the function rCopula.

Exercise 5.38:
Finally, we investigate how the analysis turns out if we only consider a single portfolio
consisting of an initial investment of 1000$ in each stock so that the one day loss is

L = —1000(e** — 1) — 1000(e*2 — 1) — 1000(eX* — 1). (5.4)

1)Generate pseudo-samples of a three-dimensional copula based on the different marginal
distributions from the case study in the text and the previous exercises.

2)Now propose different three-dimensional copulas to fit these pseudo-samples. What copula
fits the best? Does the best copula vary over the pseudo-samples?

3)Finally, estimate the VaR and ES for the loss of the portfolio.



Chapter 6

Credit risk

6.1 Portfolio credit risk

Introduction and setup

Credit risk is the risk associated with loans and other obligations, more precisely, the risk
that a financial party is not able to pay what it owes to another party (for a loan, this is
called default). Simply put, we have a situation where a financial institution (such as a
bank) called the lender lends money to another party called the obligor.

Lendor — Obligor
In this course, we consider a very simple case. We assume the following:

e We have a one-period model. Namely, we will consider the loss that occurs over a
single timestep such as a year, a month etc.

e We have n total loans.

e We have a probability of default p; for loan i. p; will depend on external factors, and
these should be incorporated into the model.

Definition 6.1.1. The total one-period loss (for the bank, say) is given by
L=> X;Li(1-X\)
i=1

where L; is the size of the ¢th loan, \; is the recovery rate for the ith loan and

X, — 1, if default
‘)0, ifno default’

The recovery rate A; is a number between [0,1] that describes how much the bank can
recover in case of default. If, for example, a third of the loan is already repaid by the time
of default (\; = 1/3), the bank will only lose two thirds of the loan. Before considering
concrete models for credit risk, we make two important remarks.

183
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(i) Defaults will be dependent since defaults are often triggered by external factors, for
example increases in interest rates.

(ii) Large losses are usually not caused by one default but by a large number of defaults,
even though the individual losses are often not large.

We will study the following models:

e The Merton model/KMV model.
e The Probit normal mixture model.
e The Bernoulli mixture model.

e The Poisson mixture model.

The Merton model is an example of a structural model. The three others are examples of
reduced form models.

The Merton model

Merton’s model considers a firm as an obligor. The model consists of a process V4 in
continuous time describing the total value of the assets of the firm by time ¢ and a fixed
number K called the debt to be paid at time T. According to the model, V4 behaves like
the assets in the Black—Scholes model,

dVa(t) = paVa(t)dt + oaVa(t)dW (1)

where W is a standard Brownian motion. The reader can consult the rundown of the Black—
Scholes model in Chapter 1. Since V4 is a Geometric Brownian motion, we have the explicit
solution for the assets at time 7" in terms of the value at the current time ¢, namely

VD) = V. (t)e(m—%)(T—t>+aA<W(T>—W<t)>
A — VA .

Note that Z := W(T) — W (t) ~ N(0,T —t). Default in this model means by definition that
Va(T) < K. We can rewrite this as follows:

2
Va(T) < K &  logVa(t) + (MA - gA) (T—t)+0aZ <logK

2
2
log K —log Va(t) + (%‘ - ;LA) (T —1t)
& >7Z
gA
2
log K — log Va(t) + (%‘ - MA> (T —1t)
& >Y

oav1l —t

where Y := Z/\/T —t ~ N(0,1). Note that in the above expression, Y is the only source
of randomness since the value V4(t) is known at time ¢t. We summarise our findings in the
following definition.
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Definition 6.1.2. In the above setup of Merton’s model, the quantity

2
log K — log Va(t) + (%“ - MA) (T —t)
B oaVvVT —1t

is called the distance to default. The probability of default can thus be written

DD =

P(Default) = P(Y < —DD)
with ¥ ~ N(0,1).

To estimate P(Default), we need to estimate DD. One problem is that V4 is not observable.
It is hard to put a number on the value of every asset of a company (buildings, furniture,
machines, patents etc.). However, the equity Vi is observable. We define the equity at time
T to be

Ve(T) = (Va(T) - K)*

since if K > V4(T') the company defaults and the equity is zero. We recognise the above as
a call option with strike K. If we also assume a constant interest rate r, we can apply the
Black—Scholes formula,

Ve(t) = Va(t)®(z) — Ke "T=Dd(y)

where

2
log Va(t) — log K + (r + %A) (T — 1)
z= , =z—oaVT —t.
oav/T —1 Y 74

This formula relates V4 to Vg. A specific form of the Merton model used in the industry
is the KMV model. In this model, one estimates the volatility of Vg, og = g(Va(t),04,7).
Given p4 and o4, the firm estimates the DD and hence the probability of default. All these
estimates may be very unreliable and so in the actual KMV procedure, further steps are
taken, namely:

e Consider n other firms.
e Calculate DD;, i = 1,...,n, where DD; is the distance to default for firm 7.
e Compare with past empirical observations with the same DD;. Use the empirical

frequency of default from these past loans and compare with the predictions from the
estimates.

The description of the KMV model above is vague on purpose. Since it is an industry model,
the exact procedures are not public and may change from firm to firm.

The Merton model we have considered so far only involves one firm, but the model is easily
extended to an arbitrary number of firms.
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The multivariate Merton model

In the multivariate Merton model, we consider n firms with asset processes
m
dVA,i(t) = /LAJVAJ(?f)df + VAJ(t) Z UA,i,dej (t), ’L = ]., e
j=1

with m independent Brownian motions W1, ..., W,,. Note that all the Brownian motions
appear in all the asset processes. This makes the V4 ; dependent. One can think of the
Brownian motions as underlying risk factors (for example fluctuations in interest rates).

Letting 0% ;= Z;n:l o4 ;.j» we can explicitly solve for each V ; and obtain

i,i T— m;la i, (W5 (T)=W;
VAJ(T):VA,i(t)e(#A’ 4L ) (Tt 7,05 (W (1) =W, 1)

which is very reminiscent of the univariate case. Letting
m
Zi =Y oai;(Wi(T) — W;(t)),
j=1

we have Z; ~ N(0,07% ;(T —t)). Like in the one-dimensional case, we can solve for Z; and

get
2

o4 .
Zi =logVai(T) —log Va(t) + (;Z - NA,z’) (T —1).

The ith firm defaults if V4 ;(T) < K; where K; is some threshold which we think of as the
debt of the company. We can rewrite V4 ;(T) < K; as

Z; 1
<
TA,i T—1 JA’i\/T—t<

DD, is the distance to default for the ith firm, and hence default for company i means
Y; < —=DD;. Since Y; ~ N(0,1), we have

P(Default for company i) = P(Y; < —DD;) = ®(—DD;).

o3 .
Y; = log K; —log V4 i(t) + (;“ — /LA’Z'> (T - t)) =:—DD;

Note that the Y; are dependent. We want to describe this dependence. Note that we can

write
m

1 i oai; Wi(T) — Wj(t)
Y= — (WAT) — Wi(t)) = g 71T J
i oA T—1 ;:1: o, (W;(T) (1)) E oA T 1

J=1

so the Y; are weighted sums of the same iid A/(0,1)-variables. More specifically, we can
observe that the Y; have the form

m
Yi=) cijRy
=1

for constants ¢; ; specific to the ith loan and Ry, ..., Ry, iid N'(0,1). This leads us to consider
models for the Y; called factor models. In a factor model, we assume that the Y; have the

form
k

}/i = ZaijUj + szz

J=1
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The U; are common stochastic factors that affect all loans, and we assume that Uy, ..., Uy
are iid N(0,1). The variable W; is a firm specific stochastic factor, and the a;; and b; are
constants. In order to estimate the default probability, we will need estimates of a;;, b; and
DD;. This is not an easy task. These quantities are not observable from data, and hence we
cannot apply ordinary statistical methods to estimate them. Another approach is usually to
divide the loans into different ”classes” where for a specific class, a;; and b; do not depend
on 7 but only on the class. This means that in a specific class, we have

k
Y= a;U; + bW

j=1

A standard approach at this point is to normalise the constants so that Z?Zl a? + b =1.
Then

k
> aU; ~ N(0, ||al?), a=(a1,...,a)

j=1
from which it follows that Y; = ||a||Z + bW; for Z ~ N(0,1). Since ||a]|2 + b% = 1, we can
write ||a|| = \/p and b = /T — p for some p € (0,1). Y; can thus be written as

Y; £ \/pZ +\/1— pW;.

A model with Y; of this form is called a probit normal mizture model.

Estimating VaR in the probit normal mixture model

Let Z, Wi, ..., W, be iid N(0,1) and Y; = /pZ + /T — pW; for p € (0,1). Default for the
1th loan means Y; < d; for some threshold d; (earlier denoted by —DD;). Now let

X, = , iin<di’
0, ifY;>d;

then N,, = Z;;l X, is the total number of defaults in the portfolio of loans. We focus on
the number of defaults and not the total loss, and the goal is to compute/estimate the VaR.
We carry out this computation in several steps. Define p;(Z) = P(X; = 1| Z) i.e. the
probability that the ith loan defaults given Z. Then

pi(Z) = P(Y; <d; | Z) = P(\/pZ + /1 - pW; < d; | Z)

since W; ~ N(0,1). As Z < —Z, we can rewrite the above to

cp(d‘l\/ffppz) :@<¢ff_ip+ﬂ\%z> — Dla; +b2)

where
__ G = VP
VI=p’ V1i—p

a;
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Our goal is to compute VaR,, for N,. To do so, we first compute VaR,, for p;(Z). This
amounts to solving the equation 1 — a = P(p;(Z) > x;) for x;:

l—a=Ppi2)>z;)=P(®(a; +bZ) > z;) = P(a; + bZ > & (z;))
Y 100N .
_p ZZCI) (z;) — a; _1_o O M) —a;
b b
hence we need to solve

azq’(W) o (=" e @) = e )

which yields the final answer x; = ®(a; + b®*(a)). Hence

Wﬁ&m@»:@@ﬁ%@1@D:@<v;:p+lep®1m0.

Let us make the simplifying assumption that d; = d for all 7, i.e. that the distances to default
are identical for all loans. This also implies that p;(Z) is the same for all 7 since the Y; are
iid conditional on Z. This allows us to write p(Z) without the subscript i. Furthermore, we
write N, (Z) to stress that N,, depends on Z. We claim that, conditional on Z,

NulZ) v, )

n

where — denotes convergence in probability. See the appendix for a review if necessary.
To be precise, we claim that for every ¢ > 0,

P[5 iz 12 0

uniformly in Z. Let € > 0 be given. We start by noting that
N, (Z
W)= PXi=112)=BlX: | 2] =B[22 | 7).
n

This comes from the fact that now,

X, - 1, ifY;<d
0, ify;>d

which implies that the X; are identically distributed so that
EXy| Z] = E[Xy | Z] = - = E[Xs | Z]
and thus .
E[N.(2)| Z] =) EIX;| Z] = nE[X; | Z]
j=1

for any ¢. The rest of the proof is a straightforward application of Chebyshev’s inequality.
We get

P (\N,EZ) —p<z>] >12) = P(N,(2) - EIN,(2) | 2] > )

L Var(N,(z) | z) = D1 —P(Z)

<
n2g? ne
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The final inequality is a consequence of the X; being iid given Z (since this is true for
the Y;) and from observing that conditional on Z, N, (Z) has a binomial distribution with
parameters n and p(Z). The above converges to zero uniformly in Z which proves the
claim. We are now close to the goal of providing a formula for estimating the VaR. Assume
f(z) :== P(p(Z) > z) is continuous. Then we have for o € (0,1) that

1—a= P(p(Z) > VaRa(p(2)))

and using the result N,,(Z)/n — p(Z) conditional on Z, we have the approximation

taxp (M0 v i)

which yields the Basel formula

d P -1
m—i— 1_p<1> (a)).

VaRq (N, (Z)) = nVaR,(p(Z)) = n® (

The Bernoulli mixture model

In this model, we assume common factors Z = (Z1, ..., Z,,). These could for example be
economic factors such as interest rates. We again let p;(Z) = P(X; = 1| Z) with X; =1
when company ¢ defaults and X; = 0 otherwise just like before. We assume that the defaults
(i.e. the X;) are independent given Z. We again let N,, = Z?:l X, and note that the X;
are Bernoulli variables conditional on Z with success probability p;(Z). This also implies
that N,, is binomial with parameters n and p;(Z) conditional on Z.

We consider a simplified version of this model, namely a so-called one-factor model. In
such a model, we assume that Z is one-dimensional (so we write Z instead of Z) and that
pi(Z) = p(Z) is the same for all <. Note that this model is a generalisation of the probit
normal mixture model. Indeed, the probit normal mixture model has this exact setup but
with a specific X;, namely

. L iEpZ+VT=pWi <d
oo i pZ4+ VT pWi>d

for Z, Wy, ..., W, iid and standard normal as we saw earlier. Returning to the one-factor
Bernoulli mixture model, we have

P, =1 2) = ()20~ )

as was also noted before. If Z has distribution function G, we can write

n

P(N, = k) = (k) [ = petice)

What are choices of G and p(Z) that make the above expression mathematically tractable?
Consider the special case Z ~ Beta(a,b) and p(Z) = Z. This model is called the Beta
mixture model. The density of Z is

g(z) = Zail(l - Z)bfl, 0<2z<1 where

B(a,b)
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lad) = [ 70— 2 ias = T80

With these assumptions, we can compute P(N,, = k) explicitly as follows:

P(N, = k) = (Z) /O R 2R () = (Z) /0 1 ﬁz’m—lu _ pyn—ktb=ig,
:(n>6(a+k,b+n—k). 7

k B(a,b)

Since we now have an explicit expression for the density of N,, we can compute all sorts of
risk measures such as VaR, ES etc. explicitly as well. While this is a nice property of the
model, we stress that the motivation for choosing Z ~ Beta(a,b) and p(Z) = Z is purely
mathematical. Nevertheless, we continue our study of the model. How do we estimate a
and b? While a and b are not directly observed from data, we can relate it to quantities
that are observed. We know the number of defaults that have occured at a given time which
allows us to estimate the probability of default p, at least in a portfolio of homogeneous
loans (think for example of a portfolio consisting only of AAA rated loans, only B rated
loans etc.). We can also estimate the linear correlation py, of the X;. We now determine
the relations between these quantities and a and b in the Beta mixture model. We have

p = P(Default) = E[P(Default | Z)] = E[p(Z)] = E[Z] = aLer
. Cov(X;, X;) _ E[(X; —p)(X; —p)] _ E[X;X;] — 2pE[X;] + p?
L Var(X;) p(1—p) p(1—p)

and

E[X,X;] = P(X;X; =1) = P(X, =1,X; = 1) = E[P(X; =1, X, = 1| 2)]
a(a+1)

= BIP(Xi = 1| 2)P(X; = 1| 2)] = BIZ%) = (e

We hence have two equations in two unknowns. Solving these yields the relations

l—pL l—pL
PL PL

To summarise: We can estimate a and b from data by first estimating the default probability
and the linear correlation from the data and then apply the formulas above.

The Poisson mixture model

The Poisson mixture model is different from the previous models in the sense that the
X; can attain infinitely many values, namely X; € {0,1,...}. We assume that the X; are
independent given Z and that they have a Poisson distribution conditionally on Z, namely

P(X;,=k|2Z)= %e—&(m

for some function ;. Just like earlier, Z is a collection of m variables which we interpret
as some underlying factors. We think of X; = 1 as a default of the ith loan and X; = 0 as
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no default. The other events, X; = k for k > 2, do not have a natural interpretation, but
we choose A; small enough so that X; > 1 happens with very low probability. We again
consider N,, = Y"1 | X;, i.e. the number of defaults (at least for small );). We now consider
a special case of the Poisson mixture model which goes under the name CreditRisk™. In
CreditRisk™, we assume the following:

e 7i,..., 2, are independent.
° Zj ~ P(O[j,ﬂjl) with ijﬁj =1.

o )\z(Z) = Xz Z;nzl aiij with (%7 > 0 and Z;nzl Qi5 = 1. Here Xz > 0 is a constant for
each 7.

The assumption «;8; = 1 implies that E[Z;] = 1. With the above assumptions, we have
E[\i(Z)] = X\; which gives us control over the \; functions. We need to choose them small.
With the above assumptions, it is possible to derive the distribution of N,, which is also a
motivation for the model. In order to do so, we need to introduce some theory.

Definition 6.1.3. For a discrete random variable Y with values in {0, 1, ...}, the function
gy (t) = E[t"]
is called the probability-generating function of Y.

Remark 6.1.4. Notice the relation gy (t) = E[eY1°8!] = ky(logt) with xy the moment-
generating function of Y. This relation implies that the probability-generating function (if
it exists) determines the distribution of Y.

Example 6.1.5. Let IV be Poisson distributed with parameter A > 0. Then
kn(t) = At eR.
Hence the probability-generating function is
gn(t) = A1)
)
Example 6.1.6. Let N have a negative binomial distribution with parameters r and p i.e.

ktr—1
P(N:k:):( +1: >(1—p)kpr, k=0,1,2, ..

We leave it as an exercise for the reader to verify that the probability-generating function
of N is given by

)= (i=m) o <

Theorem 6.1.7. With the assumptions of the CreditRiskt model, we have

gn, (t) = H <11_§‘jt> :  where 5j _ Bj Zi:l Aiyj
Jj=1 J

1+ 8,500 Mgy
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Proof. The proof is essentially a computational exercise in the assumptions of the CreditRisk™
model. We start by conditioning on Z. The conditional probability-generating function for
N,, given Z is

Z] —FE [tXmL--'Jan Z]

gn,z(t) = E [tN"

7 =[] # [~
i=1

~ [T ationt) = [ @

i=1 i=1

where we used the conditional independence and the above example for the Poisson distri-
bution. By applying the tower property, we can remove the conditioning on Z by taking an
expectation. Let f; denote the density of Z;. Then we have by independence of the Z; that

11 exi<z><t1>]

i=1

:/ / H@Ai(z)(t_l)fl(zl)"'fm(Zm)dZ’l"'dZm

0 0 =1

:/ / e(til)zyzlxiZ;n:laijzjfl(zl)"'fm(Zm)d2’1"‘dZm
0 0

— [ [ TR SRR ) (o) d
0 0

gn, () =E[E[tN | Z]] = E

For the sake of simplicity, let p; = Z?:l Xiaij. Then we can continue the computation as
follows:

oo o0 m
i) = [ [T ISR 1) () e
0 0

:/ / e(t—l)ﬂlzlf(zl)dzl...e(t—l)NmZan(Zm)dzm
0 0

& 1
— (t—l)ujZf( )dz = / (t=1)p;z aj=1,=2/Bj4
e z)az e a; z e z
I/ 11, FT(a)
_ /OO S
j=170 /Bj [(ay)

We now compute each integral (denoted by I;) in the product:

I = /°° A ) g
o B

' T(ay)
_ (ﬂ;l - (t - 1)/~Lj)7ajF(O‘j) ° (5'71 - (t - 1)Mj)aj aj—1,—z(B 7 = (t—=1)uy)
- T (o)) [y e e

1 B 1 C(1-5\™
I A ) R I e I (1 - 5jt>
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by noting that §; as defined in the theorem is given by

5. = _Bitis
= .
1+ Biu;
Plugging this expression back into the one for gy, (¢t) completes the proof. |

Remark 6.1.8. Note that the terms

1—46;\%

1— 06t
are probability-generating functions for negative binomial variables with parameters p =
1—9; and r = ;.

In principle, one can invert gy, . There is a whole litterature dedicated to inverting moment
and probability-generating functions. We will not pursue this here. We will only mention
that one can make a very crude approximation that relies on Markov’s inequality, namely

E[t™] _ gn. (1)

P(Ny > k) < —5— ==

for every t > 0. One can then minimise this expression over t.

6.2 Operational risk

Operational risk can be stated as ”loss from failed internal processes, people or systems
or from external events”. To elaborate a bit on this, we can roughly divide such risks in
categories. One category is repetitive human errors or repetitive operational risks (repetitive
OR). These include IT failures, errors in settlements of transactions, litigation and the like.
Other types of losses include fraud and external events such as flooding, fires, earthquakes
and terrorism (although the latter is extremely hard to model). A difficulty in operational
risk is that we often have little data available, and the data is often heavy tailed. The claim
arrivals can also be hard to model since they occur randomly in time (and frequently in
clusters) and since the frequency changes over time. One can for example imagine that a
large traded volume leads to a large number of back office errors.

Approaches in analyzing operational risk
We now discuss the basics of two approaches in analyzing operational risk. These are
e The basic indicator approach and
e The advanced measurement approach.
Under the basic indicator (BI) approach, the capital requirement to cover OR, (operational

risk) losses at time n is given by

3
RCE,(OR) = ZL " amax(GI" ", 0),
™ oi=1
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where o = 0.15 is a constant,
Z,, = #vyears where GI" ™" > 0,i =1,2, 3,

and GI?® denotes the ”"gross income” at time s. Under the advanced measurement (AM)
approach, we divide into K lines of business (typically K = 8 and lines include for example
corporate finance, trading and sales). The capital requirement to cover OR losses is given
by

K
RC 3 (OR) =) pa(L™)
b=1
where 0.99 < a < 0.999 and p,, is a risk measure such as VaR,, or ES,.

Mathematical estimates

In this subsection, we investigate methods to analyze the loss via a stochastic process ap-
proach. Let us start by recalling the definition of a Poisson process.

Definition 6.2.1. A stochastic process {N;} is called a Poisson process with intensity
A > 0 if N, takes values in {0,1,2,...} and

(i) P(Np, > 1) = Ah+o(h),
(if) P(Np, > 2) = o(h) and
(iii) {NV:} has stationary and independent increments.

Recall that stationarity means that for every s < ¢, Ny — Ng 4 N;_s. By independent
increments, we mean that for every finite partition 0 < t; < t3 < --- < ti, the variables
{Neyyy — N;, }¥=1 are independent. Intuitively, we think of a Poisson process as a claim
number process which satisfies

P(1 claim in [¢t,t + h]) = Ah + o(h), P(> 2 claims in [t,t + h]) = o(h).

We now model the loss of the company at time ¢ by the process

Ny
Li=> X;
=1

with {N;} a Poisson process with intensity A independent of the iid sequence {X;}. We
discuss the following ideas based on risk theory:

e Laplace transform method.
e Panjer recursion.

e A sophisticated large deviation approach based on the ”Arwedson approximation”
from risk theory.

Time-dependent intensity.

Stochastic processes for market risk.
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Let us first discuss the Laplace transform method. Recall that the Laplace transform of a
random variable Y is given by 1y (s) = E[e~*Y]. We can compute the Laplace transform of
the loss using the tower property as follows:

Yr,(s)=E[e ] =E {E [675221 X NtH =E [¢Yx(s)™]

where we have defined ¢ x (s) = E [e7***]. We continue the computation and get

e n & n
V() = 3 () e = 3 EXOV a acoxto-,
n=0 n=0

We should note that all the Laplace transforms exist since we are working with non-negative
random variables. After obtaining the Laplace-transform, numerical inversion techniques
can be applied. The method is more flexible than this however. To illustrate how, consider
a Poisson intensity that changes over time. To make this concrete, assume we are consid-
ering the time interval [0, 2], and we have Poisson processes N7 and N» on [0, 1] and (1, 2],
respectively, along with two claim sequences {XZ-(l)} and {XZ-(2)} belonging to each interval.
The total loss is obtained by summing losses from each interval i.e. L = L; 4+ Lo, where Ly
and Lo are assumed to be independent. Then

Yu(s) = B [e M| = Blemh] B o™ = ip, ()4, (s)

— M@ (=D =22 (¥ x(2) (S)—l)’

and we can invert this function to obtain the distribution. For those familiar with mixture
distributions, the above Laplace transform is one of a compound Poisson sum

N
Y Y, telo1]
=1

with {Nt} a Poisson process with intensity A1 + A2 and Y; mixture distributed with distri-
bution function

2 Goy)

A
LG+ 56

G(y) = M+ 1

where Xfl) ~ G and X1(2) ~ (9. In practice, one often observes E[N;] < Var(NVy), a
phenomenon called overdispersion. To remedy this, one can use a mized Poisson process
{N;} defined by N; = Ny; where {Nt} is a Poisson process with intensity 1 and A > 0 is a
random variable.

Example 6.2.2. Choosing A ~ I'(a, 3) leads to the so-called negative binomial process. We
let the reader verify that N; = Ny, is indeed negative binomial distributed. o

We now leave the world of Laplace transforms and discuss the next topic, namely Panjer
recursion. For this technique to be applicable, assume N; satisfies the recursive relationship

b
dn :P(Nt:n): (a+) dn—1, 7’7/21,2,...
n
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for constants @ and b. We also assume that X; € {1,2,...}. Panjer recursion yields the exact
recursive formula for p,, = P(L; = n):

n .

bi )

Pn = Z (a - n) P(X1 =i)pn—i, Po= o
i=1

The assumption X; € {1,2,...} is not as restrictive as it may seem. One can always scale

the values as necessary.

We now consider the Arwedson approximation. For the loss process

Ny
Li=)Y X
1=1

we consider a "small” § € (0,1) and the probability of a large loss over the small time
interval [0, du],
ws(u) :== P(Ly > u, some 0 <t < du).

Ultimately, we will choose du = 1. Those familiar with classical ruin theory will immediately
see the connection to the present setting. But one should note that this situation is slightly
different since we have no premium payments, and we are working over a finite time interval
[0, du] and not [0,00). The Arwedson approximation was originally developed in the study
of finite-time ruin theory. In ruin theory, one studies the Cramér—Lundberg process

Ny
Ct =u-+ct— Z Xz
i=1
with u > 0 the initial capital of the company, ¢ > 0 a constant premium rate and {X;} the
insurance claim sizes. Arwedson considered the finite-time ruin probabilities

Uk (u) = P(Cy <0, for some 0 <t < Ku)
where 0 < K < co. Under classical Cramér—Lundberg assumptions, Arwedson showed that

CiKe*'UII(K)’ lfK < p
Upe(u) ~  VE_ e
Ce "4, ifK>p

Note that the case K > p corresponds to the ordinary Cramér-Lundberg estimate. I(K)
would nowadays be called the ”large deviation rate function” which describes the exponential
decay of a probability as u — co. R solves the equation A(R) := log E [eR(Cl_“)} = 0 (called
the adjustment coefficient in ruin theory). Here, I(K) > R for K < p and p = (A'(R))™!
(one can show that pu is the “most likely” time of ruin).

Returning to @s(u), if X; has exponential moments (i.e. is ”light tailed”), one can show

that c(6)
w) ~ —2e "0 a5 400
905( ) \/ﬂ
which has connections to Arwedson’s original result as well as the exponentially shifted
measure from our discussion of importance sampling. If X is subexponential (see Exercise

2.20), for example if X is regularly varying, one can prove that

ws(u) ~ DuF x (u(l —6p)) as u — oc.
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The proof relies on the concept of “one large jump” in heavy tailed ruin problems. A con-
cept that should be familiar to someone who has studied ruin theory.

We now turn to the point of time-dependent intensities. It makes sense to assume that the
intensity of N; changes over time.

Example 6.2.3. Assume N, has intensity A, in the interval (n — 1, n] where
An = F(Zn)y Zy = CcZp-1+&n, |C| <1

where {&,} isiid A(0,1) and Z,, is a so-called AR(1) process. Z,, could for example represent
traded volume, which is linked to increases in operational risk. o

For time-dependent intensities of ARMA-type, similar ” Arwedson” approximations can be
derived. Namely, one can likewise show

os(u) ~ DuF x(u(l —6p)) as u— oc.

Similar insurance-based methods are potentially useful for market risk. We end this chapter
with a brief discussion on stochastic processes for market risk. Throughout the course, we
only considered one-period models, and we assumed iid returns. Real-life data is not iid!
Hence stochastic processes (time-dependent models) are called for. This is very compli-
cated because multiple stochastic processes are usually dependent, and this is difficult to
model, so most current research either considers dependent processes in one dimension or
coordinatewise dependence in one-period models (but not both). A very classical model for
dependence is the ARMA (p, ¢) model:

X, — ij@-xn,j =7+ zq: 0: Zn i, t=1,2,..
j=1 i=1

where {Z,} is an iid N(0, 1) sequence and ¢;,0; constants. This is an example of a time
series model. For ”sufficiently small” ¢; and 60;, we have that

X, 5 X

i.e. that X,, converges to a stationary distribution where X is normally distributed. In an
evolution of log-returns of stocks, one typically observes the following:

e Log-returns contain many ”large” values i.e. the data is heavy-tailed.

e Exceedances of high thresholds occur in clusters, i.e. we have dependence in the tails.

While dependent, returns show little serial correlation.

Absolute (or squared) returns show strong serial correlation.
e Volatility varies over time.

To address these issues, the GARCH models were introduced. The first of these models,
the ARCH(1) model, was introduced by Engle, see [31]. In this model, the log-returns { R, }
satisfy

R2 = (¢o+ ¢ R2_)Z2, n=12,..
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where {Z,} is an iid N(0,1) sequence. A more complicated model is the GARCH(1,1)
model introduced by Bollerslev, see [11]. Here the log-returns {R,, } satisfy

R,=0,2,, n=12,..
where {Z,,} is iid M(0,1) and
or=ag+pion_1+a R =ag+on_(B1+oaZl_y).
Both ARCH(1) and GARCH(1,1) are examples of stochastic recursive sequences. Namely,
Vo=A V1 +B,, n=12,..

where

V, = R2  for ARCH(1),

V, =02 for GARCH(I, 1).

Here, {(A4,,By) : n=1,2,...} is any iid sequence on (0,00) x R. Under certain reasonable

conditions, V, < V, and it is natural to consider P(V > u) for large u. One can apply
renewal theoretic methods (such as those presented in the course SkadeStok) to obtain

P(V>u)~Cuf asu— oo

where
AR)=0, A(¢) =logE [efl54].

This shows that Pareto tails characterise the decay rate. For more complex models (e.g.
GARCH(p,q)), one needs to consider matriz recursions. This is currently an active research
area.

Notes and comments

See section 10.3 in [88] for more on the Merton model. Section 10.1 gives an informal
introduction to credit risk. The computation in the proof of Theorem 6.1.7 is inspired by
the one in section 12.2 of [63]. For more information about Panjer recursion, we refer to
[89], section 3.3.3. In the final discussion on operational risk, many tools from ruin theory
were discussed. Ruin theory and related tools such as renewal theory were discussed in the
course SkadeStok. See [82] for lecture notes from the last run of the course.
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6.3 Exercises

Exercise 6.1:

Upgrade the statement N, (Z)/n — p(Z) to Ny(Z)/n — p(Z) almost surely (conditional
on Z). Hint: Use the Markov inequality and Proposition C.1.8. The fourth central moment
of the binomial distribution with parameters n and p is given by

np(1l —p)(1+ (3n —6)p(1 —p)).

Exercise 6.2:
Verify that the probability-generating function for a negative binomial variable N with
parameters r and p is given by

gn(t) = (1 — (f_p)t) for |t| < %.

Exercise 6.3:
Let {N¢} be a Poisson process with intensity 1 and A ~ I'(c, 3). Verify that the mixed Pois-
son process N; = Nj; has a negative binomial distribution and determine the parameters.

Exercise 6.4:
Let N be a discrete random variable with N € {0,1,2,...}. Define ¢, := P(N = n) and
consider the relation

b
dn = <a+> dn—1, n:1727"'
n

Prove that IV satisfies this relation for proper choices of a and b in the following cases.
1) N Poisson distributed with intensity A > 0.
2) N Binomial distributed with parameters k and p.

3) N negative binomial distributed with parameters p and 7.

One can prove that these three distributions are the only distributions satisfying this recur-
sive relation.

Exercise 6.5:
The general GARCH(p, q) process is defined by R,, = 0, Z,, where {Z,} is an iid sequence

and
P q
2 § : 2 § 2
o, = Qo + a’iRn—i + bjo—n—j
i=1 j=1

with ag, ..., ap, b1, ..., by constants. For simplicity, we specialise here to the case p = ¢ = 2.
Let Vi, = (02,1,02,R2)" where T denotes the transpose.
1)Show that

Vo=A V1 + B,
for some 3 x 3 matrix A, and some vector B,,. Argue that A, and B, do not depend on n
in the sense that A, < A and B, < B for some A and B.
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2)Assume that V,, converges in distribution to some V. Find a function ® depending on A
and B such that V < ®(V). Such a relation is called a stochastic fized point equation.

Exercise 6.6:
The objective of this problem is to apply large deviations methods to credit risk, following
along the lines of the article [23].

Consider a Bernoulli mixture model where the probability that the i'th obligor defaults is
given by P(X; = 1) = p, where p is a “small” constant. The size of the i’th loss given
default is Z;, where {Z;} is an iid sequence with Z; ~ Exp(#). The total loss is

L, = i XiZ;
i=1

where X; = 1 in the case of default and X; = 0 otherwise. We assume that {X;} and {Z;}
are independent. The objective is to understand the exponential decay of

P(L, >na) as n— oo.

According to Cramér’s large deviation theorem,

lim 11og P(Ly,, >na) = —A"(a), where A*(a)=sup(éa — A(£)). (6.1)

n—oo N £ER

Here, A denotes the cumulant-generating function of X2y, that is, A(§) = log E[eS¥X1%1].
1)Compute A(€). Hint: Use the law of total expectation with the events X; = 1 and X; = 0.

2)Calculate the limit appearing on the left-hand side of (6.1).

—nA*(a)

3)Now use the approximation P(L, > na) ~ e to write an approximation for VaR,,

as a function of «a, 0 and p.

Exercise 6.7:
Consider the probit Normal mixture model where we have

P(% > ac) = (p~L(2)), (6.2)

where N,, denotes the number of defaults in a portfolio with n homogeneous loans, p(z) is
the probability of default for a single loan conditioned on the common factor Z = z, and ®
is the standard Normal distribution function. Our goal is to find a tractable expression for
the right-hand side of (6.2) by using an asymptotic approach.

1)Find an explicit expression for p~!(z) (where your answer will depend on ®~! and the
parameters in the probit Normal mixture model).

2)Next, observe that for the Normal distribution function,
c —z2/2

O(x) ~ P as T — 00,

and use this asymptotic expression to describe P(N,,/n > x) as © — 1, where your answer
will still depend on ®~! at this stage.
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3)Finally, let s be a positive constant and set x,, = ®(sy/logn), and then derive an asymp-
totic estimate for P(N,,/n > xz,) as n — oo. Using this estimate, develop a Value-at-Risk
approximation at level a,, where o € (0, 1) is a constant which is close to one. Hint: Consider

logP(& > xn)
logn n

4)Now assume instead that Z has a symmetric two-sided regularly varying distribution, so
that the tail is given by L(z)x =" for some 3 > 1, where again we choose x,, = ®(s/logn).
Verify that

P(N" - ) L<\/1—psdlogn—d)(s/lfps\/logn—d)—ﬁ
— > T, ~ .
n VP VP

What is, intuitively, the growth rate of the right-hand side?

5)Now let L = C in the previous subproblem. Derive an asymptotic approximation for the
Value-at-Risk of IV,,.

6)Discuss what needs to be verified (based on the proof of (6.2)) for these asymptotic results
to hold in a rigorous mathematical sense.
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Generalised inverses

A.1 Definition and basic properties

Definition A.1.1. Let A : R — R be a non-decreasing function. We define the generalised
inverse of h as

h(t) = inf{z € R: h(z) > t}.
We have the convention inf ) = co.

Proposition A.1.2. For a non-decreasing function h, h*" is left-continuous.

Proof. This proof is from [102]. Assume that t,, T¢ but b (t—) := lim¢ 4+ A () < AT (2).
Then we can find x € R and § > 0 such that for all n,

h=(tn) <z < h*(t) — 4.

But by definition of h*", we have h(x) > t,, for all n. Let n — oo, then h(z) >t so by (i)
of the proposition below, h* (¢) < z. This is in contradiction to x < h* (t) — 4. ]

The following properties of generalised inverses will be useful.
Proposition A.1.3. Let h be non-decreasing.
(i) * > h* (t) if and only if h(x) >t when h is right-continuous.
(ii) h is continuous if and only if h* is strictly increasing.
(i) h(h*(t)) =t for all t if and only if h is continuous.
(iv) h is strictly increasing if and only if h* (h(x)) = x for all x.
(v) If h is right-continuous, h(h* (t)) > t.
(vi) It always holds that h* (h(z)) < z.

Proof. Point (i) is left as an exercise. Consider (ii). h is non-decreasing, so any discontinuity
is a (positive) jump. Since a jump of h corresponds to a flat region for A< (make a drawing!),
the claim follows. One can make similar arguments for (iii) and (iv). For complete proofs
of these statements and many others concerning generalised inverses, consult [29]. |
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Proposition A.1.4. Let F be the distribution function of the random variable X .
(i) F=(U) £ X for U ~ Unif(0,1).
(ii) If F is continuous, F(X) < U for U ~ Unif(0,1).

(ii) P(X <z)=P(F(X) < F(x)).

Proof. (i) and (ii) are left as exercises. As for (iii), we note that X < z implies F/(X) < F(x)
since F' is non-decreasing. Conversely, consider the event {F(X) < F(x),X > z}. If X > =z,
we have FI(X) > F(x) and hence {F(X) < F(z),X >z} C{F(X) = F(z), X > x} so that
F is flat on [z, X]. This implies P(F(X) < F(x),X > z) = 0, completing the proof. ]
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A.2 Exercises

Exercise A.1:
Prove (i) in Proposition A.1.3.

Exercise A.2:
Prove (i) and (ii) in Proposition A.1.4. Give a counterexample which shows that (ii) need
not hold for general distribution functions.
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Probability theory

B.1 Random variables and distribution functions

Definition B.1.1. If (Q, F, P) is a probability space, a random variable is a measurable
map X : (Q,F) — (R, B) where B is the Borel sigma-algebra on R.

In this course, measurability is a central concept. We also rarely worry about the background
space (Q, F, P). We now go through distribution functions in some detail since distribution
functions and quantile functions play a central role in the course.

Definition B.1.2. For a random variable X, we define the distribution function F of X as
F(z) = P(X < z).
Similarly, if X = (X1, ..., X4) is R%-valued, the distribution function F is given by
F(z1,....,xq) = P(X1 < 21,..., Xq < zq).
If F is a distribution function for X, we call F = 1 — F the survival function of X.
In the univariate case, we have a nice characterisation of distribution functions.

Proposition B.1.3. A function F' : R — R is the unique distribution function of a random
variable if and only if the following properties hold:

1. F s right-continuous.
2. F is non-decreasing.
3. lim, o F(z) =1.

4. limg o F(z) =0.

Proof. Assume that F' is a distribution function for the random variable X. For € > 0, we
have {X <z +e¢e} | {X <z} for ¢ | 0. By continuity from above for measures, F'(z +¢) —
F(z) for € | 0, showing that F' has property 1. If z <y, then {X <z} C {X < y} so that
F(z) = P(X <z) < P(X <y) = F(y), proving 2. Properties 3 and 4 follow from the fact
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that X is real-valued. Conversely, suppose F' satisfies properties 1 - 4. Let X = F*(U)
where U is uniformly distributed on (0,1). Then

P(X <) = P(F=(U) < 2) = P(U < F(x)) = F(a)

by Proposition A.1.3. Hence X has distribution function F'. |

We recall the following definition.

Definition B.1.4. A function f is called cadlag (French: continue & droite, limite & gauche)
if f is right-continuous and has left limits.

Corollary B.1.5. FEvery distribution function is cadlag.

Proof. A non-decreasing function has left-limits. As a distribution function is right-continuous
by the above result, the corollary follows. |

The distribution function of a random variable determines its distribution. Note also the
useful identity

Pla < X <b) = F(b) — F(a)

for every a < b. This generalises to the two-dimensional case as follows: If (X,Y) has
distribution function F', then

Pla< X <b,ec<Y <d)=F(a,c)+ F(b,d) — F(a,d) — F(b,c). (B.1)

This is best seen by making a drawing of the rectangle in question. Multivariate distribution
functions have similar properties as in the univariate case.

Proposition B.1.6. Any multivariate distribution function F : R — R satisfies the fol-
lowing properties:

1. F is non-decreasing in each variable.
2. F is right-continuous in each variable.
3. limg,  py—oo F(T1, ..., 2q4) = 1.

4. 0 < F(ay,..,zq) < 1.

5. limg, oo F(21,...,2q) = 0 for every i =1,...,d.
Proof. Left as an exercise for the reader. |

Note that the above proposition is not an if and only if statement as in the univariate
case. A counterexample is given in the exercises. We end this subsection about distribution
functions with two tables containing the most important examples for this course.
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Distribution Density Distribution function Parameters
Normal, N (u, 0?) p(z) = \/2;76_(””_“)2/2”2 = [ p(t)dt (u,0%) € R x (0,00)
Exponential, Exp(\) e %,z >0 1— e_)"” x>0 A€ (0,00)
Gamma, I'(«, ) flx) = %ma_le_m,x >0 fo t)dt,z > 0 (o, B) € (0,00)?
» L2\ ~ (/2 =
Student ¢ flz) = % (1 + 72) 2 t, x) = [7_ f(t)adt v e (0,00)
Lognormal(u, o) flx) = w\/;WTe_(log“_“) 12 x>0 ] f(t)dt,xa> 0 (u,02) € R x (0, 00)
Pareto %,x>0 1—<Kiz) ,x >0 (a, k) € (0,00)?
Beta 2211 —2)*"1/B(a,b),z € (0,1) fOT to= (1 —t)=tdt/B(a,b) (a,b) € (0,00)2
Table B.1: Densities and distribution functions of some common continuous distributions.
See below for more details on these distributions.
Distribution Density P(N = k) Distribution function Parameters
Poisson(\) ﬁe*AkgfojﬂQV“ S e Mk =0,1,2, ... A€ (0,00)
Binomial(n, p) (Mp* )k k=0,1, ... S o (M —p)»k=01,...,n neNpelo,1]
Geometric(p) (1— ) = 0, 1, 2,... 1—(1—-p)k*ttk=0,1,2,.. p € [0,1]
Negative binomial &”1) Tk=0,1,2,.. e (THA-p)ipk=0,1,2,... pe[0,1],reN

Table B.2: Densities and distribution functions of some common discrete distributions.

B.2 Characteristic functions and moment-generating functions

An alternative characterisation of distributions is via moment-generating functions and char-
acteristic functions.

Definition B.2.1. For a random variable X, the function
Px (1)

is called the characteristic function of X. If there exists a neighbourhood (—a,a) of zero
(a > 0) such that

_ E[eitX]

kx(t) = Ele'¥],

is finite, we call kx the moment-generating function of X.

t e (—a,a)

For the sake of brevity, we will often write cf for characteristic function and mgf for moment-
generating function. Note that the characteristic function of a random variable is always
defined. Indeed, the integrand is bounded by 1 in norm.

Example B.2.2. For the AV(0,1) distribution, the characteristic function is given by
D(t) = e /2,

The case for the general normal distribution A (u,?) is left as an exercise, see also the
lemma below. o
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The cf and mgf are easily generalised to a multivariate random variable X = (X1, ..., X4) as
follows:

Ox(t) = E {eitTX} . kx(t)=E [etTX} , teRd
where the mgf is only defined in the neighbourhood of the origin where it is finite.

Lemma B.2.3. Let X be a R%-valued random variable, a € R"™ and B a n x d matriz. Then
the R™-valued random variable a + BX has cf

Baypx(t) = €™ tOx (BTt), teR™
Similarly, whenever the mgyfs exist,
T
HaJer(t) =e? th(BTt).
Proof. The proof is left to the reader. |

The cf has the following important properties.

Theorem B.2.4. If X and Y are random variables with the same characteristic functions,
Px = vy, then X and Y have the same distribution.

Proof. See Theorem 14.1 in [68]. ]

Corollary B.2.5. The variables X1, ..., X4 are independent if and only if

d

Ox(t1,...ta) = [ [ x. (t:)

i=1
for all ty,...,tq where X = (X1,..., Xq).
Proof. Assume the X1, ..., X4 are independent. Then

d
Ox(t1,...tg) = E |:e’i(t1X1+--<thd):| - B [ez‘tlxl] . E [eithd] _ H‘I’Xi (t:).
i=1
Conversely, if the cf factors as above, it follows immediately from the uniqueness theorem

above that the X1, ..., Xy are independent.
|

Proposition B.2.6. Let X be a one-dimensional random variable with cf ®x. If E[| X |¥] <
oo for some k € N, then ®x is C* (k times differentiable and the k’th derivative is contin-
uous) and

¢ (0) = imE[X™], m=1,...k
Proof. See Theorem 6.34 in [54] and the paragraph following the theorem. ]

Maybe not surprisingly, these properties more or less carry over to the mgf. A discussion of
the result below can be found in [7], chapter 30.

Theorem B.2.7. If the mgfs of X and Y ezist in a neighbourhood around zero and are
equal, then X and Y have the same distribution.
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Corollary B.2.8. Let the variables X1, ..., X4 have moment-generating functions kx,, ..., Kx,
that exist in a neighbourhood around zero, then Xy, ..., Xg4 are independent if and only

H(Xl,A..,Xd)(tla -~'7td) = H RX; (tl)

Proposition B.2.9. Let X be a one-dimensional random variable with mgf kx that exists
in a neighbourhood (—c, c) around zero. Then X has moments of all orders and for k € N,

s0(0) = E[X).

We end this subsection with tables containing the mgf and cf of the distributions from the
tables of distributions above.

Distribution cf mgf Constraint for mgf
Normal, N(M’ 0.2) eiut—%t%ﬂ eut-l-%t?gz teR
Exponential, Exp(\) )\i‘it ﬁ . t € (—o0,\)
Gamma, T'(«, 8) (%) (%) t € (—o0,p)
Student ¢ No explicit form Doesn’t exist -
Lognormal(p, o?) No explicit form  Doesn’t exist -

Pareto No explicit form Doesn’t exist -

Beta No explicit form  No explicit form -

Table B.3: Characteristic functions and moment-generating functions for the distributions
in table B.1.

Distribution cf mgf Constraint for mgf
Poisson()\) e)‘(e_“_l) M= teR

Binomial(n, p) (pe’* +1—p)" (pe"+1—-p)" teR
Geometric(p) 1—(181))@“ ) 1_(1p_p)et ) t < —log(l—p)
Negative binomial <17(1’ﬁ) (ﬁ) t < —log(l—p)

Table B.4: Characteristic functions and moment-generating functions for the distributions
in table B.2.

B.3 Some important distributions

In the following, whenever we write = € ..., we mean that outside this range, the density is
Z€ro.

Normal

The normal distribution with mean p € R and variance o > 0 has density

1 (z—p)?
f(z) = e 202 , zeR.

V2ro?
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This distribution is denoted N'(p,0?). The distribution A'(0,1) is denoted the standard
normal distribution. If X ~ N(u,0?), we have

E[X]=p and Var[X]=o0?

which explains the terminology for these parameters. Some higher order central moments

are
E[(X -~ )" =0, k=135, and B[(X - p)"]=30"

and some higher moments are

EXY =0 +p? E[X%=p®+3uc? E[XY=p"+6u?0"+30"

Uniform

The uniform distribution on (a, b) for a < b has density

x € (a,b),

and we write X ~ Unif(a,b) when X has the uniform distribution. One easily shows that
the mean and variance of X is then given by

b+a (b—a)?
[ } 2 ) Var[ ] 12
The higher moments are given by
bk+1 _ ak+1
EX¥= ———«+ — kel
X7 (k+1)(b—a)

Exponential

The exponential distribution has density
f@)y=xe™" x>0

where A > 0 is a parameter. When A = 1, we talk of the standard exponential distribution.
The mean and variance of X with this distribution are given by

1 1

In the exercises, you are asked to derive all moments for the exponential distribution.

Gamma

To define the density for the gamma distribution, introduce the gamma function
[ee]
I'a) :/ r* e dr, a>0.
0

With integration by parts, it is easily verified that this function satisfies the relationship
I'(aw+ 1) = al'(«). The gamma function can be seen as a generalisation of the factorial
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function n! =n-(n—1)---2-1 to the positive real numbers.

The gamma distribution with parameters a, 8 > 0, denoted I'(a, 8), has density
f(z) = s e T >0

It is seen that the case o = 1 corresponds to the exponential distribution. It is easy to verify
that if X ~ I'(«, ), then

Q
E[X]=-, Var[X]= E
Pareto

The most typical specification of the Pareto distribution used in this book is the distribution
with distribution function

K
Kk+x

F(m):l—( )a, x>0

where a, k > 0 are parameters. The k’th moment exists if and only if a > k. In this case,

for X a random variable with this distribution,
kL1
[[izi (e =)

Beta

The beta distribution with parameters a,b > 0 has density

1) = Brap 2 Hl-a) x e (0,1),

where B(a,b) is the beta function given by

1
B(a,b) = / 2711 — z)’ L.
0

Note that a = b = 1 corresponds to the Unif(0, 1) distribution. The mean and variance of
X with the Beta(a,b) distribution is given by

a ab

BRI = Y=o ne o

The multivariate normal distribution

Definition B.3.1. An R%valued random variable X = (X1, ..., Xy) is multivariate normal
if for every a € R?, the real-valued random variable a” X has a normal distribution.

The definition does not say that being multivariate normal is the same as all marginal
variables being normal. A counterexample is provided in the exercises. In order to prove
results with the multivariate normal distribution, the following theorem is essential.
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Theorem B.3.2. X is multivariate normal of dimension d if and only if there exists a
symmetric positive semi-definite matriz ¥ € RY*% and a vector i € R* such that

Dx(t) = et P2t Dt p e R

In this case, X is the covariance matriz of X and p is the mean vector i.e. E[X;] = p; and
Eij = COV(XZ', X]) fO?” all Z,] = 1, ,d

Proof. See Theorem 16.1 in [68]. |
The theorem allows us to define the following.

Definition B.3.3. For a multivariate normal vector X, we write X ~ A (u,Y) where p is
the mean vector and ¥ is the covariance matrix. If ¥ is invertible (i.e. detX # 0), we say
that X has a regular multivariate normal distribution. Otherwise, X is called singular.

Theorem B.3.4. A regular multivariate normal variable X ~ N (p,¥) in R? has density
1
(2m)4/2¢/det

with respect to Lebesque measure on RY.

e*%(xfu)TE”(xfu), x € R4

fx) =

Proof. See Corollary 16.2 in [68]. Note the error in equation (16.5). It should say (27)"/?
and not 27/2. u

The following result will be used extensively in the discussion on spherical and elliptical
distributions.

Proposition B.3.5. Let X ~ N(p,X) be d-dimensional, let a € R™ and let B be an
n x d-matriz. Then Y := a+ BX ~ N(a+ Bu, BLBT).

Proof. Left as an exercise for the reader. |

Stable distributions

Many parametrisations exist for stable distributions.con We use the following definition as
per Definition 1.5 in [92], from which the following results are taken.

Definition B.3.6. A random variable X is stable with parameters a € (0,2],8 € [-1,1],v >
0,0 € R if the characteristic function of X is given by

By (t) = exp(—y%|t|*(1 — iBsign(t) tan(ma/2)) + i6t), «a #1
X exp(—7|t|(1 + iBsign(t) 2 log [t]) + i6t), a=1.

In this case, we write X ~ S(«, 8,7,9;1).

One important fact of this distribution is that if « < 1 and 8 = 1, the support of X is
[0,00) (this is Lemma 1.1 in [92]). In particular, if 8 = 1,a < 1 and § > 0, the support
of X is contained in the positive real line. Such a distribution is called positive stable.
The stable distributions arise as the class of possible limit distributions when considering
suitably scaled and normalised sums of iid random variables. Thus it should be no surprise
that the normal distribution is contained in this class (see the exercises). The following
result shows that stable distributions are preserved under scaling and translation.
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Proposition B.3.7 (Proposition 1.4 (a) in [92]). Let X ~ S(«, 8,7,6;1) and a # 0,b € R.
Then
S(a, sign(a)B, |aly, ad + b; 1), a1

X+b~
‘ {su, sign(a)B, |aly, a6 +b— 2Byaloglal: 1), a=1.

Combining this result with the following theorem, we obtain an algorithm to simulate from
a stable distribution.

Theorem B.3.8 (Theorem 1.3 in [92]). Let © ~ Unif[—7/2,7/2] and E ~ Ezxp(l) be
independent and assume 0 < a < 2. Define

0y := éarctan (Btan (%)), a# 1.

Then

. (1—a)/a
sin(a(0p+0)) cos(abfp+(a—1)0)
7 = (Cos(aeo)((:)os )1/« ( . E y @ 7& 1

2((5+p0)tan0 - glog (122)),  a=1

has a S(a, 8,1,0;1) distribution.

B.4 Conditional expectations

The presentation in this subsection follows chapter 9 of [54]. Conditional expectations are
essential in performing computations in probability theory and statistics. The (measure the-
oretic) definition of a conditional expectation is somewhat strange at first, but the definition
has the advantage that many theoretical properties follow almost trivially.

Definition B.4.1. Let X be a random variable on (2, F, P), E[|X|] < cocand G C F a
sub-sigma-algebra. The conditional expectation of X with respect to G, denoted E[X | G],
is a random variable satisfying the following properties:

(i) E[X | G] is G-measurable.

(ii) For every A € G,

/AXdP:/AE[X|g]dP.

Intuitively, we think of the conditional expectation E[X | G| as our best guess of the value of
X given the information in G. Try to keep this intuition in mind when reading the following
examples and theoretical results.

It is by no means trivial that the conditional expectation exists. An elegant construction
is via the Radon-Nikodym theorem, see [54] chapter 8 and Theorem 9.1. We also remark
that E[X | G] is only unique almost surely. To verify theoretical statements concerning
E[X | G], it suffices to verify the two properties above. If another variable Z satisfies the
above assumptions, we have E[X | G] = Z a.s. In the following, we omit writing a.s.
when considering computations involving conditional expectations. Also, if G = o(Y) is the
smallest sigma-algebra making Y measurable (intuitively, the information Y contains), we
write E[X | Y] instead of E[X | o(Y)].
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Example B.4.2. Assume X is G-measurable. We claim that X = E[X | G]. X satisfies (i)
by assumption and for A € G, we have

/ XdP = / E[X | GldP
A A
by definition of E[X | G], verifying (ii). o

Example B.4.3. Assume X is independent of G i.e. P(AN{X € B}) = P(A)P(X € B)
for all Borel sets B and A € G. We claim that E[X | G] = E[X]. E[X] is constant and thus
trivially G-measurable. Also, we get for A € G that

/ XdP = E[1,X] = E[14)E[X] = P(A)E[X] = / E[X]dP
A A

so both (i) and (ii) are satisfied by E[X], proving the claim. o
The following proposition allows us to compute a plethora of interesting examples.

Proposition B.4.4. If Dy, D5, ... are disjoint sets in F with U, D,, = Q (such a collection
is called a partition), P(D;) > 0 for all i, G = 0(Dy, D3, ...) and X is an integrable random
variable, then

ﬁfDleP7 w€D1
E[X | Gl(w) = { Pz Jp, XdP, w € Dy

Proof. Tt is not hard to verify that the sigma-algebra G consists of the sets that are unions
of the D;. Since E[X | G] is G-measurable, E[X | G] must be constant when restricted to
one of the D; i.e.

c, we€D;
E[X | G)(w) =2 wEDs.

Since
/ XdP = / E[X | GldP = / ¢;dP = ¢; P(Dy),
the claim follows. [}

Corollary B.4.5. Let N be a random variable with N € {0,1,2,...}. If X is an integrable
random variable, then

Pv=0y Jin—oy XdP on {N =0}
E[X[N]= %]{N:l}XdP on {N =1}

Proof. This follows immediately from the previous proposition by letting G = o(N) and
noting that o (V) is generated by the partition {{N = 0}, {N =1}, ...}. [ ]
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Before computing some interesting examples, we state the following list of properties of
conditional expectations.

Theorem B.4.6. Let X and Y be random variables with finite expectation, G C F a sub-
sigma-algebra.

(i) For a,b € R, E[aX +bY | ] = aE[X | G] + bE[Y | G] (linearity).
(ii) E[X]= E[E[X | G]] (tower property).
(iii) If X <Y then E[X | G] < E[Y | G] (monotonicity).

(iv) |E[X | G]| < E[|X|| G] (triangle inequality).

(v) If X is G-measurable, E[XY | G] = X[Y | G].

Proof. Consider (i). We have to show that aE[X | G|+ bE[Y | G] satisfies the two properties
of [aX + bY | G]. Measurability is obvious. For A € G, we have

/aE[X|g]+bE[Y|g]dP:a/ E[X|g]dP+b/ E[Y | GldP
A A A

:a/XdP+b/ YdP
A A

:/aX+bYdP
A

which proves the claim. As for (ii), simply choose A = Q) in the second property of condi-
tional expectations to obtain

E[X] :/QXdP:/QE[X|Q}dP:E[E[X|g]}.

(iii) follows immediately from the monotonicity property of integrals. As for (iv), we obvi-
ously have —|X| < X < |X]| so from (iii), we get

—ElX]| 6] < E[X [ G] < E[|X] | ]
which is the desired result. See the exercises for an outline of the proof of (v). |

The tower property, (ii), has many names. It is also known as the law of iterated expectations
and the law of total expectation to name a few.

Example B.4.7. A typical situation in for example non-life insurance is to have a sum of
the form

where {X;} is an iid sequence independent of N, a random variable taking values in
{0,1,2,...}. Assume both X; and N have finite expectation. What is the expectation
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of S? Using Corollary B.4.5, we have'

) il
_ SdP = ———— X;dP
P(N =n) Jin=n P(N =n) {N:n};

1 n
= mE[l{N:n}]E ; Xi]

using that N and {X;} are independent. It follows that E[S | N] = NE[X;]. From the
tower property, it follows that

E[S] = E[EIS | N]| = EINE[X]] = E[N]E[X,].

In practice, one does not proceed as formally as in the above example. The corollary that we
applied essentially says that when we condition on a variable, that variable can be treated
as a constant. If N was constant equal to n, we would say that E[S] = nE[X;]. Then we
just replace n by the random variable N to obtain E[S | N]. Let us make this more precise
by first observing that E[X | Y] is a function of Y.

Theorem B.4.8 (Doob—Dynkin lemma). If a random variable Z is o(Y)-measurable,
then there exists a measurable function ¢ such that Z = ¢(Y).

Proof. See Theorem 9.23 in [54]. [ |

Q—rX R

R

By definition of a conditional expectation, E[X | Y] is o(Y)-measurable. Hence E[X | Y] =
¢(Y) for some function ¢. While the Doob-Dynkin lemma does not provide an explicit
recipe for ¢, it is possible to compute ¢ in many situations of interest. The following result
shows how to compute ¢(y) = E[X | Y = y| in the (quite typical) case where (X,Y) has a
density.

Theorem B.4.9. Let E[|X]|] < co and assume (X,Y) has density f(x,y). Then

E[X|Y:y}:/dex

r 9)

where g(y) = [ f(x,y)dx is the density of Y.

Proof. This is Corollary 9.28 in [54] or Proposition 11.11 in [38]. |

1We should in principle first verify that E[|S|] < oco.
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Remark B.4.10. By recalling that the conditional density of X given Y = y is defined by

Ix|y=y (z) =
we could also write the above result as
BIX|Y =)= [ afxiy-,(a)da
which also makes sense intuitively. Given densities, the conditional expectation can be

computed as an ordinary expectation but with the marginal density replaced by a conditional
density.
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B.5 Exercises

Exercise B.1:
If Y ~ N(u,0?), we say that X = exp(Y) has a lognormal distribution with parameters

and o. Using the density
1 (=

p(z) = ——¢ o

for the normal distribution, derive the density of the lognormal distribution.

)2

Exercise B.2:
Prove Proposition B.1.6.

Exercise B.3:
Consider the function F : R? — R given by

0, z<0ory<Oorz+y<l1
F(z,y) = :
1, else
1) Verify that F satisfies all the properties in Proposition B.1.6.

2)Show that F' cannot be a distribution function for a pair of random variables (X,Y).
Hint: Use equation (B.1). Now consider a = c=1/3,b=d = 1.

Exercise B.4:
Let Y be N(0,1) and let Z be Bernoulli distributed with success parameter 1/2. Assume
Y and Z are independent. Define X; :=Y and Xo := 17,3V — 11, Y.

1) Verify that X7 and X5 are both A(0,1) variables.

2)Show that (X7, X3) is not multivariate normal.

Exercise B.5:
Compute the moment-generating function for the I'(a, 8) distribution.

Exercise B.6:
In this exercise, we compute the moment-generating functions for some typical discrete
distributions.

1)Compute the moment-generating function for the Bernoulli distributioni.e. P(X =1) =p
and P(X =0)=1—p for p € [0,1].

2)Compute the moment-generating function for the Binomial(n, p) distribution. Hint: Use
the previous exercise.

3)Compute the moment-generating function for the Geometric(p) distribution.
Exercise B.7:
1)Prove Lemma B.2.3.

We know that the standard normal distribution has the characteristic function

D(t) = e /2,



219

2)Compute the characteristic function for the N'(u,0?) distribution.

Exercise B.8:
Compute all moments of the exponential distribution.

Exercise B.9:
The I'(\, n) distribution for n € N is called the Erlang distribution. Verify that if X ~ T'(\,n)
then

XiYi+--+Y,

with Y7, ...,Y,, iid exponential distributed with parameter .

Exercise B.10:
Prove Proposition B.3.5.

Exercise B.11:
Show that the normal distribution is a stable distribution i.e. that if X, X5 are iid N'(u, 02)
and a,b > 0 are arbitrary, then

aX; +bXo L X +d

for suitable constants ¢ > 0 and d € R where X ~ N(u,02). In the notation of stable
distributions, verify that

N (i, 0%) = 8(2,0,0/V2, 13 1).

Exercise B.12:
Assume N is Poisson distributed with parameter A > 0 and {X,} is an iid sequence indepen-
dent of N where X; has moment-generating function x. Compute the moment-generating

function of
N
>ox.
i=1
Hint: Tower property.

Exercise B.13:
Prove the following extension of the tower property: If G C H C F, then

E[EX | H][G] = E[X | g].

Exercise B.14:
In this exercise, we introduce the conditional variance. Assume E[X?] < co and that G is a
sub-sigma-algebra, then the conditional variance is defined by

Var(X | ) = E[(X — E[X | G])* | g].

1)Show that
Var(X | G) = E[X? | G] - E[X | G]*.
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2)Prove the law of total variance,

Var(X) = E[Var(X | G)] + Var(E[X | G]).

3)Assume X is G-measurable. Prove that Var(X | G) = 0.
4)Assume Y is G-measurable. Prove that Var(X +Y | G) = Var(X | G).
5)Assume X is independent of G. Prove that Var(X | G) = Var(X).

6)Give an intuitive interpretation of the previous three subproblems.

Exercise B.15:
Consider Example B.4.7. Assume that the X; have finite second moment. Show that

Var(S) = E[N] Var(X;) + Var(N)E[X1]?.

Hint: Use the law of total variance from the previous exercise.



Appendix C

Convergence concepts and results

C.1 Convergence almost surely and in probability

In this chapter, we briefly touch upon the convergence concepts that we will use in this
course.

Definition C.1.1. Let X, X3, X5, ... be random variables. We say that the sequence {X,,}
converges almost surely to X for n — oo if the event {X,, — X for n — oo} has probability

one. We write
PX,—X)=1.

Example C.1.2. Let X3, X5, ... be iid Bernoulli distributed with success probability p €
(0,1) iie. P(X; =1) =pand P(X; =0) =1—p for all i. Consider the product process
Y, = X1 - X,,. We claim that Y;, — 0 a.s. Indeed, note that Y,, € {0,1} a.s. and

P(Y, — 0)=P(Y,, =0 for somen € N)=1—- P(Y,, =1 for all n € N).
By independence, we have for any IV € N that
PYn=1)=PX1=1,..,Xy=1)=p"

and
P(Y,=1forallneN) < P(Yy=1)=p".

As this equality holds for all N, we can take limits on both sides and obtain P(Y, =
1 for all n € N) = 0 which yields P(Y,, — 0) = 1 as desired. °

Almost sure convergence is a strong form of convergence. A weaker type of convergence is
convergence in probability.

Definition C.1.3. Let X, X7, X5, ... be random variables. We say that the sequence {X,,}
converges in probability to X for n — oo if for every € > 0, we have

lim P(|X, — X|>¢)=0.
n—oo

We write X, X,

Lemma C.1.4. Almost sure convergence implies convergence in probability.

221
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Proof. This proof is from [54]. Let {X,} be a sequence of random variables converging
almost surely to X, and let € > 0 be given. Consider an w such that X,,(w) — X (w). There
exists an N € N (depending on w) such that

| Xn(w) — X(w)| <e for n>N,

implying that 1;x, _x|>e}(w) = 0 for n > N. It follows that 1;x, _x|>e3(w) — 0 for
n — oo and since this holds for almost every w, we have 14 x, _x|>c} — 0 almost surely. As
this function is bounded by 1, dominated convergence implies

P(|Xn — X| > 6) = /1{|X,L7X|>e}dp — 0
as desired. ]

It is not immediately clear that almost sure convergence is strictly stronger than convergence
in probability. The difference is of a very technical nature. However, counterexamples exist,
and we encourage the reader to look them up. See for example [114]. It is useful to have
some tools to prove convergence almost surely and in probability. Such tools include the
Markov inequality and Chebyshev’s inequality.

Lemma C.1.5 (Markov’s inequality). Let X be a random variable. Then for any e > 0,

P(X|>¢) < E[LX”.

Proof. Trivially, elyx|>e} < |X|. Now take expectations on both sides and rearrange. W

Corollary C.1.6 (Chebyshev’s inequality). Let X be a random variable with finite
second moment, E[X?] < co. Then for any e > 0,

< Var(X)
S 0

P(|X — E[X]| > ¢)
Proof. Left as an exercise for the reader. |

Example C.1.7. Consider a sequence of non-negative variables X7, Xs,... with finite ex-
pectation and F[X,] = 1/n. For any € > 0, we have by the Markov inequality that

EX.) 1,

P(|X,—0]>¢) <
€ ne

$0 X,, — 0. This result should not be surprising, considering the fact that a non-negative
random variable is zero almost surely if and only if it has mean zero. o

The above example of an application of the Markov inequality is not exactly interesting, but
we want to stress that the inequality, while a triviality, is extremely useful and flexible. The
following result shows that almost sure convergence follows if the probability P(|X,—X| > ¢)
goes to zero fast enough.
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Proposition C.1.8 (Borel-Cantelli Criterion for Almost Sure Convergence). Let
X, X1, X5, ... be random variables. If for every e > 0,

(oo}
ZP(|Xn—X| > ) < 00,
n=1

then X,, — X almost surely.

Proof. The proof is an immediate consequence of the Borel-Cantelli lemma, see Lemma
2.26 and Theorem 2.27 in [54]. Alternatively, consult Lemma 9.11 in [38]. ]

The following result is a cornerstone of probability theory.
Theorem C.1.9 (Strong Law of Large Numbers). Let {X;} be an iid sequence of
random variables with E[|X1|] < oo. Then
1 n
-3 X; > E[X1] as.
n
i=1

Proof. A proof can be found in [54], Theorem 4.25, or in [38], Theorem 10.8. |

Many strong convergence statements can be proved using the SLLN without the need to use
the definition. A different technique relies on taking continuous transformations of sequences
where the asymptotic behaviour is known as the following extremely useful theorem shows.

Theorem C.1.10 (Continuous mapping theorem). Let f be a continuous function.
Then
(i) If X,, =5 X, then f(X,) — f(X).

(i1) If X, = X a.s. then f(X,) — f(X) a.s.

C.2 Convergence in distribution

An even weaker form of convergence than convergence in probability is convergence in
distribution.

Definition C.2.1. A sequence of random variables X1, X5, ... is said to converge in distri-
bution to X if for every continuous and bounded function f : R — R,

/f(Xn)dP—>/f(X)dP.

We write X,, —— X.

Remark C.2.2. Convergence in distribution is also called weak convergence.

The above definition is difficult to check in practice. The following results provide much
easier ways to check convergence in distribution.
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Theorem C.2.3 (Helly-Bray). Let X, X1, Xs,... be random variables with distribution

functions F, Fy, Fs,.... We have X, A x if and only if there exists a dense subset A C R
such that F,(x) — F(z) for x € A. In this case, A can be chosen to be the set of continuity
points of F.

Proof. See Theorem 18.4 in [68] or Theorem 6.18 in [54]. ]
Proposition C.2.4. If X,, — X, then X, — X.
Proof. See Theorem 18.2 in [68] or Lemma 6.12 in [54]. [ |

We now state a version of the Central Limit Theorem, often abbreviated CLT.

Theorem C.2.5 (Central Limit Theorem). Let {X;} be iid with E[X?] < oo, p = E[X1]
and 0® = Var(Xy). Let S, = > | X;. Then

Sn —np
ov/n
Proof. See Theorem 21.1 in [68] or Theorem 10.15 in [38]. ]

L Z ~N(0,1).

In this course, this version of the CLT suffices. Nevertheless, it is useful to know that more
general versions of the CLT exist.

Theorem C.2.6 (Multivariate Central Limit Theorem). Let {X;} be iid random
vectors in RF. Assume that E[||X1]|?] < co. Then it holds that

ﬁ(% 3YX - E[Xl}) —45 N(0, Cov[X4)).
=1

The continuous mapping theorem also holds for convergence in distribution.

Theorem C.2.7 (Continuous mapping theorem). Let f be a continuous function and
assume X, —=5 X. Then f(Xn) N f(X).

The results presented here are only a small part of the whole story. More perspectives and
versions of the CLT can be found in chapter 7 of [54].

Theorem C.2.8 (Delta method). Let X1, Xo,... be random vectors in R*. If f : R¥ —
R™ is differentiable in & with Jacobian Df(§) and

Va(X,, =€) =5 N(0,%),

then
Vi(f(Xa) = £(€)) == N(0, DF(E)SDF(E)T).
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C.3 Exercises

Exercise C.1:
Prove Chebyshev’s inequality, Corollary C.1.6.

Exercise C.2:
Without using the Strong Law of Large Numbers, prove the Weak Law of Large Numbers:
If {X;} is an iid sequence of random variables with E[X?] < oo, then

1 n
=3 "X 5 E[Xy).
n

=1

Exercise C.3:
Assume X,, — X a.s. and that f is a continuous function. Prove that f(X,) — f(X) a.s.

Exercise C.4:
Let {X;} be iid variables with E[X?] =4 and E[X;] = 1. Show that

o XP4- 4+ X2
lim ————>

exists a.s. and determine the value.

Exercise C.5:
Let p > 1. A sequence of random variables {X;} with F[|X;|P] < oo for all ¢ is said to
converge to X in LP if E[|X|?] < oo and

lim E[|X, — X|?] = 0.
n—oo

In that case, we write X, LiNS'S

1)Prove that if X, = X, then X,, —» X.

2)Let {X;} be a sequence of random variables with E[X;] = 0 and E[X?] < oo for all i.
Prove that (X; + --- + X,,)/n converges to zero in L? and in probability.

3)Prove the following dominated convergence statement: If X,, — X a.s. and there exists
some variable Y with E[|[Y|?] < co (p > 1) such that |X,| < |Y]| a.s. for all n, then

X, 2 x.

Exercise C.6:
Assume X is a random variable with finite moment-generating function « in the neighbour-

hood (—¢, ¢). Prove Chernoff’s bound

P(X >¢) < inf ﬁ(a).

a€l0,c] e*€

Exercise C.T7:
In this exercise, we prove (v) in Theorem B.4.6.

1)Prove the result when X = 14, is an indicator function.
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2)Prove the result when X is a simple function, e.g. X =" ¢;1a,, A1,..., Ay, €G.

3)One can show the following dominated convergence statement for conditional expecta-
tions: If X,, — X a.s. and |X,| <Y for a random variable Y with E[|Y|] < oo, then
E[X, | G] = E[X | G]. Using this result, prove (v) for a general G-measurable X. Hint:
Recall that there exists a sequence of simple functions {X,,} with X,, T X when X > 0.
Then extend to general X.

Exercise C.8:
Let X1, ..., X,, be an iid sample of real-valued random variables with common distribution
function F'. Let

1 n
i=1

be the empirical distribution function based on this sample.

1)Prove that
F,(z) = F(z) as.

for every = € R.

Note: The Glivenko—Cantelli theorem states that this convergence even holds uniformly in
z,

sup |Fp(z) — F(z)| = 0 a.s.
z€R

2)Prove that
Vi(Fu(x) = F(z)) == N(0, F(z)(L - F(x))).

3)Use the result of the previous subproblem to describe how to make asymptotic confidence
bands for the empirical distribution function. Simulate some data from a distribution of
your choice and plot the empirical distribution function, the true distribution function and
the 95% confidence bands.

Exercise C.9: Exercise 7.3 in [54]

Let X1, X5, ... and Y7, Y5, ... be independent real-valued random variables. Assume that the
X; are iid Exp()\) distributed and that the Y; are iid Exp(A~!) distributed where A > 0.
Consider the estimator based on X, ..., X,, Y1, ..., Y, given by

X: Z?:l Xi_
\ T v

A=)\ as.

1)Show that

2)Show that
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converges weakly to a normal distribution and determine the asymptotic mean and variance.
3)Show that

Vah = A) =5 N(0,22/2).
Hint: Use the delta method.



Appendix D

Stochastic processes

In this chapter, we provide a very brief review of stochastic processes in continuous time.

D.1 Basic definitions

Definition D.1.1. A (continuous time) stochastic process is a collection of random variables
{X;} indexed by t € [0, c0).

To model a flow of information in continuous time, we need the notion of a filtration.

Definition D.1.2. A filtration is a sequence {F;} of sigma-algebras indexed by ¢ € [0, c0)
such that s <t implies F5 C F;. We have Fo = {0, Q} by convention.

Definition D.1.3. A stochastic process {X;} is called adapted to the filtration {F;} if X
is Fi-measurable for all ¢.

Example D.1.4. For any stochastic process {X;}, we can create a filtration by letting
Fi = 0(Xs : s <t). This is the smallest filtration such that {X;} is adapted. This filtration
is sometimes called the natural filtration. o

A particularly nice type of stochastic process is a martingale.

Definition D.1.5. A stochastic process {X;} is called a martingale with respect to the
filtration {F;} if the following hold:

o {X;} is adapted to {F;}.
e F[|X]] < oo for each t.

e For every s <t, E[X; | Fs| = Xs.

Martingales do not play a major role in this course. Nevertheless, some examples are
provided in the exercises.

228
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D.2 Essential examples

Brownian motion and Poisson processes

The following stochastic process is the cornerstone of most applications of stochastic pro-
cesses in a finance and risk management context. It is also the building block for more
complicated processes.

Definition D.2.1 (Brownian motion). A stochastic process {X;} which satisfies the
properties

e Xy =0,

o X;— X, ~N(0,t—s) forall 0 <s <t and

o X:,, Xy, — Xt,,..., X, — Xy, _, are independent for any 0 < t; <ty <--- <t

is called a (standard) Brownian motion.

The definition more or less tells us how to simulate a Brownian motion. The implementation
is easy and is left to the reader.

Path

0.0 25 50 75 10.0
Figure 1: Three simulated paths of a Brownian motion from time 0 to 10.

Definition D.2.2. A stochastic process {N;} satisfying the properties
° NO = Oa
e N, — N is Poisson distributed with parameter A(t — s) for any ¢ > s,

® N¢ Ny, — Nyyyoooy Ny, — Nt are independent for 0 < t; <ty < --- < t,,

n—1

e {N;} has right-continuous sample paths and limits from the left,
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then {N;} is called a Poisson process (homogeneous) with intensity A > 0.
In general, a counting process {N;} is any continuous time stochastic process which only

attains values in Ny and satisfies N; > N, for any ¢ > s. A Poisson process is obviously an
example of a counting process. The arrival times for a counting process are defined by

Ty :=inf{t >0: Ny =k}, keN

and Ty := 0. The interarrival times are defined by 7, := T; — T;_1 for i = 1,2,.... The
counting process is uniquely determined by its arrival times since

Ny =3 Lr<n-
=0

The following characterisation of a Poisson process in terms of its interarrival times makes
it trivial to simulate the process.

Theorem D.2.3. The process {N;} is a homogeneous Poisson process with intensity A if

and only if {N:} is a counting process where the interarrival times for the process are iid
Exzp(X).

Proof. See Theorem 2.1.6 in e.g. [89]. |

0]

00 25 50 75 100
t

Figure 2: Three simulated paths of a Poisson process with intensity 3. The expected number
of jumps is 30 at time 10, which seems to concur at least for two of the paths.

In general, a counting process with iid interarrival times is called a renewal process.
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D.3 SDE’s

Setup and basic properties

In finance and risk management, stochastic differential equations are an essential tool in
modelling prices of financial assets. We exclusively consider so-called It6 processes, which
are stochastic processes {X;} of the form

t t
X =20 —|—/ (s, Xs)ds + / o(s, Xs)dWy
0 0

with Xo = z9 € R a fixed value and {W;} a Brownian motion. We often use the more
compact dynamic notation

dXt = /J,(t, Xt)dt + O'(t,Xt)th, XO = Zg.

The dynamic notation is simply a reformulation of the integral notation above and thus has
no additional mathematical meaning. But it does communicate more clearly how the process
{X:} behaves, since we can think of dX; as the infinitesimal behaviour of the process. It
also makes it clear how to simulate from such a process on the interval [0,¢]. Choose a
sufficiently fine discretisation 0 =t < t; < --- < t, =t and let

XO = To, Xti+1 :Xti +l’(‘(t7,7XtL)(tl+1 _tl) +U(ti)Xti)(Wti+1 _Wti)) { 207"'7n_ 1.

Recalling that the increments W5, ,, — W;, are independent and N(0,t;41 — t;) distributed,
one can simply replace these with an independent sequence {Z;}, Z; ~ N(0,t;+1 — ;) in
the formula above. This scheme is called the Fuler—-Maruyama method or Euler—-Maruyama
scheme.

What is the exact mathematical meaning of the integral with respect to W? While these
details are not important in this book, one should be aware that for a process Y the stochastic

integral
t
| v
0

is not a Lebesgue—Stieltjes integral in the sense of the next chapter. The construction has
to be different since a Brownian motion has unbounded variation on every interval a.s. Very
roughly, the stochastic integral with respect to a Brownian motion can be constructed in
the following way (we here follow [9], for different and more rigorous treatments, see e.g.
[121] and [14]). If Y is simple, Y, =Y}, for s € [ty tpr1) where a =t < t1 < -+ <t, =D
is a partition of [a, b], one makes the obvious definition

n—1

b
[ YW =3 v (W - W),
a k=0

Now, given any sufficiently integrable process Y on [a, b], where sufficiently integrable here
means that

b
/ E[Y2)ds < oo,
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one approximates Y with a sequence {Y™} of simple processes satisfying
b
[ B - vds
a

It is then possible to show that the integral f; Y*dW, converges in L? to some random

variable. We then define the stochastic integral f; Y, dW as the limit of this sequence of
integrals. Some useful facts of the stochastic integral are the following.

Proposition D.3.1. Let {Y;} be a stochastic process adapted to the natural filtration {F}V'}
generated by the Brownian motion {W;} and assume

b
/ E[Y2)ds < .

Then

1. (Stochastic integrals have mean zero)

b
E[ / YSdWS} —0,
2. (Ité isometry)

E[(/:stwsﬂ :/abE[Yf]ds

3. (Measurability of stochastic integrals)

b
/YSdWS s Fg/v-measumble.
a

The following deep result is also a core component of the theory of stochastic integration.

Proposition D.3.2. Modulo integrability conditions, an Ité process with dynamics dX; =
w(t, Xy)dt + o(t, Xy )dWy, Xo = 0 is a martingale with respect to the natural filtration gen-
erated by W if and only if p = 0, that is, X has no dt-term.

In this book, we will not have to worry about the integrability and measurability conditions
which arise in stochastic calculus.

The It6 formula
Given an It process
dX; = /,L(t,Xt)dt—FO'(t,Xt)th, Xo =20

and a function f : Ry x R — R which is C! in the first coordinate and C? in the other,
what can we say about f(¢, X;)? The It6 formula provides an answer. A function f as just
described will be referred to as a C12-function.
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Theorem D.3.3 (Itd’s formula). For an Ité process
dXt = [,L(t, Xt)dt + O'(t7 Xt)th, XO =X

and a C*2-function f, f(t, X;) is again an It6 process with dynamics

2
df(t, X,) = (%{(t,xt) + u(t,Xt)%(t,Xt) + %a(t,xm%(t,xt))dt
+ O'(t, Xt)g%(t, Xt)th

Example D.3.4. Let us compute the dynamics of ¥; = "¢, Here we have Y; = f(t, X;)
for f(t,x) = e*, and thus

o 0. P
o 7 0xr ' 022 '
Plugging into the It6 formula, we get (use that dW; = 0dt + 1dW5)

1 1
dY; = 512Ytdt +1-Y,dW, = 5Ytdt +YdW,, Y,=1.
Note how this differs from ordinary calculus. There we have

di ¢9E) — gf ()e9(®)
X

which can be written as d(e9(®)) = e9(®)dg(z). Here the “1/2”-term does not show up. o

The It6 formula is probably the most important tool in mathematical finance. You can
practice it in some of the exercises below. There is also a multidimensional version of the
It6 formula, see e.g. Chapter 4 of [9].

Geometric Brownian Motion

For modelling asset processes, the Geometric Brownian Motion (GBM) is usually the start-
ing point. This is the Itd process with

dXt = ,LLXtdt + O'Xtth7 X() = 2o,

where p and o are real constants. In the exercises, you are asked to verify that the stochastic

process
X, = xoe(H*GZ/Q)t+0Wt

is a solution to this SDE. The fact that an exact solution exists is one of the reasons why
GBM’s are often used in financial models. Another reason is the fact that the above solution
is a.s. positive if zg > 0.



234

D.4 Exercises

Exercise D.1:
Let {X:} be a Brownian motion

1)Define Y; = —X;. Show that {Y¥;} is a Brownian motion.
2)Let ¢ > 0 and define Y; = ¢X;/.2. Show that {Y;} is a Brownian motion.

Exercise D.2:
A continuous time process {X;} satisfies continuity in probability if for every sequence {t,}
of non-negative real numbers, we have

st = X, = X,
Show that a Brownian motion satisfies continuity in probability.

Exercise D.3:
Let {X:} be a Brownian motion and F; = (X, : s < t) the natural filtration.

1)Show that {X,} is a martingale with respect to {F;}.
2)Show that {X? — t} is a martingale with respect to {F;}.

Exercise D.4:
Let {N;} denote a homogeneous Poisson process with intensity A. Verify that {N; — At} is
a martingale with respect to the natural filtration.

Exercise D.5:
In this exercise, you will simulate paths of Brownian motion and Poisson processes.

1)Describe and implement an algorithm to simulate from a Brownian motion. Then “recre-
ate” the plot in the text.

2)Describe and implement an algorithm to simulate from a homogeneous Poisson process.
Then “recreate” the plot in the text.

Exercise D.6:
In this exercise, we show that the stochastic process given by

Xo =zl

is a solution to the stochastic differential equation

dXt = ,LLXtdt + 0"Xrtd‘/vvt7 XO = Zy.

1)Identify the function f such that X; = f(¢, W;). Compute %{, % and %.
2)Apply the Itdé formula to show that X; satisfies the stochastic differential equation.

3)Prove that the expected value is given by

E[X;] = zoett.
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4)Simulate 10 paths of X by using the Euler—Maruyama method presented in the text using
parameter values of your choice. Plot the 10 paths along with the theoretical mean.

Exercise D.T7:
Show that

t 2
w2 ¢
WodW, = ot 2
/0 W =57 75

by computing d(W?). How does this differ from ordinary calculus?

Exercise D.8:
Let ¢g be some deterministic function and consider the process

¢
Xt:/ g(8)dWs.
0

1)Use the Ito formula to compute d(e*Xt) for any a € R.
2)Show that

t
X ~ N(O,/ g(s)QdS).
0
Why does this make sense intuitively?

Exercise D.9:
Suppose X solves the SDE

dXt = /LXtdt + 0"Xrtd‘/vvt7 XO = Zg.

We know that E[X;] = xoe#t. In this exercise, we compute the variance of X; as outlined
below.

1)Compute d(X?) using the It6 formula.

2)Compute E[X?] and use this to compute Var[X,]. Is the value as expected? Hint: For
the latter question, what is the distribution of X;?

Exercise D.10:
Suppose X solves the SDE

dXt = ,LLXtdt + 0"Xrtd‘/vvt7 XO = Zg.

Define Y by V; = X where a € R. Show that YV is again a GBM. What SDE does Y
satisfy?
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Finite variation calculus

E.1 Functions of bounded variation

During the course, we will occasionally integrate with respect to functions of bounded vari-
ation. Examples of such functions include functions that are monotone, in particular distri-
bution functions. Here we introduce the basic theory, following the lines of [95].

Definition E.1.1. Let f : [0,00) — R be a function. The wariation of f on the interval
[0,¢] is given by

VI(t) :Sup{zn:f(ti)—f(tilﬂ 0=ty <th <---<tp :t}
i=1

i.e. the supremum of sums of absolute differences over all finite partitions of [0,¢]. If
VI (t) < oo for all t > 0, we call f a function of (locally) bounded variation.

Example E.1.2. Let f : [0,00) — R be monotone. We claim that f is of bounded variation.
If f is non-decreasing, this follows immediately from the fact that if 0 =ty < t; < --- <
t, =t is a partition of [0, ], we have

Z f(t:) — ftioa)| = Zm) — ftiz1) = f(t) - £(0)

by telescoping. Hence V7 (t) = f(t) — f(0) and f is of bounded variation. An analogous
argument works for the case where f is non-increasing. o

Recall that for z € R, z* = max{z,0} and = = —min{x,0}. It is easily seen that
x=zt—z".

Definition E.1.3. For a function f : [0,00) — R, we define the positive variation by

40 :Sup{zn:(f(ti) —fltic)T 0=ty <ty <--- <ty :t}

i=1
and the negative variation by

n

Vf(t) = sup {Z(f(tz) — f(tifl))_ 0=ty <t < - <tp, = t} .

=1
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Proposition E.1.4. Let f,g:[0,00) = R be functions of bounded variation.
(i) V7, Vj_c and V' are non-decreasing.
(ii) af 4+ bg is a function of bounded variation for any a,b € R.
Proof. Left as an exercise for the reader. |

The motivation for introducing the negative and positive variation is the following central
result.

Theorem E.1.5 (Jordan decomposition). A function f : [0,00) — R is of bounded
variation if and only if f can be written as the difference of two non-decreasing functions.
A possible decomposition is f(t) — f(0) = V_f_c(t) —vIi@).

Proof. Assume f = g — h for non-decreasing functions g and h. g and h are of bounded
variation as shown in the example above, and the previous proposition now implies that f
is of bounded variation. Conversely, assume f is of bounded variation. For any partition
0=ty <ty <---<ty,="tof[0,¢t], we have

i.e.

-
=
\_./
[
~
—~
SF
L
~—
SN~—
Jr
|

D (F(t) = f(ti-)) ™ + f(0) = £(0)
i=1 i=1
and taking the proper supremum on both sides, we obtain the decomposition f(t) — f(0) =
Vf (t) — VI (t), which is a difference of two non-decreasing functions as desired. [ |
R,

Remark E.1.6. Note that V7/ has the decomposition V/ = V_f: + V7 since for any x €
|z] =2t + 2.

E.2 Integration

We are almost ready to introduce integration. However, we mention that in addition to
finite variation, we also require that the functions we integrate with respect to are cadlag.
The Jordan decomposition tells us how to proceed from here. If we define integration with
respect to an increasing function, we can use linearity of the integral to define integration
with respect to general functions of bounded variation. Let f be a non-decreasing cadlag
function. The function u/ defined on the intervals (a,b] given by uf((a,b]) = f(b) — f(a)
extends to a (positive) measure (called a Lebesgue—Stieltjes measure) on all Borel sets. Note
how this resembles the Lebesgue measure where f is just the identity. We can now define
integration in the same way as in basic measure theory.

Definition E.2.1. Let f : [0,00) — R be a non-decreasing cadlag function. The Lebesgue—
Stieltjes integral of a measurable function g with respect to f is given by

| sware= [ swan o
(0,00) 0
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given that fooo lg(t)|du’ (t) < co. For any Borel set B, we define

/ (O (1) = / 15 (0)g(8)df (1),
B

(0,00)

If f is a cadlag function of bounded variation, we have the Jordan decomposition f(t) —
f(0) = ij (t) — 1% (t), and we define the Lebesgue—Stieltjes integral of g by

/0 o(t)df (1) = / o()avI (1) / oV (1)

The integral is well-defined whenever

/O 9(t)]dV (t) = / lg(t)]dv] (1) + / l9()1dV? (t) < oo.

Example E.2.2. Let F' be the distribution function for the random variable X. If B =
(a,b], then P(X € B) = F(b) — F(a) = [5dF. Since the intervals (a,b] are N-stable and
generate the Borel sigma-algebra, we have P(X € B) = | p dF for all Borel sets B. o

Example E.2.3. Consider a positive random variable X with finite expectation and dis-
tribution function F. We claim that

Elg(X)] = / " g(@)dF(x)

for any measurable real-valued function g. Since, by the previous example, the image
measure of X, PX, coincides with the measure induced by F, we have

Elg(X)] = / " g(a)dPX () = / " y(@)dF ()

as desired. o
We now go through some important properties of the Lebesgue—Stieltjes integral.

Proposition E.2.4. Let f be a cadlag function of bounded variation. Assume all integrals
below are well-defined.

(i)
[ @ =10~ 16
(it)
/{t}g(u)df(u) =gOAf(t), Af(t):=f@) - f(t-)
with f(t—) = limgy, f(s) the limit from the left.
(iii)
/( 9 =0

if f is constant on (s,t].
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Proof. Left as an exercise for the reader. |

These properties will allow us to compute integrals with respect to functions that are piece-
wise constant. An important example is the empirical distribution function.

Example E.2.5. Let X1,..., X,, denote a sample and let

1 n
Fa(@) =~ lxi<a)
=1

denote the empirical distribution function based on this data. Such a function is sketched
below.

)\Fn(x) PS
o—O
*—O
e—————oO
o—oO
e——o
Fan L L L L L ‘%\
X1 Xo X3 X4 X5 Xs

Figure 1: The empirical distribution function based on a sample of size n = 6. Each jump
has size 1/6.

This function satisfies all the requirements of a distribution function, and so in particular,
it is cadlag and of bounded variation. Hence it makes sense to consider the integral

/ Z F()dF, (2)

where f is some measurable function. We see that F), is flat in the regions (X;, X;11), and so
these regions contribute nothing to the integral. This is part (iii) of the proposition above.
All jumps are of size 1/n and occur precisely in the X;, so we get by part (ii) of Proposition
E.2.4 that

| r@n @) = Y AR = 13 1),
- i=1 i=1

In particular, when f is the identity, we get

n

/Oo xdF,(z) = %in

> i=1

which is the empirical mean. o
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Example E.2.6. The previous example is useful for coming up with natural estimators for
quantities of interest. For example, if X is a random variable with finite expectation, the
mean-excess function is given by

e(u)=EX —u|X > u.
This function is useful for methods in extreme value theory (see Chapter 2). We may rewrite

_B[(X —u)lixswy) 10 [
‘W=—pxsa F(u) /,oo

('I - u)l{z>u}dF(x)

where F'is the distribution function of X. A natural estimator is to simply replace F' by the
empirical distribution function F;, based on a sample X7, ..., X;,. Then we get the estimator

en(u) = Fnl(u) /_Do<x —u)l{g>uydFp ().

Using what we just learned about integrating with respect to the empirical distribution
function, we get

e (u) _ %Z:‘L:l(Xi - u)l{Xi>U}
% Z?:l I{Xi>u}
which is the estimator derived in Chapter 2. o

We end this subsection with the following key result.

Theorem E.2.7 (Integration by parts). Let f and g be cadlag functions of bounded
variation. Then (assuming all integrals are well-defined)

f)g(t) = £(0)g(0) :/ g(s)df (s) + f(s=)dg(s)

(0,t] (0,t]

- /(Ut]g(S)df(SH Fs—)dg(s)+ S Agls)Af(s).

(0,4] 0<s<t
Proof. Note first that
f(®)g(t) = f(0)g(0) — f(0)(g(t) — 9(0)) — g(0)(f () — f(0)) = (f(t) — f(0))(g(t) — 9(0)).

The result is now a direct consequence of the following computation based on Fubini’s
theorem:

() — F(0)(g(t) — 9(0)) = /( y /( | Ydg(s) = /( y /( (s + /( y /( gl

- /( )~ F0)dale) + /( y /( . Ao
= [ 1))~ 1060~ 90D + [ glu-) — g

(0,t] (0,t]

= f(s)dg(s) = F(0)(g(t) — 9(0))

(0,2]

4 / g(u=—)df (u) — g(O)(f(t) — F(0)).
(0,t]
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Remark E.2.8. It is not difficult to see that the result also works for other intervals such as
(a,b], (t,00) etc.

Example E.2.9. In the case of a non-negative random variable X, the formula

E[X] = /000 P(X > x)dx = /OOOF(x)dx

for the case E[X] < oo should be well-known. One can derive this formula directly using
Fubini’s theorem, but it can also be derived with integration by parts as long as one makes
the additional assumption

lim zF(z) = 0.

T—r 00

Indeed, from Example E.2.3,
E[X] :/ xdF(x).
0

Now use that dF(x) = —dF(z) and integration by parts to get
EIX] = — / 2dF(z) = —[7F(2)]5° + / Fa)de = / F(z)da.
0 0 0

Of course, the classical proof using Fubini does not rely on the assumption that zF(x) —
0 for + — oo and is thus more general. Nevertheless, this example illustrates a simple
application of integration by parts. o
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E.3 Exercises

Exercise E.1:
Prove Proposition E.1.4.

Exercise E.2:
Prove Proposition E.2.4.

Exercise E.3:
In this exercise, we consider some classes of functions of bounded variation.

1)Let f : [0,00) — R be a function which is Lipschitz on every compact interval, i.e. for
every [a,b] C [0,00), there exists a constant C' (depending on [a, b]) such that

[f(s) = f(w)] < Cls —ul,  s,u€a,b].

Prove that f is of bounded variation.

2)Let f : [0,00) — R be C'. Prove that f is Lipschitz on every compact interval and
conclude that f is of bounded variation.

Exercise E.4:
Compute the integral [ ©0.4] tdf (t) in the following cases:

1)f(t)=kfork—1<t<k k=12, ..

2)f(t) =",
3)f(t)y=k+e fork—1<t<k k=1,2,...

Exercise E.5:
In this exercise, we provide a proof of the well-known fact

. o nn+1
ZZ:(;)

based on integration by parts.

1)Let f :[0,00) — R be a piecewise constant function satisfying the following properties:
f(0) =0, f is non-decreasing, f(s) — oo for s — oo and Af(s) € {0,1}. Choose ¢t > 0 such
that f(t) = n+ 1. Show that

n

(s=)df(s) = _i.

(0,t] i=1

Hint: Make a drawing!
2)Now apply integration by parts to show that

n

. o nn+1
Zzz%,

i=1

3)(Bonus) Can you come up with an example of a function satisfying the properties in the
first subproblem? Hint: Think (classical) non-life insurance.
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